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1. �¢¥¤¥¨¥

� ¤ ç  ® ¤¨í«¥ªâà¨ç¥áª®¬ â¥«¥ ¢ ¥®¤®à®¤®¬

áâ â¨ç¥áª®¬ ¯®«¥ (à¥çì ¨¤¥â ® à¥è¥¨ïå ¢ ï¢®¬ ¢¨¤¥
¤«ï ®¯à¥¤¥«¥ëå á«ãç ¥¢) ¨¬¥¥â ¤ ¢îî ¨áâ®à¨î.
�à âª¨© ®¡§®à íâ®£® ¢®¯à®á  ¬®¦®  ©â¨,  ¯à¨¬¥à,
¢ [1,2]. �¨à®ª® ¨§¢¥áâë   «¨â¨ç¥áª¨¥ à¥è¥¨ï § -
¤ ç¨ ® ¤¨í«¥ªâà¨ç¥áª®¬ è à¥ ¢ ¥®¤®à®¤®¬ ¯®«¥ ¨

¤¨í«¥ªâà¨ç¥áª®¬ í««¨¯á®¨¤¥ ¢ ®¤®à®¤®¬ ¢¥è¥¬

¯®«¥ (á¬.,  ¯à¨¬¥à, [3]). �¢®¥ à¥è¥¨¥ § ¤ ç¨ ®

¤¨í«¥ªâà¨ç¥áª®¬ í««¨¯á®¨¤¥ ¢® ¢¥è¥¬ ¯®«¥ ¢ á«ã-
ç ¥ ª¢ ¤à â¨ç®£® ¨ ªã¡¨ç¥áª®£® ¯®â¥æ¨ «®¢ ¤ ®

¢ [2]. � ¬ ¯à¥¤áâ ¢«ï¥âáï, çâ®  å®¦¤¥¨¥ ï¢ëå

à¥è¥¨© ¨¬¥¥â á ¬®áâ®ïâ¥«ìãî æ¥®áâì  àï¤ã á

à §à ¡®âª®© à §«¨çëå ¯à¨¡«¨¦¥ëå ¬¥â®¤®¢ [4].
� ¬¨ ¯®«ãç¥®   «¨â¨ç¥áª®¥ à¥è¥¨¥ § ¤ ç¨

í«¥ªâà®áâ â¨ª¨ ¤«ï á¦ â®£® ¤¨í«¥ªâà¨ç¥áª®£® áä¥-
à®¨¤  ¢ ¯®«¥ â®ç¥ç®£® § àï¤ , à á¯®«®¦¥®£®  
®á¨ á¨¬¬¥âà¨¨ á¦ â®£® áä¥à®¨¤ . � ¤ ç  à¥è¥ 

á ¯®¬®éìî à §«®¦¥¨ï ¢ àï¤ ¯® ®à¬ «ìë¬ à¥-
è¥¨ï¬ ãà ¢¥¨ï � ¯« á  ¢ ª®®à¤¨ â å (η, θ, ϕ),
á¢ï§ ëå á® áä¥à®¨¤®¬. � ª ¯à¨¬¥à ¯à¨ª« ¤®£®

¨á¯®«ì§®¢ ¨ï íâ®© § ¤ ç¨ ¯à¨¢¥¤¥ à áç¥â ¯«®â®-
áâ¨ ¬¥©áá¥à®¢áª¨å â®ª®¢ á¢¥àå¯à®¢®¤ïé¥£® ¤¨áª 

¢ ¬ £¨â®¬ ¯®«¥ ¤¨¯®«ï, à á¯®«®¦¥®£®   ®á¨

¤¨áª .

2. �¥è¥¨¥

�ãáâì á¦ âë© áä¥à®¨¤ á ¯®«ã®áï¬¨ d ¨ R (R > d)
¨ ¤¨í«¥ªâà¨ç¥áª®© ¯à®¨æ ¥¬®áâìî ε àá¯®«®¦¥ ¢

 ç «¥ ¤¥ª àâ®¢®© á¨áâ¥¬ë ª®®à¤¨ â (x, y, z),   ®áì
á¨¬¬¥âà¨¨ áä¥à®¨¤  á®¢¯ ¤ ¥â á ®áìî z (à¨á. 1).
�«¥ªâà¨ç¥áª¨© § àï¤ q à á¯®«®¦¥  ¤ áä¥à®¨¤®¬

¢ â®çª¥ rq(0, 0, a), â. ¥. ¥®¡å®¤¨¬® à¥è¨âì ãà ¢¥¨ï

E = −∇ϕ, ∆ϕ = 4πq · δ(r− rq) (1)

á £à ¨çë¬¨ ãá«®¢¨ï¬¨   ¯®¢¥àå®áâ¨ áä¥à®¨¤ 

ϕint = ϕext, εEintn = Eextn . (2)

�¤¥áì ϕint, ϕext ¨ Eent, Eext — í«¥ªâà¨ç¥áª¨¥ ¯®â¥-
æ¨ « ¨ ¯®«¥ ¢ãâà¨ ¨ ¢¥ áä¥à®¨¤  á®®â¢¥âáâ¢¥®.
�®á¯®«ì§ã¥¬áï á¨áâ¥¬®© ª®®à¤¨ â (η, θ, ϕ), á¢ï§ -
ëå á® áä¥à®¨¤®¬ [5],

x = fchη sin θ cosϕ, y = fchη sin θ sinϕ, z = fshη cos θ.
(3)

�¤¥áì f =
√
R2 − d2 . �à¨ íâ®¬ ¯®¢¥àå®áâì

áä¥à®¨¤  á®¢¯ ¤ ¥â á ¯®¢¥àå®áâìî η = η0, £¤¥

shη0 = d/
√
R2 − d2, ª®®à¤¨ â  § àï¤  rq(η1, 0, 0), £¤¥

shη1 = a/
√
R2 − d2 . � ª ª ª § àï¤  å®¤¨âáï  

®á¨ á¨¬¬¥âà¨¨ áä¥à®¨¤ , â® à¥è¥¨¥ § ¢¨á¨â «¨èì
®â ¤¢ãå ª®®à¤¨ â (ρ, z) ¨ á®®â¢¥âáâ¢¥® (η, θ), £¤¥

ρ =
√
x2 + y2 = fchη sin θ.

�¥«¨ç¨ã 1/|rq − r| ¬®¦® à §«®¦¨âì ¢ àï¤ ¯®

®à¬ «ìë¬ à¥è¥¨ï¬ ãà ¢¥¨ï � ¯« á  ¢ ª®®à¤¨-
 â å, á¢ï§ ëå á® áä¥à®¨¤®¬ [5],

f

|rq − r|
=
∞∑
n=0

(2n+ 1)Pn(cos θ)Qn(ishη1)Pn(ishη), (4)

£¤¥ â®çª¨ rq ¨ r ¨¬¥îâ ª®®à¤¨ âë (η1, 0) ¨ (η, θ)
á®®â¢¥âáâ¢¥®; Pn, Qn — äãªæ¨¨ �¥¦ ¤à  ¯¥à-
¢®£® ¨ ¢â®à®£® à®¤  n-© áâ¥¯¥¨ ¤«ï ª®¬¯«¥ªá®£®

 à£ã¬¥â .
� §«®¦¥¨¥ á¯à ¢¥¤«¨¢® ¤«ï η < η1. �¥è¥¨¥

¢ãâà¨ ¨ ¢¥ áä¥à®¨¤ , á«¥¤ãï [5], ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

ϕint =
∞∑
n=0

AnPn(cos θ)Pn(ishη),

ϕext =
∞∑
n=0

BnPn(cos θ)Qn(ishη) +
q

|rq − r|
. (5)

�á¯®«ì§ãï (2), (4) ¨ (5),  å®¤¨¬ ª®íää¨æ¨¥âëAn
¨ Bn

An =
q
√
R2 − d2

R2

(2n+ 1)Qn(ishη1)

Q′nPn − εP
′
nQn(ishη0)

,

Bn =
q(ε− 1)
√
R2 − d2

(2n+ 1)Qn(ishη1)

×
P ′nPn(ishη0)

Q′nPn − εP
′
nQn(ishη0)

. (6)

� ¬¥â¨¬, çâ® ¯à¨ d→ R ¯®«ãç ¥¬ à¥è¥¨¥ § ¤ ç¨

® ¤¨í«¥ªâà¨ç¥áª®¬ è à¥ ¢ ¯®«¥ â®ç¥ç®£® í«¥ªâà¨ç¥-
áª®£® § àï¤ 

ϕint = q

∞∑
n=0

(2n+ 1)

n(ε+ 1) + 1
Pn(cos θ)

rn

an+1
, (7)

  ¯à¨ a→∞ ¯®«ãç ¥¬ à¥è¥¨¥ § ¤ ç¨ ® ¤¨í«¥ªâà¨-
ç¥áª®¬ áä¥à®¨¤¥ ¢ ®¤®à®¤®¬ ¯®«¥

ϕint = const +
q

a2

z

1 + (ε− 1)n(z)
. (8)
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�¨á. 1. �¨í«¥ªâà¨ç¥áª¨© á¦ âë© áä¥à®¨¤ ¢ ¯®«¥ í«¥ª-
âà¨ç¥áª®£® § àï¤  q.

�¤¥áì n(z) = (1 + sh2η0)(1 − shη0arctg(1/shη0)) —
ª®íää¨æ¨¥â ¤¥¯®«ïà¨§ æ¨¨ á¦ â®£® áä¥à®¨¤  ¢  -
¯à ¢«¥¨¨ ®á¨ á¨¬¬¥âà¨¨. �®«ãç¥ë¥ à¥§ã«ìâ âë

¯®§¢®«ïîâ  ©â¨ à¥è¥¨¥ § ¤ ç¨ ® á¢¥àå¯à®¢®¤ïé¥¬

á¦ â®¬ áä¥à®¨¤¥ ¢ ¯®«¥ ¬ £¨â®£® ¤¨¯®«ï, à á¯®«®-
¦¥®£®   ®á¨ áä¥à®¨¤ . �¥è¥¨¥ íâ®© § ¤ ç¨ ¨¬¥¥â
¯à ªâ¨ç¥áª®¥ § ç¥¨¥ ¢ á¢ï§¨ á § ¤ ç¥© ® ¬ £¨â®¬

¬¨ªà®§®¤¨à®¢ ¨¨ á¢¥àå¯à®¢®¤¨ª®¢ [6].

� ª ¨§¢¥áâ®, í«¥ªâà®áâ â¨ç¥áª ï § ¤ ç  ä®à-
¬ «ì® á®¢¯ ¤ ¥â á ¬ £¨â®áâ â¨ç¥áª®©, ¨, § ¬¥¨¢
í«¥ªâà¨ç¥áª®¥ ¯®«¥ E   ¬ £¨â®¥ H ¨ ãáâà¥¬¨¢

ε→ 0, ¯®«ãç¨¬ § ¤ çã ® á¢¥àå¯à®¢®¤¨ª¥ ¢ ¬ £-
¨â®¬ ¯®«¥. �ãáâì ϕq = qϕ(a, r) ¥áâì ¯®â¥æ¨ «

í«¥ªâà¨ç¥áª®£® ¯®«ï, á®§¤ ¢ ¥¬®£® § àï¤®¬ q, à á-
¯®«®¦¥ë¬   à ááâ®ï¨¨ a ®â ¤¨í«¥ªâà¨ç¥áª®£®

áä¥à®¨¤  c ε → 0. �®£¤  ¯®â¥æ¨ « â®ç¥ç®£®

¤¨¯®«ï, à á¯®«®¦¥®£® â ¬ ¦¥,

ϕd = qrdϕ
′
a(a, r) = mϕ′a(a, r), (9)

£¤¥ m = qrd — ¤¨¯®«ìë© ¬®¬¥â.

�¥à¥å®¤ï ª ¬ £¨â®áâ â¨ª¥,  ©¤¥¬ ¬ £¨â®¥ ¯®-
«¥ H, á®§¤ ¢ ¥¬®¥ ¬ £¨âë¬ ¤¨¯®«¥¬  ¤ á¢¥àå¯à®-

�¨á. 2. � á¯à¥¤¥«¥¨¥ ¯«®â®áâ¨ ¬¥©áá¥à®¢áª®£® â®-
ª  á¢¥àå¯à®¢®¤ïé¥£® ¤¨áª , ¨¤ãæ¨à®¢ ®£® ¬ £¨âë¬
¤¨¯®«¥¬. �¨¯®«ì à á¯®«®¦¥   ®á¨ ¤¨áª    à ááâ®ï¨¨
a ®â ¥£® ¯®¢¥àå®áâ¨; a = 0.6 ·R (1 ), 0.9 ·R (2 ), 1.5 ·R (3 ).

¢®¤ïé¨¬ áä¥à®¨¤®¬,

H = −∇ϕd (10)

¨ ¯®¢¥àå®áâãî ¯«®â®áâì ¬¥©áá¥à®¢áª¨å â®ª®¢

jm = ΛHτ

∣∣∣
η=η0

. (11)

�¤¥áì Λ = c/4π, £¤¥ c — áª®à®áâì á¢¥â , Hτ

∣∣∣
τ=τ0

—

â £¥æ¨ «ì ï ª®¬¯®¥â  ¯®«ï H. �ª®ç â¥«ì®

¯®«ãç¨¬

jm = Λ
m

f3

sin θ

(1 + sh2η0)(cos2 θ + sh2η0)1/2

×
∞∑
n=0

(2n+ 1)P ′n(cos θ)
Q′n(ishη1)

Q′n(ishη0)
. (12)

�«ï á«ãç ï â®ª®£® ¤¨áª  (d/R → 0) ¢ëà ¦¥¨¥

(12) ¢ ¯®«ïàëå ª®®à¤¨ â å (ρ =
√
x2 + y2) ¤«ï

¡«¨¦¥© ª ¤¨¯®«î ¯®¢¥àå®áâ¨ (0 6 cos θ 6 1, â. ¥.
z > 0) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

jn

∣∣∣
z>0

= Λ
m

R3

ρ√
R4/(R2 − d2)− ρ2

×
∞∑
n=0

(2n+ 1)P ′n(
√

1− (ρ/R)2 )
Q′n(i · a/R)

Q′n(i · d/R)
.

(13)
�  à¨á. 2 ¯à¨¢¥¤¥ë § ¢¨á¨¬®áâ¨ jm(ρ) ¯à¨ à §ëå

à ááâ®ï¨ïå ¬¥¦¤ã ¤¨¯®«¥¬ ¨ ¤¨áª®¬ ¤«ï ¡«¨¦¥©

ª ¤¨¯®«î ¯®¢¥àå®áâ¨ ¤¨áª  (z > 0). � ¬¥â¨¬, çâ®

§ ç¥¨ï jm

∣∣∣
z>0
� jm

∣∣∣
z<0

(§¤¥áì jm

∣∣∣
z<0

— ¯«®â®áâì

â®ª    ¤ «ì¥© ¯®¢¥àå®áâ¨ ¤¨áª ), çâ® ¢¯®«¥ ®ç¥-
¢¨¤® ¤«ï à áá¬ âà¨¢ ¥¬®£® á«ãç ï â®ª®£® ¤¨áª .

�  ï à ¡®â  ¢ë¯®«¥  ¯à¨ ¯®¤¤¥à¦ª¥ �®áá¨©-
áª®© £®áã¤ àáâ¢¥®© ¯à®£à ¬¬ë ¯® ���� (�à®¥ªâ
ò 92144) ¨ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå

¨áá«¥¤®¢ ¨© (�à â ò 9302-3362).
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