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�¥â®¤®¬ á¢ï§ ­­ëå ¢®«­ ¨§ãç¥­ë «®ª «¨§®¢ ­­ë¥ áâ æ¨®­ à­ë¥ ¬®¤ë, ç áâ®â  ª®â®àëå «¥¦¨â
¢ § ¯à¥é¥­­®© ®¡« áâ¨ ã¯àã£¨å ª®«¥¡ ­¨© ¤¢ãå â®¬­®©  ­£ à¬®­¨ç¥áª®© à¥è¥âª¨. �ëïá­¥­ë

¬¥å ­¨§¬ë ¯à®á¢¥â«¥­¨ï à¥è¥âª¨ ¢ á«ãç ïå ã§ª®© ¨ è¨à®ª®© ¯®«®áë § ¯à¥é¥­­®© ®¡« áâ¨ ç áâ®â

¨ ­ ©¤¥­ë  ­ «¨â¨ç¥áª¨¥ ¢ëà ¦¥­¨ï ¤«ï áâ æ¨®­ à­ëå é¥«¥¢ëå á®«¨â®­®¢.

�¤­¨¬ ¨§ å à ªâ¥à­ëå ¯à®ï¢«¥­¨©  ­£ à¬®­¨§¬ 

ª®«¥¡ ­¨© à¥è¥âª¨ â¢¥à¤®£® â¥«  ï¢«ïîâáï ­¥«¨-
­¥©­ë© «®ª «¨§®¢ ­­ë¥ ¬®¤ë, ç áâ®â  ª®â®àëå «¥-
¦¨â ¢ § ¯à¥é¥­­®© ®¡« áâ¨ á¯¥ªâà  ä®­®­­ëå ª®«¥-
¡ ­¨©,   ¨­â¥­á¨¢­®áâì ¤®áâ â®ç­  ¤«ï «®ª «ì­®£®

¯à®á¢¥â«¥­¨ï áà¥¤ë [1,2]. � ª ¯®ª § «¨ ç¨á«¥­­ë¥

íªá¯¥à¨¬¥­âë [3], íâ¨ ¬®¤ë ¬®£ãâ ¨£à âì § ¬¥â­ãî

à®«ì ¢ í¢®«îæ¨¨ á¯¥ªâà  ª®«¥¡ ­¨© ¯à¨ ®¤­®à®¤­®¬

¢®§¡ã¦¤¥­¨¨ ®¤­®¬¥à­®©  ­£ à¬®­¨ç¥áª®© à¥è¥âª¨.
� ä¨§¨ç¥áª®© â®çª¨ §à¥­¨ï ­¥«¨­¥©­ë¥ «®ª «¨§®-

¢ ­­ë¥ ¬®¤ë  ­ «®£¨ç­ë é¥«¥¢ë¬ ¨«¨ ¡àí££®¢áª¨¬

á®«¨â®­ ¬, ¢®§­¨ª îé¨¬ ¢ ¯¥à¨®¤¨ç¥áª®© ­¥«¨­¥©-
­®© áà¥¤¥ [4–6]. � ¨¡®«¥¥ à á¯à®áâà ­¥­­®© §¤¥áì

¬®¤¥«ìî ï¢«ï¥âáï ¤¨í«¥ªâà¨ª, ¤¨í«¥ªâà¨ç¥áª ï ¯à®-
­¨æ ¥¬®áâì ª®â®à®£® ¯¥à¨®¤¨ç¥áª¨ ¬¥­ï¥âáï ¢¤®«ì

®¤­®© ¨«¨ ¤¢ãå ª®®à¤¨­ â ¨, ªà®¬¥ â®£®, § ¢¨á¨â
®â ¨­â¥­á¨¢­®áâ¨ á¢¥â®¢®£® ¯®«ï. �à¨ ¢®§¡ã¦¤¥­¨¨

â ª®© áà¥¤ë ¢ ®¡« áâ¨ ¡àí££®¢áª®£® à¥§®­ ­á  ¢®§-
¬®¦­® ­¥«¨­¥©­®¥ ¯à®á¢¥â«¥­¨¥, ª®â®à®¥ «¥¦¨â ¢

®á­®¢¥ ¤¢ãå ¨­â¥­á¨¢­® ¨§ãç ¥¬ëå ¢ ­ áâ®ïé¥¥ ¢à¥¬ï

íää¥ªâ®¢. � ®£à ­¨ç¥­­®© á¨áâ¥¬¥ ¢®§­¨ª ¥â ¡¨áâ -
¡¨«ì­®áâì, ¯®áª®«ìªã ª®íää¨æ¨¥­âë ®âà ¦¥­¨ï ¨

¯à¥«®¬«¥­¨ï ­¥®¤­®§­ ç­® § ¢¨áïâ ®â ¨­â¥­á¨¢­®áâ¨

¯ ¤ îé¥© ¢®«­ë [7]. � ¡¥áª®­¥ç­®© (¨«¨ á®£« -
á®¢ ­­®© ­  ª®­æ å) ¯¥à¨®¤¨ç¥áª®© á¨áâ¥¬¥ ¬®£ãâ

áãé¥áâ¢®¢ âì é¥«¥¢ë¥ á®«¨â®­ë, ¯à¥¤áâ ¢«ïîé¨¥

á®¡®© «®ª «¨§®¢ ­­ë¥ ¢®§¡ã¦¤¥­¨ï, áª®à®áâì ª®â®-
àëå à ¢­  ¨«¨ ¡«¨§ª  ª ­ã«î,   á®«¨â®­­ ï ä®à¬ 
®£¨¡ îé¥© ï¢«ï¥âáï á¢®¥®¡à §­ë¬ ¡ « ­á®¬ ¬¥¦¤ã

à¥ ªâ¨¢­ë¬ § âãå ­¨¥¬ ¨ ­¥«¨­¥©­ë¬ ¯à®á¢¥â«¥­¨-
¥¬ áà¥¤ë.
�¡é¥¯à¨­ïâë¬ ¬¥â®¤®¬ ®¯¨á ­¨ï ­¥«¨­¥©­ëå

á¢®©áâ¢ ¡àí££®¢áª®£® à¥§®­ ­á  ¯¥à¨®¤¨ç¥áª®© áâàãª-
âãàë ï¢«ï¥âáï ¬¥â®¤ á¢ï§ ­­ëå ¢®«­ (á¬., ­ ¯à¨-
¬¥à, [8]). �â®â ¬¥â®¤ ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢ ­ ¢ â¥®-
à¨¨ ª®«¥¡ ­¨© ª¢ §¨¯¥à¨®¤¨ç¥áª¨å à¥è¥â®ª â¢¥à¤®£®

â¥« . �á«¨ ¯à®áâ¥©èãî ¬®¤¥«ì à¥è¥âª¨ — æ¥¯®çªã

®¤¨­ ª®¢ëå  â®¬®¢, ãç¨âë¢ îéãî ¢§ ¨¬®¤¥©áâ¢¨¥

â®«ìª® ¬¥¦¤ã á®á¥¤­¨¬¨ ç áâ¨æ ¬¨, — à áá¬ âà¨-
¢ âì ª ª ®¤­®à®¤­ãî ¤¨áªà¥â­ãî áà¥¤ã, â® ã¦¥ ¡®«¥¥
á«®¦­ ï ¬®¤¥«ì — ¤¢ãå â®¬­ ï æ¥¯®çª  — ¯à¥¤-
áâ ¢«ï¥â á®¡®© ¤¨áªà¥â­ãî áà¥¤ã á ¯¥à¨®¤¨ç¥áª¨

¬¥­ïîé¨¬¨áï ¯ à ¬¥âà ¬¨. �®§­¨ª îé ï ¢ â ª®©

æ¥¯®çª¥ § ¯à¥é¥­­ ï ®¡« áâì ç áâ®â, à §¤¥«ïîé ï
¤¨á¯¥àá¨®­­ë¥ ¢¥â¢¨  ªãáâ¨ç¥áª¨å ¨ ®¯â¨ç¥áª¨å ¯à®-

¤®«ì­ëå ª®«¥¡ ­¨©, ï¢«ï¥âáï ¯®«­ë¬  ­ «®£®¬ ®¡« -
áâ¨ ¯¥à¢®£® ¡àí££®¢áª®£® à¥§®­ ­á  ®¤­®¬¥à­®© ¯¥à¨-
®¤¨ç¥áª®© ­¥¯à¥àë¢­®© áà¥¤ë.
�¥«ì ­ áâ®ïé¥© áà¥¤ë — ¨áá«¥¤®¢ ­¨¥ «®ª «¨-

§®¢ ­­ëå ¬®¤ ¢ ®¡« áâ¨ ¡àí££®¢áª®£® à¥§®­ ­á  ­¥-
«¨­¥©­®© ¤¢ãå â®¬­®© æ¥¯®çª¨ ¬¥â®¤®¬ á¢ï§ ­­ëå

¢®«­. � ¨§¢¥áâ­ëå ­ ¬ à ¡®â å [9,10] íâ¨ ¬®¤ë ¨á-
á«¥¤®¢ «¨áì ¢ ¯¥à¢ãî ®ç¥à¥¤ì ç¨á«¥­­ë¬¨ ¬¥â®¤ -
¬¨. � ©¤¥­­ë¥  ­ «¨â¨ç¥áª¨¥ à¥è¥­¨ï á ¯®¬®éìî

äã­ªæ¨¨ �à¨­  ¯à¨¢¥¤¥­ë ¢ ä®à¬¥, âàã¤­® ¯®¤-
¤ îé¨©áï  ­ «¨§ã, ¨ ¯®íâ®¬ã ¢®¯à®á ® à §«¨ç­ëå

¬¥å ­¨§¬ å ¯à®á¢¥â«¥­¨ï ¨ á®®â¢¥âáâ¢ãîé¨å ¨¬ â¨-
¯ å á®¡áâ¢¥­­ëå ¯à®áâà ­áâ¢¥­­ëå ¬®¤ ¤¢ãå â®¬­®©

à¥è¥âª¨ ®áâ ¥âáï ®âªàëâë¬.

1. �á­®¢­ë¥ á®®â­®è¥­¨ï

�à ¢­¥­¨¥ ¤¢¨¦¥­¨ï ¤«ï  â®¬®¢ á ¬ áá ¬¨ M ¨

m (M > m) ¤¢ãå â®¬­®© æ¥¯®çª¨ ¨ ¯®â¥­æ¨ «®¬

¢§ ¨¬®¤¥©áâ¢¨ï ¬¥¦¤ã á®á¥¤­¨¬¨  â®¬ ¬¨, á®¤¥à¦ -
é¨¬ ª¢ ¤à â¨ç­ë© ¨ ª¢ àâ¨ç­ë© ç«¥­ë, § ¯¨è¥¬ ¢

ã­¨¢¥àá «ì­®¬ ¢¨¤¥

m0(1 + η cosπn)ẍn − k2(xn+1 + xn−1 − 2xn)

− k4

[
(xn+1 − xn)3 − (xn − xn−1)3

]
= 0, (1)

£¤¥ n = 1, 2, 3 . . . , m0 = (M + m)/2, η =
(M −m)/(M + m), k2, k4 — «¨­¥©­ ï ¨ ­¥«¨­¥©­ ï

ª®­áâ ­âë á¢ï§¨, xn — á¬¥é¥­¨¥ n-£®  â®¬  ®â ¯®«®-
¦¥­¨ï à ¢­®¢¥á¨ï.
� áá¬ âà¨¢ ï (1) ª ª ãà ¢­¥­¨¥ á ¯¥à¨®¤¨ç¥áª¨

¬¥­ïîé¨¬áï ¯ à ¬¥âà®¬ (¬ áá®©), ¯®«ãç¨¬ àï¤ á®-
®â­®è¥­¨© ¤«ï «¨­¥©­®© æ¥¯®çª¨ (k4 = 0). �¥è¥­¨¥
¯à¥¤áâ ¢¨¬ ¢ ä®à¬¥ �«®ª¥

xn =
∞∑

m=−∞

Bm exp[iωt− i(β + πm)n]

= B0 exp(iωt)[exp(−iβn) + µ exp(−i(β − π)n)], (2)

£¤¥ β — ­ ¡¥£ ä §ë ­  ïç¥©ªã, µ = B−1/B0.
�á«¨ ¤«ï ­¥¯à¥àë¢­®© ¯¥à¨®¤¨ç¥áª®© áà¥¤ë ®£à -

­¨ç¥­¨¥ àï¤  ¤¢ã¬ï ®á­®¢­ë¬¨ ¯à®áâà ­áâ¢¥­­ë¬¨

£ à¬®­¨ª ¬¨ ï¢«ï¥âáï ¯à¨¡«¨¦¥­¨¥¬, â® ¤«ï ¯¥à¨-
®¤¨ç¥áª¨ ¤¨áªà¥â­®© áà¥¤ë ®­® ï¢«ï¥âáï â®ç­ë¬.
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�¨á. 1. �¨á¯¥àá¨®­­ë¥ ¢¥â¢¨ ª®«¥¡ ­¨© ®¤­®¬¥à­®©

¤¢ãå â®¬­®© à¥è¥âª¨.

�î¡ë¥ ¤àã£¨¥ ¢¥â¢¨ ª®«¥¡ ­¨© á ¢®«­®¢ë¬¨ ç¨á« ¬¨

β + πm á¢®¤ïâáï «¨¡® ª ¢¥â¢¨ β, «¨¡® ª ¢¥â¢¨

β − π. �®¤áâ ¢«ïï (2) ¢ (1), ¯®«ãç¨¬ ¨§¢¥áâ­®¥

¤¨á¯¥àá¨®­­®¥ ãà ¢­¥­¨¥

ω4 − 2ω2(ω2
1 + ω2

2) + 4ω2
1ω

2
2 sin2 β = 0 (3)

¨ ®â­®è¥­¨¥  ¬¯«¨âã¤

µ =
(1− ω2/2ω2

2)1/2 − (1− ω2/2ω2
1)1/2

(1ω2/2ω2
2)1/2 + (1− ω2/2ω2

1)1/2
, (4)

£¤¥ ω2
1 = k2/M , ω2

2 = k2/m.
�¨á¯¥àá¨®­­ë¥ å à ªâ¥à¨áâ¨ª¨ ¤¢ãå â®¬­®© æ¥-

¯®çª¨ ¨§®¡à ¦¥­ë ­  à¨á. 1. �  § ¤ ­­®© ç áâ®â¥

¢®§¡ã¦¤ ¥âáï ¯ à  ¢®«­, ¨¬¥îé¨å ®¤¨­ ª®¢ë¥ £àã¯-
¯®¢ë¥ áª®à®áâ¨ ¨ à §­ë¥ ¯® ¢¥«¨ç¨­¥ ¨ ­ ¯à ¢«¥­¨î

ä §®¢ë¥ áª®à®áâ¨. �¬¯«¨âã¤ë íâ¨å ¢®«­ ­¥ ï¢«ï-
îâáï ­¥§ ¢¨á¨¬ë¬¨. �â® ®¡áâ®ïâ¥«ìáâ¢® ¯®§¢®«ï¥â

®â¢¥â¨âì ­  ¢®¯à®á: ª ª®© ¢¨¤ ¤¨á¯¥àá¨¨ ¯à¥®¡« ¤ ¥â
¢ ¯®«®á å ¯à®¯ãáª ­¨ï æ¥¯®çª¨. �à ¢¨«ì­ë© ®â¢¥â

á®áâ®¨â ¢ â®¬, çâ® ¨ ¢  ªãáâ¨ç¥áª®¬, ¨ ¢ ®¯â¨ç¥-
áª®¬ ¤¨ ¯ §®­ å ç áâ®â ¢®§¡ã¦¤ îâáï ¢®«­ë ª ª á

­®à¬ «ì­®©, â ª ¨  ­®¬ «ì­®© ¤¨á¯¥àá¨¥©, ¯à¨ç¥¬
¢®«­ë á ­®à¬ «ì­®© ¤¨á¯¥àá¨¥© ¢á¥£¤  ¨¬¥îâ ¡®«ì-
èãî  ¬¯«¨âã¤ã, §  ¨áª«îç¥­¨¥¬ £à ­¨ç­ëå ç áâ®â√

2ω1 ¨
√

2ω2, £¤¥ µ = 1. �¥à¥¤ª® ¢áâà¥ç îé¥¥áï

ãâ¢¥à¦¤¥­¨¥ (á¬., ­ ¯à¨¬¥à, ¬®­®£à ä¨î [11]) ® â®¬,
çâ® ¢ ®¯â¨ç¥áª®¬ ¤¨ ¯ §®­¥ ¨¬¥¥â ¬¥áâ®  ­®¬ «ì­ ï

¤¨á¯¥àá¨ï, ï¢«ï¥âáï ­¥â®ç­ë¬ ¨ ®á­®¢ ­® ­  ­¥¯à -
¢¨«ì­®¬ ¢ë¡®à¥ ¨­â¥à¢ «  ¨§¬¥­¥­¨ï β ®â −π2/ ¤®
π/2.
�à¨ à á¯à®áâà ­¥­¨¨ ¢®«­ë ¢ ¯àï¬®¬ ­ ¯à ¢«¥-

­¨¨ (¢¥â¢¨ a, a− ¨«¨ o, o− ­  à¨á. 1) ®¡à â­ë¥

¢®«­ë (¢¥â¢¨ a′, a′− ¨«¨ o′, o′−) ­¥ ¢®§¡ã¦¤ îâáï,

¯®áª®«ìªã ¨å ¢®«­®¢ë¥ ç¨á«  á¨«ì­® ®â«¨ç îâáï ®â

¢®«­®¢ëå ç¨á¥« ¯àï¬®© ¢®«­ë. �¨âã æ¨ï ¬¥­ï¥âáï,
¥á«¨ ç áâ®â  ¯®¯ ¤ ¥â ¢ § ¯à¥é¥­­ãî ®¡« áâì. �
íâ®© ®¡« áâ¨ β = (π/2) + iβ′′, |µ| = 1, ¨ ¬¥¦¤ã

¢®«­ ¬¨ ¢®§­¨ª ¥â á¨«ì­ ï á¢ï§ì (¯à®áâà ­áâ¢¥­­ë©
á¨­åà®­¨§¬). �¬¥­­® íâ® ®¡áâ®ïâ¥«ìáâ¢® ¨ ¤ ¥â ®á­®-
¢ ­¨¥ ¯à¥¤áâ ¢¨âì à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¢ ¢¨¤¥ ¯ -
àë à á¯à®áâà ­ïîé¨åáï ­ ¢áâà¥çã ¤àã£ ¤àã£ã ¢®«­,
 ¬¯«¨âã¤ë ª®â®àëå ”£àã¯¯¨àãîâ” ¢®«­ë á ¡«¨§ª¨¬¨

ä §®¢ë¬¨ áª®à®áâï¬¨.
�à¥¤áâ ¢«ïï à¥è¥­¨¥ ¢ ¢¨¤¥

xn = A1(n)ei(ωt−(nπ/2)) +A2(n)ei(ωt+(nπ/2)) + c.c.,

n = 1, 2, 3, . . . ,

¯®«ãç¨¬ á¨áâ¥¬ã ãà ¢­¥­¨©

i

2
(A1(n+1)−A1(n−1))+∆A1(n)−σA2(n)+χ12(n) = 0,

i

2
(A2(n−1)−A1(n+1))+∆A2(n)−σA1(n)+χ21(n) = 0,

(5)
£¤¥

χ21(n) =
χ

2

{
A1(n)

[
|A1(n)|2 + 2|A2(n)|2 + |A1(n− 1)|2

+ |A2(n− 1)|2 + |A1(n+ 1)|2 + |A2(n+ 1)|2
]

+
1

2
A∗1(n)

[
2A2

2(n)−A2
1(n− 1)−A2

2(n− 1)

−A2
1(n+ 1)−A2

1(n+ 1)
]

+A1(n− 1)
[
A∗2(n)A2(n− 1)−A2(n)A∗2(n− 1)

]
+A1(n+ 1)

[
A∗2(n)A2(n+ 1)−A2(n)A∗2(n+ 1)

]
−A∗1(n− 1)A2(n)A2(n− 1)

−A∗1(n+ 1)A2(n)A2(n+ 1)
}
.

�¤¥áì χ21 á®¢¯ ¤ ¥â ¯® ä®à¬¥ á χ12 ¯à¨ § ¬¥­¥

¨­¤¥ªá®¢ 1↔ 2, σ = m0ηω
2/2k2, χ = 6k4/k2.

� à ¬¥âà ∆ = 1 − ω2m0/2k2 å à ªâ¥à¨§ã-
¥â ®âáâà®©ªã ç áâ®âë ¢®§¡ã¦¤¥­¨ï ®â ç áâ®âë

ω∗ = 2ω2
1ω

2
2/
√
ω2

1 + ω2
2, ¯à¨ ª®â®à®© ¨¬¥¥â ¬¥áâ® ¬ ª-

á¨¬ «ì­®¥ «¨­¥©­®¥ § âãå ­¨¥ ¢ § ¯à¥é¥­­®© ¯®«®á¥

ç áâ®â.
�à ¢­¥­¨ï (5) á¯à ¢¥¤«¨¢ë ¯à¨ «î¡ëå á®®â­®-

è¥­¨ïå ¯ à ¬¥âà®¢ ∆, σ ¨ χ. �®áª®«ìªã ¢ à¥-
 «ì­®¬ ªà¨áâ ««¥ ­¥«¨­¥©­ë© á¤¢¨£ ç áâ®âë, ®¡-
ãá«®¢«¥­­ë©  ­£ à¬®­¨§¬®¬ ¯®â¥­æ¨ «  ¢§ ¨¬®¤¥©-
áâ¢¨ï, ωie ∼ χB2

0 ¢á¥£¤  ¬ «, ¨­â¥à¥á ¯à¥¤áâ -
¢«ïîâ ¤¢  å à ªâ¥à­ëå á«ãç ï. � ¯¥à¢®¬ á«ã-
ç ¥ ∆ωnl ∼ ∆ω12 =

√
2(ω2 − ω1) (¯à®á¢¥â«¥­¨¥

¢®§¬®¦­® ¤«ï «î¡ëå ç áâ®â, «¥¦ é¨å ¢ ®¡« áâ¨√
2ω1 < ω <

√
2ω2), ¢® ¢â®à®¬ ∆ωnl � ∆ω12 (¯à®-

á¢¥â«¥­¨¥ ¢®§¬®¦­® «¨èì ¢ ®ªà¥áâ­®áâ¨ £à ­¨ç­ëå

ç áâ®â). � ãª § ­­ëå á«ãç ïå ¢ ãà ¢­¥­¨ïå (5) ¬®¦-
­® ¯¥à¥©â¨ ª ¯à¥¤¥«ã ­¥¯à¥àë¢­®© áà¥¤ë ¨ ¯®«ãç¨âì

â®ç­ë¥  ­ «¨â¨ç¥áª¨¥ à¥è¥­¨ï.
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2. �¨¯ë «®ª «¨§®¢ ­­ëå ¬®¤

1) � § ª   ï ¯ ® « ® á   (¬ ááë M ¨ m ¡«¨§ª¨ ¤àã£

ª ¤àã£ã). �ç¨âë¢ ï, çâ® ¯ à ¬¥âàë ∆, σ ¨ χ ¨¬¥îâ

®¤¨­ ¯®àï¤®ª ¬ «®áâ¨ ε, ¢®á¯®«ì§ã¥¬áï à §«®¦¥­¨¥¬

Aj(n± 1) =Aj(n)± ε
dAj(n)

dn
+ ε2 d

2Aj(n)

dn2
+ . . . ,

j = 1, 2.

� â®ç­®áâìî ¤® ç«¥­®¢ ¯®àï¤ª  ε2 á¨áâ¥¬  (5)
¯à¨¬¥â ¢¨¤

i
dA1

dx
+∆A1−σA2 +χ(A1|A1|

2 +2A1|A2|
2−A2

2A
∗
1) = 0,

−i
dA2

dx
+∆A2−σA1+χ(A2|A2|

2+2A2|A1|
2−A2

1A
∗
2) = 0.

(6)
�¤¥áì x = n — ­¥¯à¥àë¢­ ï ª®®à¤¨­ â  (à ááâ®ï­¨¥
¬¥¦¤ã  â®¬ ¬¨ ¯®« £ ¥¬ à ¢­ë¬ ¥¤¨­¨æ¥). �¨áâ¥¬ 
(6) ®â«¨ç ¥âáï ®â ãà ¢­¥­¨©, ¯à¨¢¥¤¥­­ëå ¢ [5], ­ «¨-
ç¨¥¬ ç«¥­®¢ A2

2A
∗
1 ¨ A

2
1A
∗
2, ª®â®àë¥ ¤«ï ­¥¯à¥àë¢­®©

¯¥à¨®¤¨ç¥áª®© áà¥¤ë ¯à¨ ãáà¥¤­¥­¨¨ ®¡à é îâáï ¢

­ã«ì.
�¨áâ¥¬  (6) ¨¬¥¥â ¨­â¥£à « ¤¢¨¦¥­¨ï

|A1|2 − |A2|2 = G. �®áª®«ìªã ­ á ¨­â¥à¥áãîâ

à¥è¥­¨ï, ®¡à é îé¨¥áï ¢ ­ã«ì ¯à¨ x → ±∞,
G = 0 ¨  ¬¯«¨âã¤ë ¯àï¬®© ¨ ®¡à â­®© ¢®«­ ã¤®¡­®

¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

A1(x) = a(x)eiϕ(x), A2(x) = a(x)e−iϕ(x).

� à¥§ã«ìâ â¥ ¯®«ãç¨¬ á¨áâ¥¬ã ãà ¢­¥­¨© ¤«ï ¤¥©-
áâ¢¨â¥«ì­ëå  ¬¯«¨âã¤ ¨ ä §

da

dx
= −σa sin 2ϕ− χa3 sin 4ϕ,

dϕ

dx
= ∆− σ cos 2ϕ+ χa2(3− cos 4ϕ). (7)

�á¯®«ì§ãï ¨­â¥£à «, á«¥¤ãîé¨© ¨§ (7),

χ

2
a2(3− cos 4ϕ) + ∆− σ cos 2ϕ = 0,

á¢¥¤¥¬ á¨áâ¥¬ã ª ãà ¢­¥­¨î ¤«ï ä §ë ¤¢®©­®£®

ãà ¢­¥­¨ï á¨­-�®à¤®­ 

d2ϕ

dx2
− 2σ∆ sin 2ϕ+ σ2 sin 4ϕ = 0. (8)

�à ¢­¥­¨¥ (8) ¨¬¥¥â ¤¢  â¨¯  ª¨­ª®¢ëå ¨  ­â¨ª¨­-
ª®¢ëå à¥è¥­¨©

ϕ±I = πm± arctg

[√
σ −∆

σ + ∆
th
(√

σ2 −∆2(x− x0)
)]

,

ϕ±II =
π

2
(2m+1)±arctg

[√
σ + ∆

σ −∆
th
(√

σ2−∆2(x− x0)
)]
.

(9)

�®¤áâ ¢«ïï ¤ ­­ë¥ à¥è¥­¨ï ¢ ãà ¢­¥­¨ï ¤«ï ä §ë

(7), ¬®¦­® ã¡¥¤¨âìáï ¢ â®¬, çâ® «®ª «¨§®¢ ­­ ï ¬®¤ 
¢ ¯®«®á¥ ç áâ®â

√
2ω1 < ω <

√
2ω2 ¯à¨ ¯®«®¦¨-

â¥«ì­®¬ §­ ª¥ χ ¢®§¬®¦­  «¨èì ¤«ï ¯¥à¢®£® ª« áá 

à¥è¥­¨© ϕ+
I ¨ ¨¬¥¥â ¢¨¤

a2
I =

(σ −∆)sech2
[√

σ2 −∆2(x− x0)
]
×

×
[
1 + σ−∆

σ+∆ th
(√

σ2 −∆2(x− x0)
)]

χ
{

1 + 6σ−∆
σ+∆ th2

(√
σ2 −∆2(x− x0)

)
+

+
(
σ−∆
σ+∆

)2

th4
(√

σ2 −∆2(x− x0)
)}

.

(10)
�á«¨ χ < 0, â® «®ª «¨§®¢ ­­ ï ¬®¤  áãé¥áâ¢ã¥â

«¨èì ¤«ï ¢â®à®£® ª« áá  à¥è¥­¨© ϕ−II ¨ ¨¬¥¥â ¢¨¤

(10) ¯à¨ § ¬¥­¥ ∆ ­  −∆.
� â®çª¥ ω = ω∗(∆ = 0) íâ¨ ¢ëà ¦¥­¨ï á®¢¯ ¤ îâ

a2
I = a2

II =
σ

|χ|

ch2σ(x− x0)

|χ|ch4σ(x− x0)
. (11)

�à¨­æ¨¯¨ «ì­ë¬ ãá«®¢¨¥¬ áãé¥áâ¢®¢ ­¨ï «®ª -
«¨§®¢ ­­ëå ¬®¤ ï¢«ï¥âáï ¯à®áâà ­áâ¢¥­­ ï ¬®¤ã«ï-
æ¨ï ä §ë, ª®â®à ï ®¡¥á¯¥ç¨¢ ¥â ¯à®á¢¥â«¥­¨¥ ¯¥à¨-
®¤¨ç¥áª®© æ¥¯®çª¨. � à ¬ª å ­ è¥£® ¯®¤å®¤  ¯®«¥

¢ § ¯à¥é¥­­®© ®¡« áâ¨ ¯à¥¤áâ ¢«ï¥â á®¡®© áâ®ïçãî

¢®«­ã, ¯®«®¦¥­¨¥ ¬ ªá¨¬ã¬®¢ ¨ ¬¨­¨¬ã¬®¢ ª®â®-
à®© § ¢¨á¨â ®â ç áâ®âë. �«ï «¨­¥©­®© æ¥¯®çª¨ ¯à¨

ω ≈
√

2ω1 (σ = ∆) ¬ ªá¨¬ã¬ ¯à¨å®¤¨âáï ­  âï¦¥«ë¥

 â®¬ë,   ¬¨­¨¬ã¬ — ­  «¥£ª¨¥ (íâ® á¢ï§ ­® á å®à®è®
¨§¢¥áâ­ë¬ ä ªâ®¬, çâ®  â®¬ë á ¬ áá®© m ¯®ª®ïâáï).
�à¨ ω ≈

√
2ω2 (σ = −∆), ­ ®¡®à®â, ª®«¥¡«îâáï â®«ì-

ª® «¥£ª¨¥  â®¬ë. �¬¥­­® ¢ íâ¨å ãá«®¢¨ïå ¤¥©áâ¢¨¥
­¥«¨­¥©­®áâ¨ ­ ¨¡®«¥¥ íää¥ªâ¨¢­®. � ¯à¨¬¥à, ¯à¨
ω ≈
√

2ω1 á ã¢¥«¨ç¥­¨¥¬ ¨­â¥­á¨¢­®áâ¨ ¢®§¡ã¦¤¥­¨ï,
ª ª á«¥¤ã¥â ­¥¯®áà¥¤áâ¢¥­­® ¨§ ãà ¢­¥­¨ï (1) ¯à¨

k4 > 0, ¯à®¨áå®¤¨â ¤¨­ ¬¨ç¥áª®¥ ã¢¥«¨ç¥­¨¥ ª®íä-
ä¨æ¨¥­â  á¢ï§¨ ¤«ï âï¦¥«ëå ç áâ¨æ (¨«¨ ã¢¥«¨ç¥­¨¥
¨å á®¡áâ¢¥­­®© ç áâ®âë ª®«¥¡ ­¨©). �à¨ ­¥¨§¬¥­­®©
á®¡áâ¢¥­­®© ç áâ®â¥ ª®«¥¡ ­¨© «¥£ª¨å ç áâ¨æ íâ®

¯à¨¢®¤¨â ª ã¬¥­ìè¥­¨î ª®íää¨æ¨¥­â  ¬®¤ã«ïæ¨¨

¨, á«¥¤®¢ â¥«ì­®, è¨à¨­ë § ¯à¥é¥­­®© ¯®«®áë. �
®ªà¥áâ­®áâ¨ ω ≈ ω∗ ã¬¥­ìè îâáï ®¡¥ á®¡áâ¢¥­­ë¥

ç áâ®âë ª®«¥¡ ­¨ï ç áâ¨æ, ¯®íâ®¬ã ª®íää¨æ¨¥­â ¬®-
¤ã«ïæ¨¨ ¯à ªâ¨ç¥áª¨ ­¥ ¬¥­ï¥âáï. �§¬¥­¥­¨¥ ä §ë
¢ ®¡« áâ¨ ¢®§¡ã¦¤¥­¨ï ¬®¤ë ª ª à § ®¡¥á¯¥ç¨¢ ¥â

­¥®¡å®¤¨¬ë© á¤¢¨£ ¬ ªá¨¬ã¬®¢ áâ®ïç¥© ¢®«­ë. �­¥
íâ®© ®¡« áâ¨ áâ®ïç ï ¢®«­  ¯à¨®¡à¥â ¥â ¢¨¤, å à ª-
â¥à­ë© ¤«ï «¨­¥©­®© æ¥¯®çª¨.
�á¯®«ì§ãï (9) ¨ (11), ­ ©¤¥¬  ¬¯«¨âã¤ë ª®«¥¡ ­¨©

âï¦¥«ë© A ¨ «¥£ª¨å B  â®¬®¢ ¯à¨ χ > 0

A = A1 +A2 = 2a cosϕ+
I = 2

√
σ

|χ|

chσx
√

ch4σx
,

B = A1 −A2 = 2ia sinϕ+
I = 2i

√
σ

|χ|

shσx
√

ch4σx
. (12)
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�¨á. 2. � á¯à¥¤¥«¥­¨ï  ¬¯«¨âã¤ ª®«¥¡ ­¨© âï¦¥«ëå

(á¯«®è­ë¥ ªà¨¢ë¥) ¨ «¥£ª¨å  â®¬®¢ (èâà¨å®¢ë¥ ªà¨¢ë¥)
¨ ¨å ¬£­®¢¥­­ë¥ á¬¥é¥­¨ï ¢ ®¡« áâ¨ ¢®§¡ã¦¤¥­¨ï ¯à¨

χ > 0 (a) ¨ χ < 0 (b).

�à¨ χ < 0 ¢ëà ¦¥­¨ï ¤«ï A ¨ B ¬¥­ïîâáï

¬¥áâ ¬¨. �à®áâà ­áâ¢¥­­®¥ à á¯à¥¤¥«¥­¨¥  ¬¯«¨âã¤
¨ ¬£­®¢¥­­ë¥ §­ ç¥­¨ï á¬¥é¥­¨© xn  â®¬®¢ ¯à®-
¨««îáâà¨à®¢ ­ë ­  à¨á. 2. �® á¢®¥© áâàãªâãà¥

­ ©¤¥­­ë¥ ¬®¤ë ¡«¨§ª¨ ª ç¥â­ë¬ ¨ ­¥ç¥â­ë¬ ¬®¤ ¬,
®¡áã¦¤ ¥¬ë¬ ¢ à ¡®â¥ [12] ¤«ï ¬®­® â®¬­®© æ¥¯®çª¨,
®¤­ ª® ¢ ¤ ­­®¬ á«ãç ¥ ­ «¨ç¨¥  â®¬®¢ ¤àã£®£® á®àâ 

¯à¨¢®¤¨â ª á¢®¥®¡à §­®© ª®¬¡¨­ æ¨¨ íâ¨å ¬®¤ ¯à¨

®¤­®¬ §­ ª¥ ­¥«¨­¥©­®áâ¨.
2) � ¨ à ® ª   ï ¯ ® « ® á   (á®®â­®è¥­¨¥ ¬ áá M

¨ m ¯à®¨§¢®«ì­®). � áá¬®âà¨¬ á«ãç ©, ª®£¤  ç áâ®â 
¢®§¡ã¦¤¥­¨ï á«¥£ª  ¯à¥¢ëè ¥â ­¨¦­îî £à ­¨ç­ãî

ç áâ®âã. �áª«îç¨¢ ¨§ (5) A2, ¯à¨¤¥¬ ª ãà ¢­¥­¨î

¤«ï  ¬¯«¨âã¤ë ¯àï¬®© ¢®«­ë

A1(n+ 2) +A1(n− 2)− 2A1(n) + 4(∆2 − σ2)A1(n)

+4σχ21(n) +4∆χ12(n)+2i[χ12(n− 1)−χ12(n+ 1)]=0.
(13)

� íâ®¬ ãà ¢­¥­¨¨ ¯®ï¢«ï¥âáï ¬ «ë© ¯ à ¬¥âà δ1,
å à ªâ¥à¨§ãîé¨© ®âáâà®©ªã ç áâ®âë ¢®§¡ã¦¤¥­¨ï

®â ­¨¦­¥© £à ­¨ç­®© ç áâ®âë

∆2 − σ2 =
(ω2 − 2ω2

1)(ω2 − 2ω2
2)

4ω2
1ω

2
2

= −δ1δ2,

δ1 =
(2ω2

1 − ω
2)

2ω2
1

, δ2 =
(ω2 − 2ω2

2)

2ω2
2

.

�à¨ ¬ «ëå δ1 ∼ χ ¬®¦­® áç¨â âì, çâ®  ¬¯«ãâã¤  âï-
¦¥«ëå ç áâ¨æ (A) ¬ ªá¨¬ «ì­ ,    ¬¯«¨âã¤  «¥£ª¨å
(B) à ¢­  ­ã«î. � §«®¦¨¢ A1(n±2) ¢ àï¤ á ¯¥à¨®¤®¬

2 ¨ ¨á¯®«ì§®¢ ¢ ãá«®¢¨¥A1 = A2, ¯®«ãç¨¬ á«¥¤ãîé¥¥
ãà ¢­¥­¨¥ ¤«ï  ¬¯«¨âã¤ë A:

d2A

dx2
− 2δ1δ2A+ δ2

χ

2
|A|2A = 0. (14)

�à¨ ­ã«¥¢ëå ãá«®¢¨ïå ­  ¡¥áª®­¥ç­®áâ¨ à¥è¥­¨¥ (14)
¯à¨ χ > 0 ¨¬¥¥â ä®à¬ã èà¥¤¨­£¥à®¢áª®£® á®«¨â®­ 

A = 2
√
δ1/χsech

√
δ1δ2(x− x0). (15)

� ®ªà¥áâ­®áâ¨ ¢¥àå­¥© £à ­¨ç­®© ç áâ®âë δ2 ∼ χ
¬®¦­® ¯®«ãç¨âì ãà ¢­¥­¨¥ ¤«ï  ¬¯«¨âã¤ë «¥£ª¨å

 â®¬®¢
d2B

dx2
− δ1δ2B − δ1

χ

2
|B|2B = 0. (16)

�®ª «¨§®¢ ­­ ï ¬®¤  ¨¬¥¥â ¢¨¤,  ­ «®£¨ç­ë©

(15), ®¤­ ª® ¯à¨ íâ®¬ ­¥®¡å®¤¨¬®, çâ®¡ë ¨§¬¥­¨«áï

§­ ª ­¥«¨­¥©­®áâ¨ χ > 0. �ç¥¢¨¤­®, çâ® ¤«ï ãª § -
­ëå ¬®¤ ä §®¢ ï ¬®¤ã«ïæ¨ï ®âáãâáâ¢ã¥â.
�à¨ ¨§¬¥­¥­¨¨ §­ ª  ­¥«¨­¥©­®áâ¨ ¢ ãà ¢­¥­¨¨

(14) á¥¯ à âà¨á­ë¥ à¥è¥­¨ï ­¥ áãé¥áâ¢ãîâ. �«ï ¯®-
«ãç¥­¨ï à¥è¥­¨ï ¢ ä®à¬¥ â¥¬­®£® á®«¨â®­  ­¥®¡-
å®¤¨¬® ¨§¬¥­¥­¨¥ §­ ª  ª®íää¨æ¨¥­â  δ1δ2, ®¤­ ª®
íâ® ¢®§¬®¦­® «¨èì ¢ â®¬ á«ãç ¥, ¥á«¨ ç áâ®â  ω
¯®¯ ¤ ¥â ¢ ¯®«®áã ¯à®¯ãáª ­¨ï æ¥¯®çª¨.
� ©¤¥­­ë¥ ¢ à ¡®â¥ à §«¨ç­ë¥ â¨¯ë é¥«¥¢ëå

á®«¨â®­®¢ á«¥¤ã¥â à áá¬ âà¨¢ âì ª ª á®¡áâ¢¥­­ë¥

­¥«¨­¥©­ë¥ áâ æ¨®­ à­ë¥ ¬®¤ë ¡¥§£à ­¨ç­®© ¤¢ãå-
 â®¬­®© à¥è¥âª¨. � à¥ «ì­ëå ªà¨áâ «« å ¨§-§  ­ -
«¨ç¨ï ¯®â¥àì ¤«ï ¤«¨â¥«ì­®£® áãé¥áâ¢®¢ ­¨ï íâ¨å

¬®¤ ­¥®¡å®¤¨¬  ¯®¤ª çª  í­¥à£¨¨, §¤¥áì ¢ ¦­ãî

à®«ì ¨£à ¥â á¯®á®¡ ¢®§¡ã¦¤¥­¨ï. �à¨ ­¥ ¢â®­®¬­ëå
à¥¦¨¬ å ¢®§¡ã¦¤¥­¨ï ¬®¦­® £®¢®à¨âì ® ¢ë­ã¦¤¥­-
­ëå ¬®¤ å, ª®â®àë¥ ®â«¨ç îâáï ®â à áá¬®âà¥­­ëå

¢ëè¥. � ª ç¥áâ¢¥ ¨««îáâà æ¨¨ ¯à¨¢¥¤¥¬ á«¥¤ãîé¨©

¯à¨¬¥à.
�ãáâì ¢®§¡ã¦¤¥­¨¥ ®áãé¥áâ¢«ï¥âáï § ¤ ­­®© á¨-

«®© F cos(ωt− πn/2), ç áâ®â  ª®â®à®© ã¤®¢«¥â¢®àï¥â
ãá«®¢¨î δ1 ∼ χ. �à ¢­¥­¨¥ ¤«ï  ¬¯«¨âã¤ë âï¦¥«ëå

 â®¬®¢ ­  íâ®© ç áâ®â¥ ¯à¨¬¥â ¢¨¤

d2A

dx2
− δ1δ2A+

χ

2
δ2A|A|

2 = F0, (17)

£¤¥ F0 = Fδ2/2k. �¥è¥­¨¥ ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

A = a(x) exp(iϕ(x)), ¯à¨ç¥¬, ª ª á«¥¤ã¥â ¨§ à §¤¥-
«  2, ä §ã ¬®¦­® áç¨â âì ¯®áâ®ï­­®©. � à¥§ã«ìâ â¥

¯®«ãç¨¬

a = a0

+
δ1 −

3χa2
0

2

1
2

√
χ
(
δ1 −

χ
2 a

2
0

)
ch

[√
δ2

(
δ1 −

3χa2
0

2

)
(x− x0)

]
+ χa0

2

,

(18)
£¤¥ a0 ã¤®¢«¥â¢®àï¥â ªã¡¨ç­®¬ã ãà ¢­¥­¨î

−δ1δ2a0 + χδ2a
3
0/2 = F0.
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�¥®¤­®§­ ç­ ï § ¢¨á¨¬®áâì a0(F0) ¯à¨¢®¤¨â ª ¡¨-
áâ ¡¨«ì­®áâ¨ ¯à¨ ¢®§¡ã¦¤¥­¨¨ ¢ë­ã¦¤¥­­®© ¬®¤ë

(¯à¨ § ¤ ­­®© á¨«¥ F0 ¢®§¬®¦­® áãé¥áâ¢®¢ ­¨¥ ¤¢ãå

ãáâ®©ç¨¢ëå ¬®¤); ªà®¬¥ â®£®, ¥¥ ä®à¬  ®â«¨ç ¥â-
áï ®â äã­ªæ¨¨ (15). �à¨ x → ±∞  ¬¯«¨âã¤ 

a→ a0, ®¤­ ª® ¢ ¤ ­­®¬ á«ãç ¥ ­¥­ã«¥¢ë¥ £à ­¨ç­ë¥
ãá«®¢¨ï ¨¬¥îâ ¯à®áâ®© ä¨§¨ç¥áª¨© á¬ëá«: ¢¥«¨ç¨­ 
a0 ï¢«ï¥âáï ”¢ë­ã¦¤¥­­ë¬” à¥è¥­¨¥¬ (¯®áâ®ï­­ë¬
á¤¢¨£®¬) «¨­¥©­®© æ¥¯®çª¨.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥

�®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©

(¯à®¥ªâ 93-02-16059).

�¯¨á®ª «¨â¥à âãàë

[1] S. Takeno, J. Hori. J. Phys. Soc. Jpn. 60, 3, 947 (1991).
[2] S. Bickham, S. Kiselev, A. Sievers. Phys. Rev. B47, 12,

14206 (1993).
[3] �.�. �ãà« ª®¢, �.�. �¨á¥«¥¢. ���� 99, 5, 1526

(1991).
[4] D. Mills, S. Trullinger. Phys. Rev. B36, 2, 947 (1987).
[5] A. Aceves, S. Wabnits. Phys. Lett. A141, 1–2, 37 (1989).
[6] �.�. �¥¤¥àª®, �.�. �à¬ ª®¢ , �.�. � àç¥­ª®,

�.�. �ãå®àãª®¢. �¨áì¬  ¢ ��� 21, 19, 6 (1995).
[7] H. Wintul, J. Marburger, E. Garmirl. Appl. Phys. Lett.

35, 2, 379 (1979).
[8] �. �à¨¢, �. �å. �¯â¨ç¥áª¨¥ ¢®«­ë ¢ ªà¨áâ «« å. �.

(1987). �. 660.
[9] M. Aoki, S. Takeno, A. Sievers. J. Phys. Soc. Jpn. 62,

12, 4295 (1993).
[10] M. Aoki. J. Phys. Soc. Jpn. 61, 9, 3024 (1992).
[11] �. �¨ââ¥«ì. �¢¥¤¥­¨¥ ¢ ä¨§¨ªã â¢¥à¤®£® â¥« . �.

(1978). �. 790.
[12] �.�. �®¢ «¥¢, �.�. �á è¥­ª®, �.�. �ã¡ëª «®. ���

35, 3, 693 (1993).

�¨§¨ª  â¢¥à¤®£® â¥« , 1997, â®¬ 39, ò 1


