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IMEJEBBIE MATHUTOYIIPYTHE BOJHbBI B ®EPPOMATHETHRAX

H. A. Kaii6uues, B. I'. Illaspos

VccleoBads AHCIEPCHORHEE XAPAKTEPHCTEKA THCTO CABATOBHIX CBS3AHHHX MATHETOYIpYs
THX BOJE, PACHPOCTPARSNIAXCA BRONL INeNHd, pasfensiomed Asa ¢eppoMarmATHEIX momrympo-
crpamcTBa. B Ge3o0MeRHOM Ipmbamxemmm Z 0e3 ydera dPeKTOB 3aUa3NEBAHAA K MaTEATHOH
aHEA30TPONMH [OJAyIeHO OGMee MHCIePCHOHHOe YpaBHEHWe MIeNeBHX MOX B (eppoMarmermxax.
ABaJIATAYCCKAC 3aKOEH FHCOCPCHA IIEIEBHX MATHETOYNDYTHX BOJNH FAHE A 9acTHOTO CIydas
PAaBEHCTBa MAPAMETPOB [BYX (PeppOMATHMTHHIX CpPel. YCTAHOBIEHO CYIIECTBOBAHHE NBYX MO,
KayK7asi M3 KOTOPHIX HMeeT BeDXHIOH H HIDKEIOO BETBHM THCIEPCHOHHHIX KPHBHX. B clyuae me-
OIDAUMYCHHOrO YBEIMIeHMA IIEDHHE IeJM PacCMATPEBAEMEIE BONHHL DACUANAIOTCA Ha JBE mo-
BEPXHOCTHEIE MArEWTOYIPYTHE BOJNHE, DacHPOCTPAHAMINHECA BIONb HOBEPXHOCTEH momympo-
erpancts. [Ipn yMeEbMEHAN THPHHE LIEIX KO0 HYHs INeJeBHe MONH TPRHCQOPMHUPYIOTCA B THCTO
¢IBETOBYI0 TIOBEPXHOCTHYI0 MATHATOYIPYTYIO BOJEY Ha CROJIB3AME] TPaHANe Pasfiesia ABYX deppo-
MarHaTEHX KPHCTAIJIOB.

MeneBrle MarEUTOYIPYTMe BOJIHEL B (epPPOMATHETHKAaX OTHOCATCS K KJacey
TOBEPXHOCTHEIX MOJ, KOTOpPHE HA HPOTSKEHWNM MHOTHMX JeT SBJIAITCA 06BeKRTOM
AeTaNbHOr0 U3yueHEA. B mepsrix myGamranusax ['™*] me yumTHBamach Maramro-
yopyras CBA3sb, I0O3TOMY OTPaRHYMBAIKCH M3YIeHEEM MOJ MATHATOCTATAIECKOro 1 2
i guHAMEYecKoro [3: 4] Tmmos, Korma mas ypasHemu#r MakcBensma yike Hensss
HCHO0JIb30BaTh UPUONM;KeHWEe MATHHTOCTATHKE. Diaarogaps MarHETOYOPYTO CBAsM
00'beMHEIe ¥ TOBEPXHOCTHEE MATHATOCTATHYECKHEE BOJHE B3aHMOJEHCTBYIOT CO 3BY-
KOBHIME, 00pa3ys eNWHYI0 mOBEPXHOCTHYI MATHATOYOPYLYH Momy. Ee rxy6umEa
TPOHUKHOBEHHA B (ePPOMAarHeTHK ¥ MIWHA BOJHEl, KAaK IPAaBHI0, MHOTO MeHBIS
pasmepoB o6pasma, 9T0 IO3BOMAAET B JaAbHEANIEM OPHMeEUTH 00mMenpHHEATYI [5-%]
TEOPETHIECKYIO HAeaTU3aNuI0 PACIPOCTPAHEHUA BOJIHE B MOJIYOTPaHHISHHOR Cpefe.

Brepsrie BosMosxHOCTE pacmpocTpaHeHNA B eppPOMarHETUKAX UHWCTO CIBHTOBOR
TWOBEPXHOCTHOH Marmmroympyro#f momsr moxasama Ilapexom [ ], a Gomee merams-
Hble HMCCIef0BaHUA mpefcTaBlIeRH B paborax [7~°]. Ilo cBouM xapakTepmCTERaM
TaKHe MOJH BO MHOTOM CXOAHBEI ¢ IOBEPXHOCTHHIMHE BojHaMu I'yasena—BmiocTeiina
B Obe3oaneKTpumKax [ 1] ogEaro uM mpucyme TmpH 5TOM W TaKoe OTIMIMATENBHOS
CBOMCTBO, KaK apdert HessaumuOCTH. [lOf HUM HOHEMAIOT PA3IHYMe BOIHOBONO
BeKTODPA £ 4 rryOMHE OPOHEKHOBEHUA [ BOJE ONHON ¥ Toii sKe 3ajjaHHON JacToTH
©, HO C UPOTUBOIOJOMKHHME HANPABICHUSME pacupoctpaHerns. OCHOBHHE Xa-
DAKTePHCTHRYE HOBEPXHOCTHHIX MOJ ABIAITCA (QYHKUIUAME BHEITHEX IapaMerpos.
ITO JaeT OCHOBAHUA JJIA WX HCIONB30BAHMA B KAUeCTBE MHCTDPYMEHTA MCCIGLOBARER
yOPYroit I COHHOBOM IIONCHCTEM (ePPOMATHETHKA BOIH3HM MOBEPXHOCTH KPHCTAILIA.

B nammoit paGore paccMaTpuBaioTCA mMelNeBle MarENTOYIPYTHe BOMHEL ¢ ONHOM
TOJBKO CHBHIOBOM KOMIOHEHTOH BEKTOPA MEXAaHWYECKOTO CMeNIeHHA, PacImpoCcIpa-
HANMHECS B IOIYOrPAHAYEHHHX (peppoMarHeTHRax. Pamee mx mccaemosanm [0 ]
TOJIBKO OIIA CIyYIasi ABYX ONAHAKOBHX (PePPOMATHETHKOB KYOHIECKOHR CHMMETDHL
OnBaRrO pesyabTAaTEL STHX HCCIENOBAHUI CYIMIECTBeHHO OTJIAMYAIOTCA APYT OT Apyra
B ['°] mpenckasmBaerca cymecTBOBaHWe NBYX BeTBeH MENEBEIX MArHETOYIDYTEX
BOJIH, KOTOPHeE (Ha HAaIl BBIWIAX) HeIb3f OTHECTHE K KATETOPHM CHMMETPHIHHX Wi
AHTHCHMMETPHIHEIX (KaK B CIydae Nbe30dIeKTpuxos [ 13]), B o BpeMa Kak
aBropH [*] mpumam K BEBOXY 0 BOBMOMKHOCTH PacmpocTpaHeRNA JBYX THIOB MOA
KpuTepueM pasneseHnA KOTODHIX ABIAETCH Pas3iddHAs CAMMeTpUA. B mpeymaraeMon
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paboTe BHIACHEHBl NPUYMHE HOKOGHLIX PACXOILEHMIl, a Takike 0600meHs pes3yin-
ratst ['% 11] Ha cywadt iBYX pasIMaHEIX (eppOMATHETHKOB KyOMdecKoil CHMMeTpIH.
IIpenupuEATA TaKiKe NONBITKA yYeTa W3BECTHOTO Pe3YNbTaTa OfHOHAIPABICHHOCTH
(pacmpoCTPaHEHMe BOJHEL TOJBKO B OFHOM HAUPABIEHWH M OTCYTCTBHE NAHEHIX
MOJ IPH NPOTHBOLONOKHOM) NOBEPXHOCTHEIX MATHATOCTATMYECKUX BOJH [14]
OpH_WCCIEOBAHAA XaPaKTEPUCTUK IEJeBLHX MArHUTOYIPYTHX MOT.
IIpepmonosxumM, uro gBa KyGuuecknx eppoMarHETHKA (pumc. 1) sammmaror gBa
mONYyHOpoCTpaBcTBa Yy >h (I) u y < —h (2), a MeKITy HEUMH — Iexb TONIUHOM
2h (3). llocrosnnoe mMarmuTHOe mone H OPHEHTHPOBAHO 0 OCK Z, MeXaHMIECKES
CMEIIEHNs NPEANOJaralnTCsa JUHEAHO NOJAPHUBOBAHHEIMU B TOM ’Ke HampaBJenum,
MarHMTOYIPYTasi BOTHA pacmpocTparsaeTcs Broab ocu X. IlomycraeM, uTo BCE Hmepe-
MeHHbI® BeJIMIWHE! B Hallell 3apmage ~ exp (ikz—ivt) m He BaBHCAT OT 2.
IloBepxHOCTHEIE aKyCTHYeCKMe BONHH K HACTOAIEMY BPEMeHH YRAaeTCSA BOB3-
OyxpaTe B AMamasoHe wacTor Ko Heckombkux I'I'm [13], wro cooTmercTnyer obmacti
BHAYeHMH BOMHOBHX BeKTopoB k < 10° cm~l. Ilpm Takux k obMeHHOe B3aMMoMeii-
CTBHE B BHEPTMM MarHMTOCTATAYECKOI BOJHEL Maljo ”
OO0 CPaBHEHHIO C JPYTMMM BRIAJAME — IAIIONB-TU-
OONBHBIM ¥  3e€MAaHOBCKHUM, CIefOBATEIBHO, €r0
MOKHO He YYHTHIBATH IPH PACCMOTPEHHN MATHUTO-
yopyrux BoaH. McrmiodeHHe COCTAaBIAIOT Caydam,

KOTJIa CHCTeMa HaXOJUTCA B OKPECTHOCTH OpHEHTa- Peppomaznemur 1
OHOHHOTO (pa30Boro mnepexopma. HKpome Toro, s L
o0macT# B3HAYEHWH WaCTOT B HECKOoabKo I'[m BH- Baryym 3
IONHEAETCA YycmoBMe ¢k > @, THe ¢ — CKOPOCTH

ceeTa. JTO ITOBBOJMT HpeHe6peub dddexramu 3a- 2 G- P

. ~h rrrrrrrrrrrrrrIIIIITIIIIT I
Pmc. 1. Teomerpma paccMaTpEBaemoit B paboTe B3aadi.

HaMarHu4eHHOCTH NBYX MONyGesrpaHmuublx (y = h u y < —Ah) peppo- ¢eppamazﬂemux 2
MarHMTHHIX KPUCTANNIOB M, ; (j=1, 2 COOTBETCTBEHHO) I} BHELIHee

MarHUTHOe Ioje H, IapajulefbHbl ITOBEPXHOCTHHIM TPAHAM M HAIPAB-
JIeHBl 10 ocu Z

Oa3fbBaHUA U MCIONB30BATH MATHHTOCTATHYECKoe npubam:xeHume. MarmmTHo-
aHM30TPOIHHIM B3auUMOTeHCTBIEM B JaabHeRIueM paccMOTpeRUM mpeHebperaeM, cau-
Tas HOJe MAarHUTHO# ammsorpomun Hu; < H,, 4nM,, (M,, — HaMareEm4emROCTh
HaCHIIEHUSA).

PacmpocTparerne moBepXHOCTHHIX MarHHTOYIPYTHX BOJH B (peppOMATHETHKAX
onmcwBaior [°~°] cmcremoit ypasHeHni Teopun ympyroctn, Makcsenna u Jlargay —
Judpmuna B ¢opme, npemnoemno#r I'manGeprom. Takyo cmcTeMy mocie psfa
npeo6pasoBaHUil yno6HO 3amucaTh B BHJE

AP =0, Buld + 00D (@2) =0, (1)
; 4wy ; 2
J ; , Hj _ oy W
LD =W LUy b, ——F2  D(52) =1 (2) —— .
7 + z T] 2] ijmBj . (_0:, ’ ( j) 7]( J) c?j
3pecs @) — MarEETHEHIR CKAIAPHHHA NOTeHOUAN, OOpemelAomui PasMarEMYABA-
fomue moas h V’=—VO!Y) cpgzaHHbe CO COMHOBHIM [BU;KeHWEM; u/) — KoMIo-

HEHTa BEKTOPA MeXaHWIEeCKOro cMemenms; A=3%/4x%--6%/9y* — omepatop Jlanmaca;
EAL.,) . -1

1 ((7)2.) =1 — ...._J_H]__z_

’ rj@p; ~ 05

— aKYCTHYeCKHUil aHAXOr KOMINTEKCHOTO NMOKA3aTels TPeNOMISRNs paccenBalomed
cpemss; ¢, ;=\/c{?)/p, — CKOPOCTb momepeunoli 06BEMHOR YIBTPAIBYKOBOH BOJHSL,
¢y — ympyruit MOmyab CEBHUra, p; — IUIOTHOCTh KPHCTAmNa, by, — IMOCTOAHHAA
MATHETOYIDPYToff CBA3H, 7; — IMPOMATHUTHOE OTHOWIGHME, a

f W%

J pjc;‘jMujw”j
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— GespasMepHHIT TmapaMeTp MarHUTOMeXaHMUYECKOH CBA3HM;  wyj —:_le-]o, Oy =
=4ﬂijoj, wpj == wg; -+ 0xy, caj—_:u)—}-i/'cj, T;— BpeMA TOEPeYHOd  penarcanun
CIIHUHOB.

B ¢eppomMarHUTHHX cpefax pemieHde ypaBHeHHMEA (1) mua MexXaHWYECKOro cie-
MeHVA ¥ IOTeHOWAJZa MATCHETHOTO HONsS OpefmojaraeM B opMe IOBEPXHOCTHoR
BOJHEL ]

) = u, ; exp [tz — it 4 (—1)" a (a2, k) y],
dnoy, g

o ={'1Jo,-exp [(—1) [kl gl —uy; exp[(—1) « (2, B)yl1by; =

X

Wg;0p; — B

X exp [ikr — iwt]. (2)

ITapamerpyr o ((Bj., k) B (2) aBasoTca BeruduHOH, 00paTHOM INIyOMHEE HPOHWKHORe-
HAA MEXaHUYECKHX CMeINeHHH B KPHCTANN, ¥ PaBHE

/ z -
w(@, k)=|k|) 1—ﬂ(@§');;j7? =|k|a(a], k).

Bre geppomarauTHEX cpef KIS 001aCTH MeIH MAaTHATHEIA OTEHIMA Y0 BIETEO
pger ypasmenmio AD'® =0, pemenrme KOTOPOT0 WMeeT BUT

Q¥ =[®,exp(—|k|y) + D, exp (| k| y)] exp [ikz — iwt]. (3)

Pemenus (2), (3) 70X EEL YEOBIETBOPATH TPAHTYHHM YCIOBUAM Hallel 3aKaqd —
OTCYTCTBUIO TAHFeHIWATBHHX KOMIOHEHT HAUDAKEHHH Ha IOBEPXHOCTAX KDPHCTAI-
0B, HeNPEPHBHOCTH MArHETHHX moTeHnuakoB @ W HOPMAIbHOX KOMOOHEHTH BeK-
TOPa MATHATHORX WHAYKOWE. B pe3yiasTaTe mOJyYaeM JUCIEPCHOHHOE COOTHOIICHWE
9HCTO CABATOBHIX INEJEBHX MATHHTOYOPYIAX BOJAH B (ePpOMAarHeTHKaX

4 (a,) A (8,) — B (2,) B (®,) exp[—4 | k| 2] =0, (4)
rae Qysxomm A (G)j) u B (® J.) oupeneseHH Kak
A(®;) =2 (a3, b) [0s; 4 (—1)* o8] [w]; — 8] +
-+ Eijj [0 7+ (—1)"*2 3B ][0, ;+ (-1’ od;], o=sgn (k),

Wy Y
B(5,) = —5= (&(a3, h)[0}; —a5] —E0}y),

1 —eeeeeee e
amech wy; =\og; [ij—Eijj], m(i)j—;zf\/wﬂj (wgy +oy;) (£)og;], a wgj =
:—_% [0g; -+ ©p;] — u3BeCTHE BHCOKOYACTOTHEI IPefEN CHeKTPa  MarHHTOCTa-

TAIECKUX HOBEPXHOCTHHX Mopj [lafimoHa—OImbaxa [V 2]. Hanuwawme BTOpOTO uieHa
B (4) OpEBOTAT K BOBMOMKHOCTH PaCOpPOCTPAHEHEA UHCTO CHBUIOBHIX CBAB3AHHHX
MarHEATOYOPYTUX BOJE BHOJD MEJIH, Pasdfelfomes qsa GeppOMATHATHEX IIOXYIPO-
crpamcTBa. JaCTOTHEIA AUAmasoH 06JaCTd CYMECTBOBAREA MONOOHEX BOJH OTPAHA-
TUBAETCA YCIOBUAMA v
Re[k2, «(a, K)]>0. 5

Beugy cmoxmocTm o6mero AUWCHEPCMOHHOTO ypaBHeHUS (4) paccMOTpUM DAR
qaCTHBIX CIydaeB.

IIpu HeorpaHUTeHROM yBeNUIeHUN MAPUHE MeIH MeskAy cpegamu I n 2 (b — )
mCCefyeMile MeJeBEe MOJE PACTIafaloTCsa HA ABe MOBEPXHOCTHEIE MarHHTOYIPYIHe
¢ gucHepcrHoHHEME cooTHomeruaMa A (3,)=0. 3mas Apmui Bux ¢ymrrunu A (®,),
MOKHO C[eJaTh BEIBOX O TOM, 9YTO AUCHEPCHOHHOe COOTHOMEHHE TOBEPXHOCTHHY
MATHUTOYIPYTHX MOJ IPY PACIPOCTPAHEHHEN B OTPHNATETLHOM HADDPABICHWE BOIb
ocr X MOJyIaeTcsa W3 GOPMYJIE AJIA MOJNOKUTETHHOr0 HANPABISHEA myTeM mpPoCTol
samenst H, — —H,. B cayuae mpeme6pesenms saTyxammeM (T, —> cO) MOTYIaeM
NOJHOe COBHAfieHHE NUCIEDPCHOHHEIX COOTHOMEHHH ¢ pesyibratamm pabot [57°).
Amamni3 TaHHEX YPaBHeHMH MOKA3BIBAET BO3MOKHOCTH CYIIECTBOBARMA MBYX BOTBeH
(Bepxmeit U u BmxHel L) ucHepCHORHBIX KPHBHX (pHC. 2, @, 6) B cIydae HANHIAA
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BHeITHET0 MarHUTHOTO moast H,. Rampmas setsp of;agaer APKO BLIPAYKEHHEIM He-
B3aUMHBIM XapaKTepoM. lnTepecen gakT coXpanemns meB3alMHOCTI I0BEPXHOCTHEIX
MAarHHTOYOPYTMX BOIH B CJly4ae OTCYTCTBHsA BHEMAET0 MATHUTHOTO moas H,.
B npegeae £; — O Taxume BONHSI pacmamaloTCs Ha ofbYHbIe HOMEPETHLIC 06BEMIHS

yaABTPa3BYKOBHE O=c, k, MarEUTOCTATHYECKHe MoBepXHOCTHEE ©= (—1)7 Swy; —
—i/7; (PACIPOCTPaHAIOICA TONBKO B HaNpaBaeRnaX o=(—1)’, aro i aBAseTCH NpH-
MepOM HEB3aWMHOTO XapaKkTepa Mop J[laiimoma—DmGaxa [14]) 1 o6meMuse o=
=or,—i/7; (0r;=\0uy,;0p;, BOBMOKHN TONBKO B CiIyJae HAJTMYIs BHEIIAETro
MaTHHTHOTO IIOJIS).

B npegene &, — 0, HO IPX NPOMBBONBHOM COOTHOIIEHMM IAPAMETPOB ABYX (ep-

POMAarHUTHBIX Chex u Ges OrpaHNYeHUIT Ha IMVUPUHRY mMeau, HCCIcayeMbleé MOIBI
pacnajfaloTCs Ha IIOIepedHble o6 BeMHbIe YABTPAa3BYKOBEIE, o0BeMILIE MAarHNTOCTA~

v W 4y @
wij ' e -
% N\W7 P\
i U

wvj S\’ — -‘ 74— o . — B

wAj \.\,X— T TT T T T m\_‘;ﬁ-_—_: e R R N
Wi RNy — T T B

L
c=(-1) /x]

c=(-7)7+1 i3

Puc. 2. Kpmeble gucmepcH¥ IOBEPXHOCTHHIX MAaTHHTOYNPYTHX BONH HONEPEYHOU IOJISPH3ALEE
BO BHEIIHEM II0Jie IPH OTCYTCTBHH 3aTyXaMUA.

TacroTHasA 00/1aCTh CYLIECTBOBAHWA OOBEMHHX MAIHITOYIPYMUMX BONH OTMEYCHA INTPUXOBKOM, 6Sj=

mSJ.—E ijj' B pa6ore [7] momymena omm6xa miA KpuBOi BepXHe#t BETBU B cIydae c——-(—i)/“.

THUeCKMe (L0 BOJHe B KayKIOM U3 IOJXYIPOCTPaHCTB) U Ase Betsu (n=—1, n=+1)
MeJeBHX MATHATOCTATHYECKUX BOJH C 9aCTOTAMM

1 o 1
06 (m) = {o[@gy — B51] + no (G52 + Bgi ] — wi10x4 €Xp [—4 | k| A)) /’},

(T)szmgj+i(—l)'}+13/1j. (6)

W3 (6) sugma omgHoHampaBieEHoCTH (puc. 3) Mox n=—1, -1 (o=—1, 41
cooTBeTCTBeHHO). Bomna ¢ n=—1, oc=—1 mpu 5ToM ABJIAETCHA BLHICOKOYACTOTHOH,
a ¢ n=-1, c=--1 HMBK0OYACTOTHOI BETBBIO INEJEBEX MATHATOCTATHYECKHX MOZ.
NnTepecen HeB3aWMHEIA xapaKrep HONOGHHX BOXH, CBA3AHHHIL, coraacmEo (6),
¢ pasIWuMeM TapaMerpoB ABYX (ePPOMATHHTHEIX Cpef U HCUesalOMEE IpH HX
coBnaneHny. PaHee NI IEJeBHX MAarHATOCTATUYIECKHX MOR Obuio moxyweHo['¢]
TONBKO WX AWCIEDPCHOHHOE COOTHOIIEHWEe B JACTHOM CJIyJae PaBeHCTBA IapaMeTpoB
IBYX (eppOMaTHUTHHX cpef U 6e3 yuera saryxanusa. OcHOBHOR BHBOJ 9To# paboTh
06 MIeHTHYHOCTH CHEKTpa IeJeBHX BOJH NpeACKa3aHHOMY TeopeTmaeckd [!] m
HOATBepsKIeHHEOMY 3KCIepuMeHTansHo [?] 3akomy AmcmepcHy mMoBepXHOCTHEIX Mar-
HETOCTATMYECKIX MO (epPOMATHMTHOHR IJACTUHEI ¢ TOJINWHOX, PaBHON IIMPUHE
e, He M3MeHAETCA I IPY yIeTe IONePeTHON CIMHOBOK perakcanmnu. Ilpm meorpa-
HUYeHHOM yBeJIMIeHNY MUPUHSI Ieaa (A — co) meaeBLe MArHATOCTATIYEeCKIe BOJIHB
TPeNCTaBIAIOT IPOCTYI0 KOMOMHALMI0 ABYX HeCBABABHEIX Moj [siiMoma—Ombaxa

o=(—1) SWg;—1i/T;, PaCHPOCTPAHANMKXCS B UPOTHBONOIOMKELNX HANPaBIeHAAX

o6=(—1)’ Broas rpameir kpucramxros. OCHOBHBE PE3yIbTATH HAIETO UCCIeZOBAHEA
B caydae mpeHeGperkeHHs 3aTyXaHHeM XODONIO COTIACYIOTCSA ¢ BHBOJAMM THCJIeH-
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Boro amaimsa ['® 7] cmexTpa ImeMeBRIX MAarHHTOCTATHIECKHX BOMH. B cmygae
YMeHBIIEHNs MAPEHE Wean go Hyad u3 (6) Taxxe cieqyeT BO3MOMHOCTD CYIIECTRo-
BaHWA JBYX BeTBell (BHICOK04acTOTHOHM ¢ n=—1, 6=—1 ¥ HMBKOYACTOTHOH ¢ p=
=1, o=-1) mOBePXHOCTHRIX MATHATOCTATUYECKUX BOJH Ha TPaHUIE Dasgena
OBYX DasauMUHMX QeppoMarHUTHHX KpHcranxmoB. IIpm coBmamenumu MarEuWTEEY
XapaKTePUCTHK IBYX KPUCTAJJIOB 3TH BETBH HEPEXOAAT B 0OBEMHEE MarHATOCTATH-
weckme BOMHEHL. IIpemebperas 3aryXaHmeM, IOJyIaeM HOJHOE COBHANEHIE pe3yms-
TaTOB JaHHOU paboTh ¢ mroramu mccaegoBanHua Hamaes m Mapagymuna [18], moj-
TREPIRACHHBIMI BHOCHemcTBUA ['mwimackuM [19].

Jus chmydas coBmajeHdsA OapaMeTpOB HBYX (EPPOMAHHTHHEIX KPHCTALI0R
(C1=C0=C,;, byy=Dbyy=by, My=Mop=DMy, 7,=72=7, T;=1,=1) DelIeHueM ypas-
wenus (4) apasiorcs mMogsl (n=—1; n=--1) MeIeBLIX MArHUTOYODPYIUX BOJH; UX
JUCTePCHOHHEE COOTHOIIEHHUS TaKOBLI:

D_ (&% k, h)D,, (% k, h)=0, a=o0+i, (1)
e
D, (&% k, h)=08(c" k)[0*—wi]},(®% k, k) -+Eiog|ogy, (@, k, )+ &> — i,
v (@2 k, h)=ws—n3\/a*>+ ojexp[—4|kl k] 4.

kh a kh
Wy, ¥ gy Wg, = Wy,= Wg

Pre. 3. JlmcmepcmoREES KpHBHE IIENEBHIX MATHETOCTATHYECKHX BOIH g, OPE OTCYTCTBER

3aTyxamds. HeB3auMHHIE XapaKTep NAHHEX BOXH CBA3AH ¢ Pa3rmIEeM IapaMeTpoB ABYX cpef (a)
7 7WCYe3aeT OpX BX coBmageHmd. Moas n=--1, —1 mepexofAT Hpyr B APyra LpH H3MEHEHNH Ha-
TpaBleHAA BHEIIHENO0 MATHATHOTO HOJNSA HA IIPOTHBONONIOMKEOE (6).

MexaEnuecKrMe CMeIIEHNS B IMMENEBHIX BOMHAX JIOKAIN30BAHLL BOAMSH TIpaHHD
KPHCTAIIOB, & YAaCTOTHHH AWanasoH o01acTE UX CYMEeCTBOBAHHS ONPeNeNsercd H3
yenosua (5). llpm uameHeHWN HanpaBiIeHWA BHEIDHOI0 MATHUTHOTO mons H, Ha
TOPOTHBOIOJNOMKHEOEe BeTBE n=—1; n=-1 wepexomar npyr B Apyra.

3aMeTmM, YTO IPH 3ePKAJbHOM OTDPasKeHHW OTHOCHTENBHO IIocKocTH y=0
fBa (hepPOMATHUTHEIX HOXYIpocTpancTsa (y > A\ y < —h) mepexoRAT SPYT B APYra
TONBKO NPH YCIAOBHA IPOTHBOLONOMKHOM HANPABICHHOCTH HX HAMarHHYIeHHOCTE
HaCHIeHEUA. BBULy TOTO, 9r0 B Hamel sajate HAMATHUYCHHOCTH HACHIMEHHA ABYX
DONYNPOCTPAHCTE HMEIT OFMHAKOBOS HANIpaBIeHWe, MOABIAETCA HEIKBHBAIEGHT-
HOCTB ()ePPOMArHETUROB (y 2> h m y < —h) fAayKke UPH COBIAJEHWE MX HAPaMETPOB.
B aTom ofcToATenBCTBE, Ha HAWN B3LMAMN, W 3aKIIOYAETCA TPHILHA DPACXOMNCHUA
PesyJIbTaTOB HPefMmecTBYIOmux uceaeqosanmit (1% 1], ITosToMy BMeCTO CHMMETDHI-
HBIX I aHTHCUMMETDHYHEIX BOXH (KaK B mbe30daeKTpurax ['2 13]) B mamei 3amaue
BOBMOKHBL [BE MOJBI, KOTOPHE YK€ Heldb3s KIaCCHQUIEPOBATEH IO MPU3HAKY CHM-
serpnu. B mpegene § — 0 mecaegyeMere BoJIHE pacmagaloTea Ha IMomepeTHsle 005eM-
HBIe YABTPa3BYKOBhIe, o0beMHEe X menaesue (6) MarauTocTaTmueckme Momsl. Ilomb-
3ysAch MayocTeio [7] GespasMepHOro mapaMerpa MATHETOMEXAHWIECKOH CBSZH
<1 (§ ~10"3 gna UT), gucoepcorHoe cooTHOmerHe (7) perTaeM ATepamuaME;
B WTOT¢ HMeeM 3aKOH NUCIePCHH INeJeBHX MATHETOYHOPYTEX BOJH

- 1 Eof fof B—er T
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— BeTBb THNA YIPyro#t, &,=ck - ifx;

[P0

© = W5 () {'1 —& —
©a ()¢ (n)

%M{1+%—?LTU+%®q} (85)

————
©& (ny) — Wi

~—— ICHEPCIOHHAA KPUBaA MArHUTOCTATHISCKOrO THIIA, Bg (ny == 03 () + I/75

_ o} o
u)::(!)V{l - 2(‘3va [1 +§(k) {l —m}]} (8B)

— MalHHTOCTATIYECKAs A O)BEMHAA BCTBB, MPHOIPETAIOMAs [IPH YUCTE MATHHTOCTDPHK-
Ul XapakTep INeNeBOil BO'IHBL &y = &y — ij7. llpu samucnr mocaeamux dopmy1 me-
101630BaHBl 0003HAYCHHA

wg (ny = —1/% 4 ns\Joi — oy exp[—4 | k| 414,

. 0)?;, n = o3 -1
o) =[1 =20 " gy =[1— 27",

Iiy0uHa NOKaiH3al{Il MEXaHHYeCKUX CMEMEeHHid B (eppOMATHUTHLIX KPHCTAllax
yOpyroi BerBIl

__I(T)E-—w%,l B3 — w} 2)-'s
A= 't Yo e ; (%)
mie/1eBO MarHHUTOCTATHYeCKON

1 @ w% n @ 20 _
H = ?u(k){i——i ;’c.f;ﬁ’?i(k)[ % @,,(k)]}, (95)

i) —OF  9¢(n)Ba(n)

BHJOM3MEHEeHHOX MarHMTOCTAaTHYEeCKOH 0GBeMHOM

Ew?
H:] 5 Hi — s [L— B (1L +B8 (k)] X
20,0 i .
X (1= s RO o

@opayast (8), (9) IpPIMEENME TOJBKO BIATH OT TeX 3HaYeHUH JaCTOTLL ¥ BOI-
HOBOTO BEKTODA (HABHBAGMHX B [albHeHIIeM «TouKaMu CHEXpoEHmaMa» ['°] mum
«TogRaMI mepeKpHITHA» [2* 21]), rme mepecexaloTCA KDUBHIG AECHePCHN 06GBEMHEIX
yABTPA3BYKOBEIX I IMeXeBHX (PHC. 4) 06BEMHHX MarmEmToCTaTMieckK:mx BosH. [lo-
BTOMY 0CODBI WHTEPEC IPefCTABIALT UCCASTOBAHNEe XaPAKTEPHCTHR MeeBhlX Marin-
TOYIPYTOX BOJH B3.IN3H JAHHHEX TOUek (0g =gy, K¢ =0:m/cs; W= Gy, kp==
=rc,), rae m3 (7) moaydaem

© == wg (n) — (E0hoF/ 206 (n))‘/’ =cke — (52mzﬂm§/20tkp)”",
0 = o — [fojol {1 — 220/, (oF, Ko, B)}/doy] =
— ¢y — [Fohic ke (| — 250q/Y, (oF, k&, R)}/hor]™ (10)
I'ny6naa goxanumsanmd paBHA
H = c, (%opckoos) " = ¢, (%ogosos )
H = c, (fohob (1 — 2Loufd, (o}, kb, A)}jor) =
= c, (Eohe,kh {1 — 2Eog/y, (of, kb, B)}jor) A (11)



BosHa IpH 5TOM OKa3hBaeTCs KaK MAarHATOCTATMIECKOM, TaK I YOPYTOH, BO3MOKHO
ee BO3GYKACHUEe DIEKTPOMATHUTHHIMU ¥ akyctmaeckumu Meropayu. HamGonsumrmi
HHTepeC 37ech IPeACTaBAseT TOT YaKT, UTO B TOYKAX CHHXPOHM3MA (HepeKpHITHs)
sersn (10) oxasmBaiotca BonHamm I'yasesa—Bumocreima [* ). Tlpu ypnanemun
OT TOUeK CUHXPOHM3MA Iay6uMHA JOKAIM3aNHM YIOPYTOX BETBH (9a) BO3pacraer,
a MarEmTocTatmueckux (96), (98) ymeHBImaeTcA JO TAKOM CTEIeHU, UTO HOCIENHHE
yke HeJb3A OTHECTH K KyaccudgecKomy tumy [ 28] crmaGoHeomBHODPOmHOH BonmmL
OTmeruM, wTo Bo3pacTamue (yObBaHWe) OKA3hBAETCA HOBOJLHO CYIIECTBEHHHM

(mna HUT mpm o ~10'° ¢! nprmepso

\ :w /‘,5 Ha 7Ba mopamra [*°]).
s Obmee TOBeJeHHe AHCUEDPCHOHHEX

_—— -ﬁ/ KPUBHIX INEJIEBHX MAaTHUTOYOPYTUX BOJH
yhoaercsi OPOAHAJHMBWPOBATH, ECHU IIpe-

o6pasosars ¢yErmEO D, (2%, k, h) B (7)

' l
' |
| | K BUOY
: / | D, (3% k, k)= (&>, k) [@*—wi] Y, (a° K, Ry
NS F oy, (o, K, @ )0, K, a% B, (12)
I 1/ ] rie
: \ : X (3 K, @, B)=
- % =0 (h)-—o\&® 4 o’ exp[—4 | k[ A)/4,
A A _5
0 (s, &k, @, h)=
Puc. 4. Toukm cmrXxponmaMa (o;, k) e -
IMeNTeBHX MATHOTOYNPYrAX BONH. B momo- =aw{) (k) 4o \o® + wirexp[—4|k|AJ/4,
sKeHUH TOYeK (0, oky), ABIAIITUXCA Iepe- o) (k) =
ce9eHeM KPHBHIX [UCHEpCH: O0BEeMHBIX ( [\/ "
VABTPA3BYKOBEIX M MArHETOCTATHIECKHEX _ ] 0% exp[—A4 k1 h
BOJIH, CYIIECTBEHHBIX OTIUIUil HeT. 2 O (wB + w‘”) + A p[ l l Ji

4 nog].

B caydyae OTCYTCTBHA BHEIIHET0 MAaTHHTHOTO TOIA U3 (12) BHITEKaeT BO3MOIMKHOCTH
CYIMeCTEOBAHUA TBYX HemsamMuMX Mopx n=+1 1 n=—1 (puc. ). Bo Bmemmen
MarHATHOM ToJie ypaBHeHHe (12) momycKaeT CyIeCTBOBAHWe ABYX BeTBed (Bepxuei
¥ HIKHeH) Kaswnoli mopsl n=-+1, —1 (puc. 6). 3amerum, 4T0 IPH COBIANEHUHU mapa-
MeTPOB [BYX (ePPOMArHUTHEIX CPef XapaKTePUCTHKU IIEJeBEHX BOJH He 3aBUCAT
OT HAUDPABJIEHNUA PACHPOCTPAHEHHA.

HomonHuTenbHEI aHaIU3 ypaBHEHUs (4) IOKA3BBAET, YT0 PasaUIUe TapaMeTpoB
cpel IPUBOJWT K HEBBAUMHOCTHM MCCIENYeMHX BOJH.

Ilpu ymenvmenny mupwun menn (k — 0) melneBble MAarHUTOYOPYTHUe BOJHH
IPeBPamaIoTcs B YHCTO CHBUTOBEE NOBEPXHOCTHBIE MArHUTOYIDPYIHe MOAB n=
=--1; —1, pacmpocTpaHAOMUeECS BOIb CKOIb3AMEN IPAEMIE pasjena ABYX dep-
POMarHUTHBHIX cpel (HaMHU JONYCKaeTCs HPaBOMEPHOCTh MCHOJB30BAHUA AN ONHCA-
HEA TPaHWIB Pas3fesa KOHIENNMA «HfeaipHod Tpemmushy [24]). leranpmbit ananus
IVMCIEPCUOHHOr0 yPaBHeHMA (4) BOSMOYKEH B HAHHOM CIydYae TOJNBKO YHMCJIEHHBIMEA
MeToaMy, OTHAKO MOYKHO CIelaTh BHIBOJ O HeB3aMMHOM XapaKrepe IOMOGHBIX BOIH,
caM (aKT CYIeCTBOBAHYWA KOTOPHIX CBA3AH ¢ pasaWuueM mapaMeTpoB [ABYX Cpef.
droT pesyansTaT, HECMOTPA HA W3BECTHOE pa3jWdne B MeXaHWUECKHUX IPAHWIHBIX
YCIOBUAX, X0pouIo cordacyeTes ¢ [¥ 2°]. Hen3auMHOCTh AECHEPCHOHEHEIX XapaKTe-
PHCTHK COXPAHSETCA ¥ B CIyJae OTCYTCTBUS BHEITHETO MAaTHUTHOTO MO,

Taxum obpasom, B paboTe HCCIeTOBAHLE WHMCTO CHABUIOBbIE MATHUTOYIPYIHE
meseBbie BOJHH B )epPpOMaTHOTHKAX, MONYyYeHO WX 00mee AHMCIEPCHOHHOE COOTHO-
meHne, KOTOPoe MPoaHalU3UPOBAHO B PAME YACTHHIX ciaydaeB. B pabore Bmepahie
MONYYeH CHEKTD ILIEJEeBHIX MATHUTOCTATHYECKUX BOJNH, YCTAHOBJIEHO CYIIECTBOBAHNE
IBYX OJHOHAIPABJEHHHIX BHICOKOTACTOTHOM ¥ HU3KOYACTOTHOM ero Berseit. OTMeueHR
HeB3aUMHOCTH, CBA3AHHAA C PABINIMEM IIapaMeTPOB ABYX (eppPOMAarHHTHEIX Cperl.
OO6BACHEHN TPAYNHE MMEIOMUXCH PACXOKAEHUNM Pe3yibTaToB IpefIecTBYOIUX
KCCIeTOBAHMM, KacaIloMUXCA BO3MOKHOCTH pasfelieHAs IMEeJeBHX MaTHUTOYOPYTHX
BOJH IO NPH3HAKY CUMMETDHU. YCTaHOBJIEHO CYMECTBOBAHME ABYX MOJ, KaAyo
W3 KOTODHIX Yrke HeJb3s KIacCHPWIHPOBATH IO NPUBHARY CHMMeTpMM, T. €. OTHE-
CTH K KaTeropHME CUMMETDPWIHEIX AW aBTHCHMMETPHYHEIX. [[aHHEIE MONEL B OTIMINE
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OT INSJOBHIX MATHHTOCTATHIECKEX yKe He 061afaloT CBOMCTBOM OfHOHANDABICH-
moct#.yB caysae pasmmama mapamerpos gmyx (epPOMATHATHHIX CPeR MCCHeLyeMEe
IMeJIeBEe MATHUTOYIPYIMe BOMHEL 06JafaloT HEB3AMMHEIM XapakTepoM. Hpowme
9TOT0, TEOPETHIECKI NPE/CKA3aHa BOBMOMKHOCTh PACHPOCTPAHEHMS TMCTO CXBHTO-

[43)

W, (%)

Pmc. 5. JHECHEPCHEA IMETEBHX MATHETOYIPYTEX BOJNH B CIy9ae OTCYTCTBHA BREITHEN0 MATHHT-
HOTO IOJSA.

ca=ct [L— (jog/{wg+ oy exp [—2 | k| h]/z})zl-‘/:, cp=c¢ [1 — (Ewg[{wg —wy exp [—2 | k| h]/z})zl‘/s —
CKOPOCTH MO B Ipefiee k -0, O gug — bwg,

Prc. 6. KpuBhe MECOEPCHN IMETEBHIX MATHENTOYIPYIEX MO BO BHENIHEM MATCHATHOM IIONE upa
OTCYTCTBEE 3aTyXaHHA.

wg (b) = [{4T) (0))® — iy exp [—41 k| RIA]r = [ {047 (0)}® — 0y exp [—4 | & | AY4[:,
wp 0 = [{oF W)} — o}y exp (=41 £ | BIATh = [{o$7) )2 — ol exp (=4 | k| AY4],

BO# MarHATOYUPYTOif IIOBEPXHOCTHOH BOIHEL BHOJXb CKOJXB3AMEH PAaHUIE pasjgena
IBYX (eppPOMATHHETHHIX CpeI.
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neeBa 3a ToOporKesaTelbHbIE 3aMEUaHWs M IoJe3Hoe obcy:xmeHnme paboTs.
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