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Electrons and phonons in quantum wells
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The modulation of electron and polar optical phonon states in an AlGaAs/GaAs/AlGaAs quantum well (QW)
with an inserted thin AlAs barrier is considered. The OW width dependence of electron–phonon scattering rates
are estimated. The great contribution to the change of electron subband population, photovoltaic effect and
electron mobility in the QW gives the resonant intersubband scatteting of electrons by interface phonons. The
decrease of electron mobility limited by polar optical phonon scattering with increasing carrier concentration in
the QW is established. The conditions for the increase of mobility in the QW by inserting the AlAs barrier are
found.

Introduction

The confinement of electrons and phonons in semi-
conductor quantum wells (QW’s) improves their electri-
cal and optical properties with respect to bulk materials.
Semiconductor QW structures have received great atten-
tion, because of their potential for laser operating in the
infrared region [1-3], nonlinear optical elements, infrared
photoelectric detectors [4]. The enhancement of electron
mobility in QW’s has attracted increasing attention by many
authors [5–14].

In the paper the role of modulation of electron and polar
optical (PO) phonon states in AlGaAs/GaAs/AlGaAs QW’s
in the change of electron mobility, photoexcited electron
subband population and photovoltaic effect is considered.
The conditions for electron mobility enhancement and for
inversion of photoexcited electron subband population are
determined. The consideration is carried out for the case
of AlGaAs/GaAs/AlGaAs structure with and without an
inserted AlAs barrier (fig. 1).

The paper is organized as follows. In Sec. 1 the
peculiarities of electron–phonon scattering rate in QW’s
are considered. The dependencies of photoexcited electron
subband population and photovoltaic effect on intersubband
scattering rates are determined in Secs. 2 and 3. The
contrubution of intra- and intersubband electron–PO-phonon
scattering to the electron mobility in the QW is calculated
in Sec. 4.

1. Electron–PO-phonon scattering rate
in a quantum well

According of the Fermi Golden Rule, the frequency of
transitions of electros, confined in the QW, from the initial
state ki , Esi to any final states k f , Es f in all f electron
subbands by emission (absorption) of all ν-modes of PO

¶ E-mail: pozela@uj.pfi.lt

phonons can be written as
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ν

∑
f
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4πme2
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× Fqν
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f − k2
i + β±), (1)

Gν(z) =

∫
Le

ϕe1(z)ϕe2(z)ϕqν(z)dz, (2)

where z is the quantization direction, Le is the area where
electron wave function ϕei 6= 0, m, e, ki , Esi, ϕei are
the electron mass, charge, wave vector, subband energy,
and normalized wave function, respectively, ϕqν(z) is the
z-component of ν-mode phonon potential function, Nqν is
the number of ν-mode phonons, and

β± =
2m
~2

(Es f − Esi± ~ων). (3)

The upper (plus) sign is for phonon emission and the lower
(minus) one is for phonon absorption.

Figure 1. Schematic view of an Al0.3Ga0.7As/GaAs/Al0.3Ga0.7As
QW structure. L is the QW width, Lb is the position of a thin AlAs
barrier with the thickness d. U0 = 0.3 eV is the heterojunction
potential.
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In the dielectric continuum approach the square of phonon
normalization coefficient can by written as [11]

Fqν =
~
S

[(
dε1

dω

)
ν

∫
1

fνdz+

(
dε2
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)
ν

∫
2

fνdz

]−1

, (4)

where S is the in-plane of normalization area, ε1 and ε2 are
the dielectric functions, and

fν = q2
0ν |ϕqν |

2 +

∣∣∣∣dϕqν

dz

∣∣∣∣2 ,
where q0ν is the wave vector of emitted (absorbed) ν-mode
phonon in the plane of QW:

q2
0ν = k2

i + k2
f − 2kikf cos θ, k2

f = k2
i + β±, (5)

where θ is the angle between the initial wave vector ki and
the final one k f . The subscripts 1 and 2 correspond to the
QW and barrier regions, respectively.

The electron wave functions are obtained by solving the
Schrödinger equation for the QW under consideration. The
phonon potentials are obtained by solving the Laplace’s
equation by using dielectric continuum approach. The
phonon potentials in the AlGaAs/GaAs/AlGaAs QW with a
thin AlAs barrier can be divided into three separate branches:
interface phonons localized at the AlAs barrier with the
potential ϕB

q , interface localized at the AlGaAs/GaAs hete-
rojunction with the potential ϕHJ

q , and confined phonons
with the potential ϕC

q .
Using Eq. (1) and the calculated expressions for the

electron wave function and phonon potentials, the electron–
phonon scattering rates by various phonon branches can
be obtained. For the confined electron scattering rate by
confined phonons

WC±
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GC(z) =

∫
Le

ϕeiϕe f sin(qzz)dz, qz = n
π

L
, (8)

where ~ω0 is the energy of a bulk longitudinal phonon, ε1∞

and ε1s are the high-frequency and static dielectric constants,
respectively, and L is the QW width.

For the confined electron scattering by the heterojunction
ν-mode interface phonon at qL> 2

WHJ±
i f ν = F±IFν

2π∫
0

|GHJν(z)|
2 dθ

2q0ν
, (9)

Figure 2. The QW width dependence of the intersubband
scattering rates Wi f between i- and f -subbands for electrons with
kinetic energy Ei = 6.6 meV.
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ϕeiϕe fϕ
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For the confined electron scattering by the barrier ν-mode
interface phonons at qL> 2, qd� 1

WB
i f ν = F±i f ν

2π∫
0

|GBν(z)|
2 dθ

2q0ν
, (12)

where

GBν(z) =

∫
Le

ϕeiϕe fϕ
B
qνdz. (13)

The frequency of the confined phonons is equal to
the longitudinal PO phonon frequency in a bulk GaAs
~ω0 = 36.2 meV. The frequencies of the heterojunction
interface phonons at qL > 2 are ~ων = 33.1, 35.4 and
45.9 meV. The frequencies of the interface phonons at the
AlAs barrier at qd� 1, (where d is the barrier thickness)
are ~ων = 36.2 and 50.1 meV.

The electron–phonon scattering rates depend significantly
on a QW width. The main peculiarity of this dependence
is a very sharp change of the intersubband scattering rate
at the QW width at which the electron intersubband energy
becomes equal to the phonon energy. In this case the emitted
(absorbed) phonon wave vector q0 → 0 (see Eq. (5)),
and the scattering rates proportional to q−1

0 are sharply
increased. Fig. 2 illustrate the QW width dependence of
the intersubband scattering rate (which includes scattering
by all phonon modes).
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2. Photoexcited electron subband
population in a quantum well

Let us calculate the intersubband distribution of electrons
photoexcited from the valence band to the third subband of
the conduction band. The balance equations for nonequilib-
rium photoelectron subband population ni in three subband
levels are

α3Ig−W31n3−W32n3+W13n1+W23n2 = W03n3 ≡ I3,

α2Ig+W32n3−W21n2−W23n2+W12n1 = W02n2 ≡ I2,

α1Ig +W31n3 +W21n2−W13n1−W12n1 = W01n1 ≡ I1, (14)

where aiIg is the flow of photoexcited electrons downs to
i-subband bottom, which is proportional to the intensity Ig

of photolumicescence (PL) excitation source and to the
probability αi ∼ 〈[1 − f (E)]〉 that the subband bottom
electron state is not occupied,

Wi f = 〈Wi f (E)[1− f (E ± hω)]〉 (15)

is the intersubband transition rate, W0i is the exciton forma-
tion rate (we assume that the radiative transitions through
the electron-hole exciton states are dominant), and Ii are
the PL peak intensities which are proportional to i-subband
photoexcited electron population. The brackets 〈 〉 means
the average value:

〈A〉 =

∫
A f(E)dE

/ ∫
f (E)dE, (16)

where f (E) is the Fermi-Dirac distribution function. We
normalize the PL peak intensities: I1 + I2 + I3 = 1, and
suppose Ig = 1 and α1 + α2 + α3 = 1.

Fig. 3 shows the calculated QW width dependence of
PL peak intensity in the Al0.3Ga0.7As/GaAs/Al0.3Ga0.7As
structure. One can see that at 17 < L < 26 nm the inversion
of photoexcited electron population on the second and on
the first subbands takes place. At these QW widths the

Figure 3. The well width dependence of PL peaks Ii correspond-
ing to subbands i in the Al0.3Ga0.7As/GaAs/Al0.3Ga0.7As quantum
well.

Figure 4. The dependence of electron wave function square |ϕei|
2

on a coordinate z across the QW in the three lower subbands
(1, 2, 3) in GaAs QW of width L = 20 nm with 1 nm AlAs barrier
inserted at Lb = 7.5 nm.

subband energy separation between the third and the second
subbands is larger than the confined and interface phonon
energies, and between the second and the first subbands is
less than these energies. As a result, W32 � W21. It is the
main criteria for achieving the population inversion in the
QW. The inversion in PL peak intensities (I2 > I1) has been
observed experimentally [15].

3. Electron in asymmetric coupled
quantum wells. Photovoltaic effect

The insertion of thin AlAs barrier into the GaAs quantum
well (QW) deforms the electron wave function ϕe. Fig. 4
shows the variation of |ϕe|2 across the QW of width
L = 20 nm for the three lower electron subbands when
the barrier is inserted. One can see that the distribution of
the electron charge across the QW in the subbands is non-
symmetric. Due to the deformation of the electron wave
function the voltage across the QW arises.

The photovoltaic potential arises across the asymmetric
coupled QW when the electrons are photoexcited from the
first subband to the second one due to different electron
charge deformation in these subbands

Vpν =
e
ε1

∆n

L2∫
L1

[ z∫
L1

(|ϕe1(z′)|2 − |ϕe2(z
′)|2)dz′

]
dz. (17)

L2 − L1 is the area, where |ϕei|2 6= 0.
The calculated photovoltaic voltage for the case when the

AlAs barrier is inserted in the QW at Lb = 7.5 nm, and
when electrons with the concentration ∆n = 8× 1014 m−2

are photoexcited from the first subband to the second one,
is equal to 2.2 mV. The photovotaic effect in asymmetric
coupled QW’s can be used for the detection of infrared
radiation. The photovoltaic response to the radiation which
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excites the electrons from the first QW subband to the
second one is equal

Vpν

P
=

e
ε1

W32

W21(W31 + W32)hν13

×

L2∫
L1

[ z∫
L1

(|ϕe1(z
′)|2 − |ϕe2(z

′)|2)dz′
]

dz, (18)

where P and hν13 are the power and energy of the optical
excitation signal. This signal is proportional to the W−1

21
which can be done large when Es2 − Es1 < ~ω0.

4. Electron mobility in the quantum well

Let us estimate the contribution of PO phonon con-
finement in the QW to the electron mobility in the
Al0.3Ga0.7As/GaAs/Al0.3Ga0.7As QW with and without the
inserted thin AlAs barrier. The electron mobility limited by
PO phonon scattering we shall estimate in the relaxation
time approximation. The relaxation time τr of the perturbed
electron state ki to the equilibrium state k f [16]

1
τr(ki)

=
∑

k f

{Wi f [1− f (k f )] + Wfi f (k f )}

=
∑

k f

Wi f
1− f (k f )

1− f (ki)
(19)

is involved as momentum relaxation time. Here f (k) is the
Fermi–Dirac distribution function and Wi f is the probability
of electron transition from the state i to the state f . In the
parabolic subbands we have for electrons with energy E in
the subband i

1
τri (E)

=
∑
ν

∑
f

W±i f ν
1− f (E ∓ ~ων)

1− f (E)
, (20)

where ν and f are the numbers of phonon mode and
electron subband, respectively. The upper (plus-minus)
sign is for phonon emission and lower one is for phonon
absorption. The W±i f ν is determined for each phonon mode
by Eq. (1). The mobility of subband i electrons is

µi =
e
m

〈
1

τri (E)

〉−1

. (21)

The average mobility in the QW

µ =
∑

i

µini/n0, (22)

where

ni = D

∞∫
Ei

f (E)dE (23)

is the concentration of electrons in the subband i,
D = m/π~2 and n0 =

∑
i

ni .

Figure 5. The electron mobility as a function of QW width
L at T = 77 K for nS = 1014 m−2 (upper curves) and for
nS = 1016 m−2 (lower curves). The thick and thin solid lines
correspond to electron–phonon scattering in the QW with and
without inserted barrier, respectively. The dashed lines correspond
to the electron scattering by confined phonons only in the QW
without the barrier.

It is known that the relaxation time approximation gives
only crude estimation of the mobility limited by PO phonon
scattering, but it is expected this approximation to be
sufficient for the purpose in which we are interested:
only in relative difference between the mobilities in QW’s
with different widths and in the relative contribution to
electron mobility of various electron scattering mechanisms
by various phonon modes.

Note that values of mobility calculated in the used relax-
ation time approximation in bulk GaAs (µ = 50 m2/(V · s)
at T = 77 K and µ = 0.65 m2/(V · s) at T = 293 K) are
near to the experimentally observed values.

Fig. 5 shows the calculated well width dependencies of
electron mobility in the AlGaAs/GaAs/AlGaAs QW. The
dependencies are characterized by the superposition of
the two type minima: the smooth (sawtooth-like) minima
and the sharp ones. The sharp minina correspond to
the resonant increase of electron scattering rates by the
interface phonons when the subband energy separation
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becomes equal to the heterojunction interface phonon
energies. This situation takes place at L = 14 and
16–17 nm. The neglect of scattering by the interface
phonons taking into account only confined phonon scattering
shows that the smooth (sawtooth-like) dependence are
determined by two competing effects. The first effect
is the reduction in the strength of the electron-confined
phonon interaction, leading to the mobility enhancement
proportionally to the increase of the QW width L (see
Eq. (6)). The second one is the decrease of the electron
mobility at QW widths when the intersubband scattering by
absorption of the confined phonon from the lower subband
to the second one (at L = 16 nm) and to the third
subband (at L = 30 nm) becomes energetically possible
(∆Ei f 6 ~ω0).

At low electron concentration (nS = 1014 m−2) the mo-
bility in the QW of width L = 10−15 nm, L = 20−30 nm,
and L > 35 nm is slightly large than in a bulk material. The
increase of electron concentration (nS = 1016 m−2) in the
QW decreases drastically the electron mobility limited by PO
phonon scattering (see fig. 5). The rise of the electron energy
in the lower subband due to the electron degeneration is
responsible for the strong enhancement of the intersubband
scattering rate by the confined phonons, and, consequently,
for the decrease of the electron mobility.

One can see that the confinement of electrons and
phonons in the AlGaAs/GaAs/AlGaAs HEMT channels does
not enhance the electron mobility limited by PO phonon
scattering. Moreover, the increase of the carrier concen-
tration in the channel decreases significantly the electron
mobility. Note, that mobility measured experimentally in
the AlGaAs/GaAs/AlGaAs QW’s is lower than in a bulk
GaAs. In the QW of width L = 15−20 nm at T = 80 K
µ = 4 m2/(V·s) at nS = 1016 m−2 [7], and µ = 6 m2/(V·s)
at nS = 1015 m−2 [6]. These experimental data are near to
the calculated mobilities (see fig. 5). This mobility decrease
can be compensated by inserting thin AlAs barrier into
the QW which is transparent to electrons but reflects PO
phonons. We have named this barrier phonon wall [17].

The insertion of the barrier into the center of the QW
changes the electron subband energy spectra. The subband
energies are grouped into pairs with increasing the separation
energy between the pairs. This separation energy becomes
comparable with the phonon energy only at L > 30 nm. As
a result, the sharp resonant peaks of the mobility disappear
and the positions of the wide mobility minimum shift to
large QW widths. This is shown in Fig. 5. The especially
large increase of the mobility is observed in the case of high
electron sheet concentration (nS = 1016 m−2). In the case
of low electron sheet concentration (nS = 1014 m−2) the
insertion of the barrier increases the electron mobility in the
QW in the interval of widths 16 < L < 31 nm. Note that in
this interval the increase of electron mobility was observed
experimentally [6].

Conclusions

It is shown that the polar optical phonon confinement
in QW’s effects strongly the electron–phonon scattering
strength. The resonant increase of the intersubband
electron–phonon scattering rate takes place when the energy
of the interface phonons becomes equal to the subband ener-
gy separation in the QW. At QW widths which correspond
to the resonance conditions the electron subband population
and mobility change sharply.

The inversion of photoexcited electron subband popu-
lation and electron mobility enhancement in the QW can
be achieved for appropriate values of parameters for which
intersubband scattering is reduced.

The increase of electron–phonon scattering rate when the
enhancement of electron concentration in the QW takes
place is responsible for the great decrease of electron
mobility in the lower subbands. This decrease can be
partly compensated by inserting a thin AlAs barrier into the
GaAs QW.

The insertion of the thin barrier into the QW deforms
the electron wave function differently in various subbands,
and the photovoltaic effect occurs when the intersubband
electron photoexcitation takes place.
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