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Focusing of the surface plasmon wave on the nanoapex of a scanning
metal microtip near a plane-layered structure
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A generalized method of mirror reflections of electrostatics for a point charge located near a flat-layered structure
is formulated and proved. The method is generalized to the case of an arbitrary system of charges. It is shown
in detail how to apply the obtained method to finding the focal distribution of the electric field in the vicinity
of the nanoapex of a metal micropoint located near the flat-layered structure, which is obtained when a surface
plasmon TM wave converges to the nanoapex. The penetration of the field into the area of the surface layer of the
flat-layered structure (photoresist) with a size of the order of the tip rounding radius is demonstrated.
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Introduction

Nanofocusing of light energy at the vertices of mi-
cropoints is the most important phenomenon underlying
promising nanotechnological applications. Nanofocusing
consists in an unusually sharp increase in the intensity of
the surface plasmon-polariton wave, symmetrically excited
at the base of a metal conical micropoint, as it converges
to the nanovertex [1-3]. This phenomenon is explained
by the fact that an axisymmetric electromagnetic standing
wave with an electric field singularity at the vertex [4]
can exist on a geometrically ideal metal tip. Experiments
show [5,6] that this wave can be effectively excited by
a surface plasmon-polariton TM wave converging to the
vertex with the same axial field symmetry. The presence
of a singularity of the electric field is well explained in the
quasi-static approximation, which is valid in the vicinity of
the vertex.

The real vertex of the micropoint is not perfect and has a
rounded vertex. In the studies [7,8], to find the distribution
of the electric field on the rounded vertex of a single
micropoint, the surface of the vertex was approximated
by a paraboloid of revolution. The problem was solved
in the paraboloidal coordinate system. It was proved that
the size of the focal distribution at the vertex decreases
in proportion to the vertex radius, which fundamentally
explains nanofocusing (when the tip radius decreases to
nanometer sizes, the size of the focal region decreases in
the same proportion).

If the nanovertex of the micropoint is located near the
planar layered structure, then the need arises for a detailed
description of the distribution of the field focused at the
vertex both near the vertex tip and in the planar layered
structure. In problems of radiation and propagation of elec-

tromagnetic fields in plane-layered media, matrix methods
and Green’s function methods for plane-layered media are
widely used [9,10]. In the studies [11-13] an original version
of the rigorous electromagnetic theory of radiation from an
elementary dipole located at the boundary or inside a flat-
layered structure was proposed, which is a development of
the studies [14,15]. In particular, in [11-13] a method of
analytical solution simplification was demonstrated, which
has a potentially important general theoretical value. The
generalization of this method for the case of an arbitrary
number of films in a planar-layered structure [16] allowed to
reduce the formulas for radiated fields to one-dimensional
integrals, which significantly simplified the analysis of the
problem and accelerated numerical calculations. In this
study the methods of the studies [11-13,16] are first applied
to finding a three-dimensional fundamental solution of
electrostatics (quasi-electrostatics) in flat-layered media, i.e.
to finding the field of a point charge in flat-layered media.
On the basis of the results obtained, a generalization of
the method of mirror reflections for a point charge located
near a planar layered structure is given, and then this result
is generalized to the case of an arbitrary distribution of
charges near the planar layered structure. The application of
the generalized method of reflections to the formulation of
problems of nanofocusing of a surface plasmon wave at the
vertex of a micropoint located near a photoresist nanolayer
is discussed.

Problem formulation. Electric field of a
point charge located inside a flat-layered
structure

Let us consider the general problem of finding the
electrostatic field from a point charge located inside a flat-
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Figure 1. Geometry of a flat-layered structure consisting of three
films.

layered structure. Let, for generality, this charge be located
inside a flat layered structure consisting of several films
and two half-spaces surrounding the layered structure. For
definiteness we will first assume that the charge is located
in one of the films, and then we generalize this problem to
the case when the charge is located at their boundary or in
one of the half-spaces.

Let the total number of films be N¢, the thickness
of the mth film be dn, and the total thickness of the
layered structure be Ot = Z,’:f_l dmn. The total number of
boundaries between films will be denoted as N = N¢ + 1.
Let us number the regions of the space j = 1,..., (N+ 1),
(as an example, Fig. 1 shows the problem with N =4
and N¢ = 3). Let us assume that the films have absolute
permittivities equal to &j, and in front of and behind the
layered structure there are homogeneous half-spaces with
permittivities &; and eny; . We also denote by z; the
coordinates N of the film boundaries along the axis Z as
follows: z1 =21, 2] =21 + E,’T;II dmfor j=2,..., N.

The equations of electrostatics (or quasi-electrostatics) in
the region with number j can be written in terms of the
electric potential ¢; in the form: Ap; = —q/¢j, where A —
is the Laplace operator, &; — is the absolute permittivity
of the j-th region. Solving the Laplace equations in each
region, taking into account the boundary conditions, we find
the electric field in all regions. Consider first the following
auxiliary problem.

Electric field in a layer free of charges
Let there be no extraneous charges between the bound-

aries zj_; and zj in the region with the number j (Fig. 2).
The permittivity of the medium in this film is ¢;.
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Figure 2. Film numbered j located between the boundaries zj_;
and zj.

The electric potential can be represented as a Fourier
expansion:

400 +o0

Pi(x.y.2) = (21)2 / / 55 (¢, n. 2)dzdn. 1

— 00 —O0

Let us substitute the potential in the form of a Fourier
expansion into the equation Ag; =0, then in the region
under consideration we can write

d?¢;/dz* — p*p; =0, )

where y = /&% + n%. The equations for fixed values of &
and 7 are ordinary differential equations with respect to the
variable z. The problem is to find the function ¢; from the
equations in the region under consideration.

Linearly independent solutions of equations can be
written as

+o0 +oo

of=n? [ [apermeemazn. )

—0o0 — OO
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We write the general solution of equations (2) in the
region [zj_, Zj] in the form

+0o0 400

¢i(z,y,2) = (27) 72 / /gbjfe*V(Z*ZJfl)ei<$X+ny)dgdn
+0o0 400
+(2.71)_2/ /@erm—zi)ei(gxw)ydgdn’

(4)
where (,Z)]-+ and ¢ are the functions of only &, 7.

We note especially the following fundamentally important
idea: the general solution of the Laplace equation, consisting
of a linear combination of solutions, must be written in such
a way that there are inverse Fourier transforms. Therefore,
the form of writing the general solution for the field in
the layer is not random, it highlights the physically correct
solution. The first term on the right in the formula is the
field from sources located to the left of the left boundary of
the layer. In this case, the field will decrease when moving
away to the right (when moving away from the sources to
the left of the layer). The second term on the right in the
formula is the field from sources located to the right of the
right boundary of the layer (according to the condition of
the problem, there are no sources inside the layer). This
field will decrease as you move away to the left (when
moving away from sources located to the right of the layer).

From we find the Fourier transform of the electric
potential and the normal component of the electric field
induction at the boundaries of the region j:

|jj,z S Ejy —Sjye_l’di—l ?; )

Pj e 74 1 o

\ (" )6
Dj. 22, gjyerh-t —gjy ?

where dj_; =zj —z;_;. From we find the Fourier trans-
form of the electric potential and the normal component of
the electric field induction at the boundaries of the region j:

i - i -
Did/ |, Dj.d/ |,
(6)
where the matrices Lj and R; have the form
1 e 7di-1
Lj = ,
J ey —ejpe i
e rdi-1 1
R; = ; (7)
. s,-ye‘ydifl —&jy

Electric field in a multilayer structure free
from external charges

Let us now consider a multilayer structure, inside
which there are no extraneous charges. Let us consider
the boundary z =z; between regions with numbers j
and j + 1. Continuity of the tangential components of the
electric field strengths (E; x, Ej+1, X and Ejy, Ej;1,y), and
normal electric induction component (D, = —¢;d¢@j/0z
and Dji1, = —¢€j4+10@j+1/9Z ) on this boundary can be
written in terms of the corresponding electric potentials ¢
and ;41 as follows:

Pilxyz) ~ Pitllxyz) =

and
8ja(pj/az‘(x,y,zj) - 8j+la(pj+1/az‘(><,ylj) =0

where the electric potential @j;; in the region j+1
is expressed by the formula (4), in which the indices
j — J + 1 are changed. Since the equations of electrostatics
(quasi-electrostatics) are linear equations, the boundary
conditions must be satisfied for each term of the Fourier
expansion,i.e. boundary conditions must be satisfied for the
Fourier transforms of the corresponding quantities:

Pil ez~ Pittl ez =0

&n.zj) £.n.2j)

Dj,z‘ )_DHLZ’( =0. (8)

(.12 &n.zj)

Writing the boundary conditions (8) using expressions (6),
we obtain a matrix equation on the boundary z = z;:

Rj x 7} = Ljt1 x Fja1, ©)

where dj_| = z; — zj_1, d; = Zj;41 — zj, and the matrices
R; and Lj are expressed by formulas (7), i.e.

1 eV
Lj+1 = —yd; )
i1y —€jp1ye

e 7di-1 1
Rj = ,
. ejye_ydifl —&jy

Equation (9) can be written for j=2,...,(N—1),
where (N + 1) — the total number of regions, N — the
number of boundaries, i.e. for all boundaries except the first
(j =1) and last (j = N) boundaries. That is, excluding
the boundaries z; and zy = digt = ij dm, where Ot —
total thickness of the layered structure (the sum of the
thicknesses of the films that make up the structure under
consideration).

Optics and Spectroscopy, 2022, Vol. 130, No. 9
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The general solution for the electric potential in the region
j =1, ie. in the interval (—oo, z;], we write it as

P1(X,Y,2) = (271)_2 / / (bfe_y(z_mei(‘g””y)dédn

— 00 —O0

+ (Zﬂ)fZ / / @fey<z*zl)ei<gx+"y)d$dn.
(10)
In the problem under consideration, in the expression
only the second term is nonzero, which implies the presence
of sources only to the right of the boundary z = z;.
Then, taking into account that it follows from expression

(10) that
1 1 1 0
Ijl,x 7=7, a ay —&ay (o ’

write the boundary conditions at the boundary z =z,
denoting #; = (0; @; )7, in the form

1 1 . .
X F =1y x F. (11)
&y —&ay

Similarly, the general solution for the electric potential in

the region j = N + 1, i.e. in the interval [zy + 00), we write
it as

On+1(X, Y, Z) = (27[)72// gbﬁﬂe*V(Z*ZN)ei(§x+ny)d‘§dr’

_,_(2;7,)*2/ /(Z)—HeV(Z*ZN)ei(SHny)dédn.

(12)

In the problem under consideration, in the expres-

sion (12), only one term is nonzero, which implies the

presence of sources only to the left of the z = zy boundary.
Then, taking into account that it follows from

D12 _— EN+1Y  —EN41Y 0 )’

we write the boundary conditions on the boundary z = zy
in the form

1 1

RN X .O}—N = ( ) X .g}—N+1, (13)

EN+1Y  —EN+1Y

where .1 = (¢y.150).  Equations (9), (11) and (13)
allow to relate the column vectors of the electric potential in
the first and last regions of the problem (i.e. in half-spaces,
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outside the flat-layered structure):

11\
T = x [Lax (Ry)™'] x ...
&1y —&1y

1 1

x [Ln x (RN)_I] X ( ) X Pnits (14)

EN+1Y —EN+1Y

or 1 =Mx ?/_NH, and the matrix M is as follows
M =T; x (I} ,Tm) x Tno1, where

—1
1 1 .
T, = Tm=Lmnx (Rn)™,
&y —&y

1 1
Tyt = .
EN+1Y —EN+1Y

If we know, for example, the potential of some charge
distribution in the structure of films, then from equa-
tion (14), as a system of two equations, we can find
two unknowns — the function ¢; and, therefore, the
potential in the half-space j =1 of charges, in a plane-
layered structure according to formula (10), and the function
@y of the — vector column Fyy; and the potential
from charges in the half-space j = N + 1, in a flat-layered
structure according to formula (12).

Electric field in a multilayer structure from
a point charge

Let there be a point external charge  located at the point
(0, 0, zg) in the region with number s (Fig. 3).
Let this charge be determined by the density distribution,

p(X,Y,2) = a8(X)8(y)8(z — zq),

where §(x) — the Dirac delta function. The Fourier
transform of this distribution is given by the following
expression:

+o0 +oo

p(é.n.z)=q / / 5(x)8(y)8(z — Zq)e_i(éx+”y>dxdy

— 00 —O0

=08(z — zq).

Let this point charge be in an infinitely thin layer
(zq —Az/2,2q+ Az/2). Then from the equations of elec-
trostatics rotE = 0 and divD = p for the Fourier transforms
of the fields one can write (at Az — 0) the equations:

- AE AE -
inEsz — A;y =0, A;X —1éEs; =0
iéEsyy - inES,X == 0, (15)

o - AD
i£Dsx +inDsy + A;’Z = 06(z — 2q). (16)
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Figure 3. A point charge q located at the point (0, 0zg) in the
region with the number s.

From which we get the following

AES’y - inES,ZAZ’ AES,X - igES,ZAZ,

ADsx = —(i&Dsx + inDsy)AZ + q8(z — zq)Az.

Then, in the limit Az — 0, the jumps of the tangential
components of the electric field strengths and the normal
component of the electric field induction upon passing
through an infinitely thin layer with a charge are equal to

AEsx — 0, AEsy — 0, ADs; — Q.
Az Az Az

In the matrix form these limit equations can be written
in the following form:

Es.x Es.x 0
Es’y - Es’y == 0 N
ADs 2=24+0 ADs,, 2=2q—0 q

or, in an equivalent form, through the potential

Ds 2 2=2q+0 Ds. 2=2q—0 q

—~
—
~

—

Let us now express the left side of the boundary condition
(17) in terms of the column vectors &#; and Zy. of half-
spaces outside the flat-layered structure. To do this, let’s
divide the region with number s into two regions and denote
them by indices | and r (left and right, if you look at Fig. 3).
Let us introduce the column vectors % and %, in these
regions. Then the terms to the left of the equal sign in (17)
can be expressed as

@ 5 7 5
(f) — Ry x 7] and <S> =L x .
Ds.z 2=24—0 Ds.2 2=24+0
(18)
In addition, from (9) it follows that
F=Qux% and F =QrxPni1, (19

where

11\
QL:< ) x [La x (Ry)™'] x ...
&y —&ay

x x [Ls—1 % (Rs—1) '] x L,

1 e—V(Zq—Zs—l)
L=
Esy _ssye_y(zq—zs—l)
Qr=(R)™" x [Lst1 x (Rs+1)_1] X ...

1 1
x [Ln x (RN)_l] X ( ) ,
EN+1Y  —EN+1Y

e—V(ZS—Zq) 1
Rr =
sy 7772 gy

Substituting (19) into (18) and then the resulting expres-
sions into (17), we obtain

Hg x ‘O}_N+1 =H, x ‘0}‘1 +V, (20)

where V = (0, gq)T — is a column vector characterizing the
exciting action of a point charge, and the matrices Hr and
H_ — characterize the response to external excitation of the
layered structure to the right and left of the charge and are
expressed as follows:

Hr = Tr % (Mg ;1 Tm) X Tns1,

H = (T x (I 0Ty) xT)

where matrices T, at m# s are expressed by formula
Tm = Lm x (Ry) ™!, and matrices T| and Tg — by formulas
T.=L x (R)™, Tr=L; x (R)"L.

In the problem under consideration, the source of fields
(a point charge) is located exclusively inside a flat-layered
structure. Therefore, the #; and .1 columns contain only
the components that determine the waves coming from the
flat-layered structure.

Optics and Spectroscopy, 2022, Vol. 130, No. 9
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To obtain the remaining non-zero components #; and
JN+1, we split the matrices into Hg and H|_ into Hga, Hrgs,
Hgre, Hro and Hia, Hig, Hic, Hip, then equation (20)
takes the form

Hra Hgs N
X
Hrc Hrp 0
= o . (21)
Hic Hwpo () q

Then it can be represented by the following equations:

Hra@y 1 = Hie®; s  Hredy,, = Hwod, +a.

The resulting equations can be combined again into a single
matrix 2 X 2 equation:

.Ofou‘[ = N (22)
—Hip Hre q

where the column vector Zoy = (o108 +1)T.

Solving this equation, we find @, and @y ,, which means
that the fields decrease with distance from the flat-layered
structure:

@, =qHra/(HrcHis8 — HraH D),

®n+1 = AHie/(HreHis — HraHLD) (23)

Then the field decreasing to the left in the half-space
J + 1 (in the direction z — —o0):

(2m)~ //@; v (2=21) gl (EXnY) dg iy,

_ (24
and the field decreasing to the right in the half-space
j =N +1 (in the direction z — +00):

P1(X, Y,z

(27)~ //(PN+1e viz=zn) gl @ny) dedy.

— o0 —00

PN+1 (X’ Y. 2

(25)

Finally, knowmg 1 and P41, we can, if necessary, find
the column vectors of potentials in any interior region 7 is
since they are uniquely determined by the boundary
conditions. After that, the electric potential in any of these
areas can be found using the formula (4). This way the
margins will be defined throughout the space.

Electric field of a point charge located at
some distance from the film boundary in a
half-space

Let us now consider the problem of finding the electric
potential from a point charge g located in a medium

Optics and Spectroscopy, 2022, Vol. 130, No. 9
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Figure 4. Point charge zq located at a point with coordinate at a
distance ()zp — zq from a film of thickness h and permittivity &p
located on the boundary of the half space.

with permittivity €7, at some distance from a film with
permittivity e, deposited on a half-space with permittivity eg
(Fig. 4).

In the coordinate system of Fig. 4, the charge is located
at a point with radius vector rq = (0;0;Zq) at a distance
Zpq = Zb — Zq along the Z axis from a h thick film.

This problem can be considered as a problem of finding
the electric potential from a point charge located on the
surface of an auxiliary film of thickness zpq = zp — 4, and
the dielectric constants of this auxiliary film and the half-
space on the left are the same and equal ¢;.

Thus, there are four task areas. In the enumeration
proposed above, the index j = 1 corresponds to the half-
space with €, ] =2 — to the auxiliary film with &, = &¢
and thickness equal to the distance from the charge to the
film, ie. Zpg=12Zp—2Zq, j =3 — real film ¢ &3 = &, with
thickness h, and j =4 — to the half-space with &4 = &4
(Fig. 4).

Then N=3, zy=2zq, Z2=2p, z3=h+2z, ,
Hr=T, xTz3 xTy , H = (Tl)il and equation (20)
takes the form

(Tz X T3 X T4) X

Fa=(T1)"' xF+V, (26)

where the matrices are expressed by the following formulas:

-1
T1=<£1 ! > ,
£y —&y
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1 e—¥(2b—2q)
T, =L, x (R2)71 =
ety —erpe V(%)
e 7(2b—2q) 1 -1
. (efye‘y“"*q) —w) ’

1 e h
T; =L x (R3) ™' = < )

Epy —epye_yh
e h 1\
x 9
eppe " —epy

1 1
T4 = ,
&y —&dy

and the column vector of a point charge is equal to

1 1
H — (ELA ELB) — () = ,
LC LD gty —Ety
1 e~ ¥(zb—2q) e~ 7(zb—2q) 1 -1
Hr=
SfV —Sfye_y<zb_ZQ) Sf ye_y(zb_zq) _gfy
1 e7h eh 1\
X
epy  —eppe M) \epye™ —epp
1 1
X .
&y —&dy

Introducing the column vector Foy = (@1 5¢75)7, equation
(22) for this problem takes the form

-1 H Dy 0
V") = (7). (27)
ety Hre) \@F q
From (27) we have

@5 =0/ (Hrc+€1yHRa).
(28)
Explicitly, expressions (28) can be obtained in terms of
hyperbolic sines and cosines by substituting the expressions

@, =qHRra/(Hrc+eryHRa),

Hra = (epch(yh) + eash(yh))ch(yzpg)/€p
+ (epsh(yh) + eqch(yh))sh(yzpg)/et., (29)

Hre=y (epch(yh)+eash(yh))(e1sh(yzZog) +epch(yzng))/ £p.

(30)

Let us find the potential ¢ in the half-space (j = 1) for

z < zq Substituting expressions (29) and (30) for Hra and
Hrc into expression (28) for ¢, , we obtain

__ gHRA q q

= = - e~ ¥ @=ZIR(y, h),
1 Hre +eryHra  2yes  2pe -0

(31)

where
& — € denes
R(y, h) = : .
(‘,‘p + Sp (8p + 8f)
(ep — €d)

X .
[(ep + &1 )(ep + £a)e + (ep — £a)(e1 — &p)]
Then from the expression (24) using (31) we get

+0o0 400
_ -2 94 iz-z)
miey.2=en2 [ [ (Gle
+2}/qu e?’<z*<22b*zq))9{(y’ h)> « @ (g”"y)dédn.

Taking into account that y = /&2 +n2, we use the
identity
+00 +oo
@ny 2 [ [ (el 2ey) el midgay
—00 —o0 (33)

= q/4mes \/x2 +y?+(z-a)
Then

q
X,Y,2) =
P1(x.y.2) dres /X2 + Y2 + (2 — 2g)?

&t —&p q
ep+ et dmeg /X2 +y? + (2 — (22p — 29))?

+0o0 400

q 2ep (34)
' <2n>24 ZO (e e
» (gp _ 8d)e}/<2—<22b—2q)) >
[(ep + &1 )(ep + €4)€2M + (ep — €a) (&1 — &p)]

x @ (g”"y)dédn.

Passing in the integral to polar coordinates in the planes
(X, y) and (&, n) by the formulas

X=pcosyp, Yy=psiny, and
&=Acos?, n=2~sind, (35)
we will get
q
b 92
ol ¥ )4ﬂ€f %+ (2 — zq)?
&t —&p q

ep+ 1 deq\/p? 1 (2~ (220 — 2q))°

+oo [/ 27

q 28p(5p — Sd) / / ipA cos(p—0)
e dd
T ep +er)

0
Az (22-2q)) »
. <[(3p+3f)(5p+3d)eﬂh+ (ep — €a) (&t _3p)]) .

Optics and Spectroscopy, 2022, Vol. 130, No. 9
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21
Using the identity [ €% <s(V=9)dy = 27Jy(pA), we get
0

@1(0, ¥, 2) = A/4mes\/p? 4 (2 — 29)?
& — &

+ rg?(}/4ﬂé‘f \/ﬂz + (Z — (2Zb — Zq))2
dep(ep — €d)
a(ep + €1)

+00

/ Jo(pA)e >~ (220 2) "
X .
J [(ep + &1 )(ep + €a)€N + (ep — £a) (€0 — &p)]
(36)
Let us find the potential @4 in the half-space (j = 4) for
z > h+ z. Substituting expressions (29) and (30) for Hra
and Hgc into expression (28) for ¢, , we obtain

o m
_ 2g¢ep
vl(ep +&1)(ep + £a)€2" + (ep — €q) (&1 — €p)]
x @ 72—z grh, (37)

From expression (25) , using (28) and substituting (37),

we get

pa(x.y.2) = (2m) 72

+oo+00

2yh
20epe™

X
(€p+ €1)(ep + €d)€2N + (ep — €4) (7 — &p)

— 00— 00

X ﬂei@””y)dédn.
Y
(38)
Passing to polar coordinates in the planes (x,y) and
(é n) by formulas (35) and again using the identity

f giphcos(p—v) 2JT\]O(p;L) we get
0

(,04(/0, IP’ Z)
_a / epdo(P2)
T J (ep+ 1) (ep + €a)€2N + (ep — &d) (&1 — €p)
% e—l(z—(zq+2h))dl.
(39)

Let us now find the potential for z, <z < (h+ zp), ie
in the layer j = 3. Boundary conditions (9) on the plane
can be written as

e ’h 1 @7 1 1 Iy
h x| 7= X .
epp€TN —gpy N &y —&dy 0

Optics and Spectroscopy, 2022, Vol. 130, No. 9

Solving this equation and using (37), we obtain the solution

~ 4 8p+8d h-+ 8p+8d
i = e = 2T
2ep 2ep
20ep

" llep + &1)(ep + £0)€ + (£ — a) (e — £p)]

~ e—y(zb—zq—2h)

E}

_ ep_edA+ 8p_8d
2ep

o 20ep
y[(ep +et)(ep + €a)€2N + (ep — eq)(er — &p)]

X efy<zbfzq7h> .

The total potential of the field inside the layer j = 3 is
expressed by the formula (4)

— (27)2 / / Ter T ey

P3(X,y,2
+00 +00
2,71 //4)3 —(zp+h) (§x+7IY)dgdn.

Substituting here the obtained expressions for @37 and

@5 , we obtain

®3(X,Y,2) = (ep+€a)(2)°
7" 7° e (za+2h)
v[(ep + €1)(ep + €4)€2N + (ep — €4) (1 — €p)]
x €@t dedn + (ep — eq)(2) 7>
+0o0 400 qu —(220— Zq))
/ / v((ep + &1)(ep + €q)€¥N + (ep — €q)(er — &p)]

% @ <$X+ny)d§dn.
(40)

Passing to polar coordinates in the planes (X,Y)
and (£,7) by formulas (35) and using the identity
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21
f gprcos(p—9)q9 — 2.71\]0(;02'), we get
0

(p3(p’ I/)9 Z) = %

+oo

Jo(p2)(ep + €q)

o/ (ep + &1 )(ep + €q)€*M + (ep — €4)(ef — €p)

w e M=y o 9
27
+oo
Y Jo(p2)(2p — 20)
(ep+ &1 )(ep + €4)€2N + (ep — €q) (€5 — €p)

x ez (22=2a))gy (41)

Let us now find the potential for zq <z < zp, ie. in
the layer j =2. Boundary conditions (9) on the plane
Z = Z, = Zp can be written as

A ) 1 ¢2+
X

(*?fye‘y(“‘z“) —W> <<i’z )
[ o) (o0)

= x| .
Epy —epye_yh Q3

Then after simple calculations we get

. &f + & —2.) ~ & — & —7._h) —
oF = TPey(zb zq)¢3++ 7 P er(zo—2q h>(p3
q
- , 42
e (42)
. &t —é€p., & TEp _yh._
=7 — Te
2 2¢e¢ 3 + 2¢e¢ 3
q -
= R(p, h)5——e 77172, 43
)5 @3)

where 2(y, h), as before, is expressed by formula (32).

The resulting expressions for (,2)2+ and @, can also be
obtained from ¢; and the boundary condition on the plane
Z = 71 = Zq, taking into account the presence of a charge
on the boundary [see (17)]

1 e 7(zp—2q) 5
X
(ffV —ereV(Z“q)> <602_ )
o)) (0
= x| |+ :
&ty —&€fy P q

The total potential of the field inside the layer j = 2 is
expressed by the formula (4)

+00 +o00

P2(X, Y, Z)z(Zn)‘z/ /¢2+e—y<2—zq)ei(gx+ny>d$dn
+00 +00o
+ (27)~ / / e¥(2—2q) <$X+ny)dgdn_

Inserting the expressions (42) and (43) we get

+00 o0

9" exny)
(2 Ydsd
P2(X, Y,z ) / / Zyef &dn
+00 +00
Y (2—(22b—2q))
+ (27)~ / /g}{y, qei i (§x—ny) dédn.
2yeq

Substituting here the expression for PR(y, h) and using
identity (33), we obtain

@2(X, Y, 2) = q/4ﬂef X2 +y2 + (z —zq)?

Ef — Sp 5 5 _ B >

&p + €1 q/4mes \/X +y*+(z - (220 - 29))

400 +o0
( 2¢p
fp + Sf
&p — gqe?(2—(220—2q)) >

X

[(ep + e1)(ep + 0)8?™ + (ep — ea)(e1 — &p)]
x e ) dedy. (44)

Note that this is the same expression as (34) for
@1(X,y,2) in the halfspace j =1. The first term of
this expression is the potential of a point charge
located at the point rq= (0,0, 2q). The second
term — the potential of a point charge of magnitude
g(er —ep)(ep+ &) in a medium with permittivity eg,
which is mirrored relative to the z = zp, plane, at the point
rret = (0;0;22y — Zg). The third term — the potential
of the charge distributed over the plane z =z, with
some surface density (below it will be calculated explicitly
).

Passing to cylindrical coordinates (35) in the same way
as when considering the solution in the half-space j =1,
we obtain from (44) a formula for ¢,, similar to (36) in
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cylindrical coordinates

©2(p, ¥, 2) = q/4mer /P2 + (2 — 2q)?

e
+8;—|— q/4mes \/p + Z—(2Zb—2q))

dep(ep — €d)

a(ep+€t)

+00

/ Jo(pA)e > (2207 2a) 41
X )

[(ep + &f ) (ep + €)M + (ep — €a)(er — &p)]

(45)

To find @ing — the potential of the charges induced in the
plane-layered structure under consideration, it is necessary
to subtract the potential of the initial point charge from the
total potential in this region in the region zZ < zp. Then,
denoting Z;ef = 2Zp — Zg, We obtain from (44) and (45)
expressions in Cartesian and cylindrical coordinate systems

&f — &
7pq/4.ﬂ£f
&t

x2+y? +
&+ y

@ind(x, Y, Z) = (Z - Zref)2
dep(ep — €d)
2% (ep + €1)

+ooto00 .
V(Z*Zref)e' (&x+ny)
<[ / e dédn,
. (eptet)(epted)€?N + (ep—eq) (e —&p)]
(46)
@ind(p P Z) = - ngl/4-77£f p?+ (Z - Zref)2
D) B 8p + (‘,‘f
ep(ep — €a)
7(ep+€1)
% +/OO ‘]O(pﬂ')e;l(Z7erf) dl
[(ep + & )(ep + €a)€M + (ep — ea)(er —ep)]

(47)

It can be seen from (45) that for h — +oo the integral

vanishes, and we obtain the well-known formula for the

charge at the boundary of two half-spaces with the appro-
priate change of the permittivity symbols [17].

Generalization of the method of mirror
reflections in electrostatics to the case of
a point charge located near a flat-layered
medium

Continuing the consideration of the problem with one
film, we can find another form of writing for the potential
@ind(X, Y, Z) induced by a point charge q at the point
rq = (0,0,2zq). We use (33) and introduce the function

U(X,Y, z) = q/4mes /X2 +y? + z2, which determines the
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potential of a point charge q located at the origin in a space
with permittivity &5.

Let us write the expression (46) as

o(x,y,z) = L% :
» ept+ &1 dmes /X2 + Y2 + (Z — Zret )?
oot Z Zref)e' (§X+W)d q 43
x(y. h ey &dn,  (48)
where the function x(p, h) = R(y, h) — (et —&p)/(ep + €5)
is defined by the formula
de Ef
9’ h = p
x(y.h) (eo+er)
(49)
% (ep — €a) .
[(ep + &1 )(ep + €a)€2M + (ep — ea) (&1 — &p)]
Let us also introduce the function
+00 +00
= @02 [ [ 3 (VETFIR ) ez,
(50)

Applying the convolution theorem to the second term in
(48), we can write @ing(X, Y, Z) as

Ping(X,y.2) = %P a
e ep &t dmer /X2 + Y2+ (Z — Zret )?
+00 +00o
+/ /r(u,v)U(x—u,y—v Z — Zrer )dudv.

(51)

When @ing is found numerically using formula (51),
the quadruple integration can be eliminated. This can
be done by reducing the double integration in (50) to a
single integration by passing to polar coordinates in the
(u,v) and (&, 7n) planes using the formulas U= o cos,

v =osiny and £ = Acos¥, n = Asin ). Using the identity
2m

[ €rreosl=0dy = 273(p1), we get

0

+oo

r(o,y) =r(c) = (2n)"! / Jo(oA)x (4, h)Ada
0

_ 2epei(ep — &)

 m(ep+&x)

oo 2do(oA)
8 / [(ep + 1) (ep + €)1 (ep

e e
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Then in the coordinates (u, v) we get

(o) =1 (Ve v?) =

2epet(ep — &d)
a(ep + &)

+0 13 (Nm)
[ e 4

€p + €4)€%N + (ep — €q) (61 — &p)]

(52)
The function r (o) is a smooth function, it can be very
easily approximated by splines, and in numerical integration
in (51) this function can be used as a spline approximation.
Formula (51) gives the potential induced in a layered
structure under the action of a point charge q located at the
point rq = (0, 0, ). Then for a point charge q located at an
arbitrary point rq = (Xq, Yq, Zq), the total potential @1 = ¢
in the half-space j = 1 and j = 2 can be written as

P1(X. Y, 2) = @2(X, Y, 2) =

= q/4me \/(x —Xq)? + (Y = Ya)* + (2 — 2g)?

(er —p)
+ mQ/4ﬂ5f \/(X_Xq)2+(y_yq)2+(z_zref)2
+o00+-00
+//r(u,v)U(x—xq—u,y—yq—v,z—zref)dudv,

(53)
where, as before, Zret = 22y — Z4.

The resulting formula generalizes the method of specular
reflections in electrostatics to the case when a point charge q
is located in one half-space next to a film of thickness h
located on the boundary of another half-space.  The
expression (53) has a simple physical meaning. The first
term in (53) — the potential of the initial point charge q
(field source), the second term — the potential of the virtual
charge of the value q(ef — &p)/(&p + €1 ), which is mirrored
with respect to the nearest film boundary z = z;,, and the
third term the potential of virtual charges distributed over
the plane z =z with a density q-r(X,y) concentrated
in a surface region with a size on the order of the film
thickness h. It is easy to see from the expression (52) for
r(u, v) that the last term in (53) decreases quite rapidly
with increasing film thickness (at h — o).

It can be seen from the derivation of formula (53) that for
the case of a plane-layered structure consisting of an arbi-
trary number of films, we can obtain a similar formula, but
with a different distribution of the surface charge q-r(x,y)
over the plane z = z,¢¢, this distribution will depend on the
thicknesses of all films and their permittivities, as well as on
the parameters of the half-space behind the planar-layered
structure. Following the arguments proposed above, one
can numerically or analytically find the function r (X, y) for
a multifilm structure and use this function in formula (53).

For further generalizations, it is easy to obtain formulas
of the form (53) for the field potential of a point charge q

located at an arbitrary point rq = (Xq, Yg, Zq) in the film
region (j = 3) and in the half-space behind the film (j = 4).
Here is the calculation result:

28f

X,V¥,2) = ——UX—Xg,Y —Yg,.Z — Z

(p3( y ) (8p+8f) ( q y Yq q)
+00 +00
B (8f2;p8p) / /r(u’v)
x U(X—Xq—U, Yy—Yq—V, Z—Zq)dudv
2et(ep — &d)
(ep + &1 )(ep + &q)

X U(X = Xq, Y =Yg, 2 = [2(21 +h) = 24])

+0o0 +00

_ (ep—ed)(er —&p) // (U v)
2ep(ep + &d)
XU(X —Xg—UY—Yq—V,Z—[2(zp + h) — zg])dudv
(54)
Pi(x Y. 2) = (XY~ Va2 - 20)
AR (ep+ &1 )(€p + €d) @ @ a
+00 +0o
—sf_ep // (u, v)
8p+8d

XxUX—Xq—UWY—Yyq—V,Z—2Zg)dudv,
(55)
where the functions are defined (52).

Generalization of the mirror reflection
method to the case of a system of source
charges

Let us now generalize the obtained method of mirror re-
flections and find the potential of the total field Pyt (X, Y, Z)
in the region z < z, in front of the film (Fig. 5) of an
arbitrary compact system Ng of source charges ¢ located
at points with radius vectors rqk = (Xq.k, Ya.k» Zg.k), Where
k=1,2,...,Ng

If there were no plane-layered structure, then the potential
of this system of charges-sources would be represented by
the formula

Dds(X,y,2) =

Nq
= Z qk/4ﬂ8f \/(X — Xq,k)2
k=1

+ (Y = Yak)? +(Z = 2g)-
(56)
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Summing expressions (53) for each charge gk over all Ng (z>zp+h) (j =4):
charges of the system and noticing that ) ( )
£t ef — &p
D3(X,y,2) = ———Ds(X,y,2) — ——=
| 3( y ) (£p+£f) 5( y ) 28[3
q
> d/Ame \/(X_Xq,k)2 + (Y=Yax)* + (2= (2o — 2qx)) Tt
k=1 X / / r(u, v)®s(x —u,y — v, z)dudv
Nq —00 —00
=3 a/Amer /(X —Xqu)>+ (Y ~Yai) >+ ((226-2) ~Zqi)? 2i(ep=20) o o ar
= X,Y, Zp + —Z
< (ep en)lep +eq) 0¥ 2T 72)
= ®s(X, Y, 22p — 2), +00 +00
_ (ep—&d)( ff—sp // u,v)
. S . 2ep(ep + €d)
we obtain a generalization of the method of mirror reflec- o0 —oo0
tions in electrostatics for arbitrary charge distributions in the X Do(X — U,y — v, 2(z5 + ) — 2)dudv, (59)
form
desep (er — €p)
_ Dy(x,y,2) = ds(X,Y,2) — ——=
Dt (X, Y, ) = Ds(X, Y, Z) + M@S(X’ Y, 22p — Z) (ep + 1) (ep + €q) (ep + &d)
(8p + 8f) +o00 400
oo +oo / / r(u, v)®s(x —u,y — v, z)dudv.
+ / / r(u,v)®s(x —u,y — v, 2z — z)dudv. o oo
oo oo (60)
(57)

A generalization of the specular reflection method was
obtained earlier in studies [18,19], in a slightly different
way, and was successfully applied to the problem of
nanofocusing of a surface plasmon wave at the vertex of
a metal tip. In this case, the field of the paraboloidal tip
outside and inside was decomposed into complete systems
of harmonic functions. The generalized method of mirror
reflections allows to obtain an equation that determines
these expansions. The solution of this nanofocusing problem
allows to calculate the distribution of the focused field in
a photoresist film, which is important for nanolithography
problems.

It follows from the derivation of formula (57) that the
potential of induced charges ®;ng, which is generated by the
potential ®s of distributions of charge-sources of the field,
has the form

(er — &p)
Ding(X,y,2) = ———=Dg(X, Y, 22y — Z
|nd( y ) (£p+£f) 5( y b )
+00 +00
+/ /r(u,v)(I)s(x—u,y—v,2zb—z)dudv. (58)

Similarly, from (54) and (55) we find the potential of
the total field @3 in the film at z, <z < (zy+ h) (j =3)
and the potential ®4 of the full field in the half-space for
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Distribution of the electric field at the
nanovertex of a metal micropoint located
near the flat boundary of a thin-film
structure in the quasi-static approximation

Let us consider a metal tip with a nanosized vertex
radius R. Let the surface of the tip near the vertex be
represented (axisymmetric about the Z axis) paraboloid of
revolution Z = R/2 — (x* +y?)/2R (Fig. 6) . Let a film
of thickness h with boundaries z =z, and z = (z, + h)
be located near the tip. It is assumed that zp, > R/2.
The complex permittivities of the metal of the tip, the
external homogeneous medium, the film, and the semi-
infinite medium behind the film are denoted by em, €1, &p,
and &g, respectively ( Fig. 6).

Let us consider the distribution of a harmonic electric
field, which will be established in the vicinity of the
micropoint nanovertex upon convergence of a symmetric
TM surface plasmon wave, which is used to focus the
light field on the metal micropoint nanovertex in important
applications [1].

When solving this problem, we will use the complex
representation of fields with time dependence €', where
o — cyclic frequency. We will assume that the charac-
teristic geometric dimensions of the problem (on the order
of ten nanometers) are much smaller than the length of
an electromagnetic wave in vacuum corresponding to the
frequency w. It can be shown [7,20,21] that such a problem
near the nanovertex can be solved in a quasi-electrostatic
formulation, in which the complex potential of the electric
field @ satisfies the Laplace equation A® =0, and the
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Figure 5. system of point charges gk for a film located on the
boundary of a half-space.

Figure 6. Vertex of the metal paraboloidal tip at the film located
on the boundary of the half-space. Geometry of the problem.

normal and the tangential components of the electric field
on the tip surface and on two flat film boundaries should
correspond to the known boundary conditions on the tip
surface:

EfEf’n == EmEmn and Ef,T = EI’T'I,T’ (61)
on the film boundary z = z:

SpEg,n = SfEf,n and Eg,r = Ef’r, (62)

on the film boundary z = z:
edEan = epE3n and B4, = E3 ;. (63)

We will look for an axisymmetric solution of the Laplace
equation, which has a field maximum at the tip vertex, that
corresponds to the focusing of a surface symmetric plasmon
TM wave on it.

In addition, to automatically satisfy the boundary condi-
tions on the flat film surfaces (62) and (63), we will use
a special method, which will be described below. Let the
potential of charges located on a paraboloidal metal tip in a
space with a permeability e be described by the function
®s(X, Y, ). Let the potential of induced charges at the film
boundaries (note that it follows from Maxwell’s equations
that there are no polarization charges inside a homogeneous
dielectric, they can only be at the boundary) in a space
with a permeability e equal to ®jng(X,Y, z). Then the
total potential Oy in a region filled with a dielectric with
permittivity &5 is equal to

Dot (X, Y, 2) = Ps(X, Y, Z) + Dina(X, ¥, 2).  (64)

Let the potential of the electric field excited by the
charges of the tip in the regions with &y and &g, ie. in
the film and in the half-space behind the film are equal to
®3(X, Y, z) and D4(X, Y, Z), respectively.

Let us find the general form of the potential of a single
tip without a layered structure nearby, which satisfies the
Laplace equation in a homogeneous dielectric space outside
®s(X, Y, z) and inside ®y(X, Y, z) of the tip, and boundary
conditions (61) should be satisfied at the tip boundary.
Let us introduce paraboloidal coordinates [22] (a system
of parabolic coordinates of rotation) (e, 8, %), which are
related to rectangular Cartesian coordinates (X, Y, z) by the
formulas

z=c(B?-a?)/2,
(65)
where ¢ — scaling constant factor. In the coordinate system
under consideration with origin at point 0 and axis Z
(Fig. 6), the Laplace equation for the electric potential
inside @, or outside @5 of the tip at axial symmetries (Pp
and @5 do not depend on 1) can be written as follows [22]:

X =cafcosy, Yy =cafsiny,

20 320 19 100
AD = ¢ (P47 (a 70, 100,19 ):o.

92 9B Tada B OB
(66

The general axisymmetric solution (66) is known [22]
and is determined by the expression

b = Z(BlJo(pa) + BZYO(pa))

x (Cilo(pB) + C2Ko(PB)), (67)

where p, By, B,,C;,C, are constants; Jo, Yo — Bessel
functions of the first and second kind of zero order;
lo, Ko — modified Bessel functions of the first and second
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kind of zero order. The summation is performed over the
solutions with different constants values.

Let the boundary of the paraboloidal tip be determined
by the equation 8 =p. It follows from (65) that the
boundary of the tip 8 = By in Cartesian coordinates (X, Y, Z)
is determined by the equation z = ¢f82/2 — (x> +y?)/2cp3.
It is easy to show that the radius of curvature of the vertex
of the tip is R = cf33.

Bearing in mind the generality of the further
presentation, we pass to dimensionless coordinates:
X =X/R, y=Y/R, Zz=z/R and a=a/Po,
B = B/Po. Dimensionless paraboloidal (@, 8) and

Cartesian coordinates on the plane (X,Z) are related

by the \/\/22+y2+22—2 and
B=+/X+ )72/\/\/)?2 +y2 + 72 — Z. In these coordinates

the tip boundary will be determined by the function
Z=1/2— (x> +y?)/2. We normalize the potential to its
value U at the field maximum at the tip vertex, then we can
pass from the dimensional to the dimensionless potential
® =®/U, for which equation (66) in dimensionless
coordinates should be satisfied.

In the axisymmetric case, to fulfill the boundary condi-
tions on the surface of the tip revolution, it is sufficient to
satisfy them on the line of intersection of the tip surface
with any plane of symmetry passing through the Z axis. As
such a plane we choose the plane (X, Z) for y = 0. More
specifically, it suffices to satisfy the boundary conditions
only on the boundary of the intersection of the half-
plane y =0 at X > 0 and the surface of the considered
paraboloidal tip. In dimensionless coordinates, this will
be the curve Z =1/2—-%%/2, for y=0 and X >0. In
normalized Cartesian coordinates in the plane (X, Z) with
y = 0, the components of the normalized electric field will
have the form: Ex = —9®/0X, Ey = —9®/d7.

So, based on the general solution (67), we will look for a
solution to the boundary value problem for the electric field
in the vicinity of the tip, assuming that the potential outside
is <i)5, at B > Bo, and the potential inside the metal tip <i)m,
at B < Po, have the form, respectively

formulas «a =

N
@5 = Y AjJo(4j@)Ko(2;B),
j=1

and
N

O =Y BjJo(4;@)lo(4;B), (68)

j=1

where A;j, Bj and 1; — constants. 4; values can be chosen
as A =pj/L, where pj, j=1,2,...,N — the first N
roots of the Bessel equation Jo(uj) =0, and L — some
dimensionless distance from the vertex, by which we will
satisfy the boundary conditions on the surface of the tip.
In the limit N — oo of the function Jo(4ja) with the above
choice 1 on the interval 0 < @ < L form a complete system
of functions [23].
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Note that the choice of functional dependencies (68) from
the general solution (67) is due to natural requirements for
the field concentrated at the vertex (which single out these
dependencies uniquely):

a) Outside the tip, the field potential should decrease with
distance from its surface, be finite and maximum at the tip
vertex.

b) Inside the tip metal, the potential should be finite at
the origin. In addition, the electrical potential should be
continuous across the boundary.

Then the potential of the charges of the ® tip in
the coordinates (X,¥,Z) in the medium with ef, after

substituting the expressions @ = \/ VX*+y?2+22—7 and

B= VRV VRV +2 2 in (68) can be as
follows

N

Dg(X,y,2) = ZA,’SJ' (X,y,2), (69)
j=1

where

Fi(X, ¥, 2) _J0< \/\/x2+y2+22—z)

x Ko <1j\/>22+372/\/\/>22+y2+22 —2)

Similarly, the potential of induced charges in the flat-
layered structure ®;jnq(X, YZ) can be represented, taking into
account (58), as follows

N
Dina(X, Y, 2) = > AP (XY, 2). (70)
j=1

where

+00 o0

+/ /r(u,v)sj(i—u,37—v,22b—2)dudv.

— 00 —O0

Substituting (69) and (70) into (64), we obtain the total
potential in a medium with &; as follows

Qi (X, Y, 2) ZAJ B(X. ¥, 2) +Bj(X. ¥, 2)) . (71)

Similarly from (68) in the tip metal the potential can be
represented as

where

9j(X,¥,2) = ( \/\/x2+y2+z2—z>

x 1o (Aj\/i2+y2/\/\/i2+y2+22 —z)
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On the tip boundary (for y =0, Z = 1/2 — X?/2), the
unit vectors of the normal and tangent are represented by
the formulas

n=eg ()Z/\/l +>22) te (1/\/1 +>22);
r=e (1VI+2) +e (—x/V1+%2).

Then the boundary conditions for normal and tangential
fields on the tip surface can be written

7=—1/2-x%2/2 7=—1/2-x%2/2
and
L PYCLI P L P —0. (73)
7=1/2—%2/2 7=1/2—-%2/2

If we substitute expressions (71), (72) into (73), then we
obtain linear equations with respect to Aj, Bj, which can be
represented as

and N N
Zc,—(i)Aj +Zo|,—(>z)3j =0. (74)

To save space, we will not write out the functions a;(X),
bj(X), cj(X)here and dj(X) in explicit form, which are
obtained by the indicated trivial substitution.

In this study, equations (74) were solved by the colloca-
tion method [24]. These equations were written at (N — 1)
points of the curve Z =1/2 —x?/2 for y =0 and X > 0
on the surface of the tip. As a result, (2N —2) linear
algebraic equations with 2N unknown coefficients A; and
B; were obtained. To obtain a unique solution, two more
equations were added: the potentials at the tip vertex were
set equal to unity, outside Ci>mt(0, 0,1/2) =1 and inside
<i)m(0, 0,1/2) =1. As a result of solving the resulting
system of 2N equations, find Aj and Bj, and the potential
and electric field distributions over them in the entire space.
This resulted in a normalized (to unity at the tip vertex)
distribution @ (X, Y, 2).

Knowing all Aj, one can find ®(X,y, Z). Then, using
formulas (59) and (60), one can find the potentials both in
the film and in the free half-space as follows:

N
P 2e oo
®3(X,¥.2) = D A ((8 ey Si%Y.2)
=1 P
(e —ep) s g v 3
2€p 6J(X9y’ Z)
2er(ep —&d) o 5

(ep+ &) (ep + &d)

(ep—ea)(er —€p) o o = s .
_ pZep(ep—i—ed)p 6,(x,y,2(zb+h)—z)>, (75)

N
sy ‘ 4erep o w5
(I)4(X, Y, Z) - E A] ((fp"—ff)(f;p"'fd)g] (X’ Y, Z)

(er —€p) « o o ~)
X7 b Z b
e re 0V 7)
(76)
+oo 0o
where Gj(X,y,2) = [ f (uV)F;X—u,y —v,2) for-

mulas (71), (75) and (76) solve the problem of finding the
potential outside the tip and in the entire layered structure
from known values A;.

Generalization of the specular reflection
method for the case of a plane-layered
structure with an arbitrary number of films

If we analyze the obtained in the previous section
generalization of the reflection method for a system of
the charges located near the one film boundary, then an
important point in the generalization was the representation
of the solution of equation (27) for one charge in the form
(31), ie. as follows

- _ .4 .

2y (Zb—2q)
e R(y, h),
ng 2}/’81‘ 2}/’81’ (V )

where P(p, h) = (&1 —ep)/(ep + €1) + x(p, h), while the
function x(y, h) is determined for a plane-layered structure
consisting of a single film by analytical formula (49) and
depends on the film thickness and on all permittivities of
the problem.

The function 9R(y,h) determines the potential
@ind(X, Y, 2z) of induced charges, and the reflection
from the film boundary z = zp, is determined by the term
(ef —ep)/(ep+ €5), and the influence of the parameters
of the film and the half-space behind is determined by the
function x(p, h) (see (48)).

Note that x(p, h) arises from the problem of finding the
field from a point charge located near one film of a flat-
layered structure. If there are several films in a plane layered
structure, then it can be shown that the solution ¢, of an
equation of type (27) for a point charge will have the same
form

D, = q +i

e—2y(zb—zq) ((gf - Sp)
2}/€f 2}/€f

(ep + &1)

+X(V)) ;

but the function x(y) will depend on y and all parameters of
the media and film thicknesses. For two films it is possible
to obtain analytical formulas for x(y), but they turn out to
be cumbersome to use. One can prove the above statement
by induction, and also verify numerically that y(y) — is a
rapidly decreasing function whose inverse Fourier transform
exists and the integrals rapidly converge.

Thus, for fixed thicknesses and dielectric parameters of
the problem, the function y depends only on y and can
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always be found numerically from the found ¢, (from (27))
in the following way:

2V€ o (A_ q ) (sf—s
= g y(zb—2q) _ _ P 3
x(7) a @1 (v) e P

This function can be

approximated by a one-

dimensional spline in p by calculating the values
of x(y) at a finite number of points 7. Then
the inverse Fourier transform of this function

+oo +

r(u,v)) = (2ﬂ)—2 { OOOX ( /€2 1 n2), h) g (§u+nv)d‘§dr,
VU2 + vz) and

also be represented as a one-dimensional spline . Then for
one point charge next to the multilayer planar structure
@1(X,Y, z) and @ing(X, Y, z) will have the same form (53)
and (51), but with another function r (u, v) =r (\/ u? + vz)
represented by a one-dimensional spline . We emphasize
that the function r(u, v) is determined from the problem
for a point charge.

If the potential of a system of charges in free space is
known without taking into account the flat-layered structure
ds(X, Yy, z), which is expressed by formula (56), then the
representation (57) for the total potential Oy (X, Y, Z) taking
into account an arbitrary flat-layered structure in the free
region of the half-space in front of it.

How can we now find the potentials inside a plane
layered multifilm structure, since formulas (75) and (76)
are suitable only for one film? The answer is as fol-
lows: knowing @tm(i, Yy, Z), one can find @tm(i, Yy, Zp)and
If)tot,x()i, Y, Zp) = —8f8<i>mt()2, Y,Z)/0Z|3—3,, which means
that the Fourier transforms of these functions can be found
on this boundary:

will have the simple form r(u,v) = r(

T(n) = / / Dot (X, Y, Zp)e ¥ dxdy,

D(&.n) = / / Diotx (X, ¥, Zp)e ™ ¥~V dxdy,

~Due to the symmetry of the problem,
‘Dtot()z, )7, zb) = (I)tot (/5, zb) 5 |jtot,z()z, )7’ Zb) = Ijtot,z(/a’ Zb)a
T(&n) =2(), D(En) =D(y), where p= /x> +Vy?
¥ = \/&% + n2. Then from (6) and boundary conditions (8),

we obtain
T 1 e7h R
) _ N o
D(y) gy —eyyeth
- —1
_ oF 1 e M T(y
P3 &3y —83}/87th @(y)

where h; — the first film thickness, £3 — its permittivity.

or
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From the functions @5 (y) and ¢@; () obtained from (77)
and from the expression (4) find the potential in the first
film (thickness hy):

bi%.9.2)= @02 [ [ 61p)e @ mdE ey

— 00 —O0

+(2m)2 / / G () - EHh) g Em) ey,
In the next film with thickness ﬁz and permittivity &4, we

calculate the field from equation (9) relating %3 and #3, i.e.
%:L;l x Ry x &3 or

-+ —yh
. [0) 1 e
Fa=| "= )
Py ey —espeV

e 7M 1 .
X ~ X '%7
espe ™™ g3y

here ﬁl and ﬁg — the thicknesses of the first and second
films in normalized coordinates. Then, having calculated
from (78) the functions ¢, and ¢, , we obtain the potential
in the second film:

(78)

+00 +00
bix.9.2)= @02 [ [ 4j)e @ e ey
+00 +00
+ (zﬂ)fZ Py (y)ey(i*i‘t)ei <5’”’77)d§dn.

— 00 —O0

Continuing in the same way, one can find the total
potentials from the charged tip in all the films of the
problem and in the half-space behind them. For definiteness,
consider the problem with two films. Let us write the
boundary condition on the last boundary of the second film
and half-space: Ls x Fs = Ry x %4, where

1 1
Ls =Ts5 = s
&y —&sy

whence %5 = LS_1 x Ry X F4 or

R o T
5‘—5=<(p5>:T51><T41><T31><< (7})>,
0 D(y)

where T;' =R x (L3)~!, T;! =Ry x (Ls)~!, and R,
L3, R4, Ly are expressed by formulas (7). Having calculated
@<, we obtain the potential in the free half-space

Bs(%.9.2) = (27) / / oL (y)e 7@ 2 E gy,
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Figure 7. Distribution of the amplitude of the electric field normalized to the unity at the maximum (at the tip vertex): (@) for the film
thickness h = 0.5, the permittivity of the tip, the film, and the half-space behind the film, respectively, —11.6 + i1.2,2and —11.6 +i1.2;
(b) and (c) the same for two films of thickness h;h, = 0.5 and dielectric constants of the tip , the first film, the second film and the

half-space behind the film —11.6 +i1.2, 2, 011.6 +i1.2 and 4.

Study of the focal distribution of the EM
field near the nanovertex tip located next
to the flat-layered structure

Numerical calculations were made of the amplitude
distribution of the focused field for a gold tip located near
a plane-layered structure, which occurs when a plasmon-
polariton TM wave converges (along the surface of the
tip to the vertex). The frequency of the focused wave
corresponds to the wavelength in vacuum A¢ = 633 nm.
The permittivity of gold at this frequency was assumed
to be em= —11.64+1i1.2 [25]. The paraboloidal tip was
located in a medium with & =1 next to a flat-layered
structure consisting of a single film with a thickness
equal to h=0.5 (in units normalized to the curvature
radius of the tip). The dielectric constant of the film is
&p =2, and the half-space behind the film is filled with
gold &g = &m. The film boundaries were determined by
the equations Z=27y =7, =1and Z=2735 = Zb+h=15

(Fig. 4,6). The vertex of the metal tip was located at a
distance AZ = 0.5 from the film surface. The system of
equations (74) was solved by the collocation method at
individual points of the boundary near the vertex of the tip,
as described above.

Figure 7,a shows the amplitude distribution of the total
electric field in the (X, Z) plane normalized to unity at the
maximum for the above parameters. It can be seen that the
field has the greatest value in free space (in the region ¢ ¢,
Fig. 6) near the vertex. The field in the film with gp =2
is less, and in the metal of the tip and half-space of the
substrate it is much less than the maximum. This is due
to the natural screening of the electric field in the dielectric
and metal, which occurs due to the occurrence of induced
charges. The greater the dielectric constant, the stronger
the shielding. An important property of the resulting
field distribution is that its characteristic size in normalized
coordinates is the same and is equal in order of magnitude
to the tip vertex radius. That is, at nanosized vertices and the
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focal field distribution in the photoresist dielectric film will
be nanosized. The obtained solution theoretically rigorously
proves the fundamental possibility of nanolithography based
on the polymerization of a photoresist at the focus of the
described excited metal tip, and with nanoscale accuracy.

The problem with two films was considered. The
paraboloidal tip, as in previous calculations, was in a
medium with ef = 1 next to a flat-layered structure consist-
ing of two films. The first film, as in the previous example,
had a thickness h; = 0.5 and a permittivity &3 = ep = 2.
The second film had thickness h, = 0.5 and permittivity
&4 = é&m (gold film). The half-space behind the second
film had a permittivity &5 =&4 =4. The film bound-
aries were determined by the equations Z =7, =7, =1,
Z=23=2Zp+N =15 and Z=24=2,+h +h =2
The vertex of the metal tip was located, as in the
previous problem, at a distance of AZ =0.5 from the
film surface. The system of equations was solved by the
method described in the previous section for two films.
The Figure 7,5, ¢ shows the results of calculations of the
normalized (by one at the maximum at the tip vertex)
distribution of the field amplitude in the (X, Z) plane. It can
be seen from the figures that qualitatively the conclusions
made for the previous problem are preserved. The field
does not penetrate well into a metal with a large modulus
of permittivity. It is important that the field has a significant
level in the dielectric film with the permittivity &, = 2,
which models the photoresist layer. A thin metal film helps
to localize the field in the dielectric film and can be used
for auxiliary, technological purposes, for sharper focusing of
the field in the photoresist.

Conclusion

The study proposes an original matrix technique for
finding the fundamental solution of the Laplace operator for
plane-layered media using the example of an electrostatic
problem. A generalization of the specular reflection method
for plane-layered media is proposed in a formulation that
allows one to use the advantage of the proposed matrix
technique. The main features of the developed method
are logical simplicity and the possibility of generalizing the
solution to multifilm structures and, in the limit, to gradient
films.

The application of the method for finding the focal
distribution of the electric field in the vicinity of the
nanovertex of a metal micropoint located next to one
photoresist film allows to describe the field penetration
into the film and, thus, to solve practical problems of
nanolithography. For the first time, the problem of finding
the field distribution at the vertex of a metal tip located
near two films (dielectric and metal) demonstrated the
application possibilities of the proposed approaches.
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