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Introduction

Nanofocusing of light energy at the vertices of mi-

cropoints is the most important phenomenon underlying

promising nanotechnological applications. Nanofocusing

consists in an unusually sharp increase in the intensity of

the surface plasmon-polariton wave, symmetrically excited

at the base of a metal conical micropoint, as it converges

to the nanovertex [1–3]. This phenomenon is explained

by the fact that an axisymmetric electromagnetic standing

wave with an electric field singularity at the vertex [4]
can exist on a geometrically ideal metal tip. Experiments

show [5,6] that this wave can be effectively excited by

a surface plasmon-polariton TM wave converging to the

vertex with the same axial field symmetry. The presence

of a singularity of the electric field is well explained in the

quasi-static approximation, which is valid in the vicinity of

the vertex.

The real vertex of the micropoint is not perfect and has a

rounded vertex. In the studies [7,8], to find the distribution

of the electric field on the rounded vertex of a single

micropoint, the surface of the vertex was approximated

by a paraboloid of revolution. The problem was solved

in the paraboloidal coordinate system. It was proved that

the size of the focal distribution at the vertex decreases

in proportion to the vertex radius, which fundamentally

explains nanofocusing (when the tip radius decreases to

nanometer sizes, the size of the focal region decreases in

the same proportion).

If the nanovertex of the micropoint is located near the

planar layered structure, then the need arises for a detailed

description of the distribution of the field focused at the

vertex both near the vertex tip and in the planar layered

structure. In problems of radiation and propagation of elec-

tromagnetic fields in plane-layered media, matrix methods

and Green’s function methods for plane-layered media are

widely used [9,10]. In the studies [11–13] an original version

of the rigorous electromagnetic theory of radiation from an

elementary dipole located at the boundary or inside a flat-

layered structure was proposed, which is a development of

the studies [14,15]. In particular, in [11–13] a method of

analytical solution simplification was demonstrated, which

has a potentially important general theoretical value. The

generalization of this method for the case of an arbitrary

number of films in a planar-layered structure [16] allowed to

reduce the formulas for radiated fields to one-dimensional

integrals, which significantly simplified the analysis of the

problem and accelerated numerical calculations. In this

study the methods of the studies [11–13,16] are first applied

to finding a three-dimensional fundamental solution of

electrostatics (quasi-electrostatics) in flat-layered media, i.e.

to finding the field of a point charge in flat-layered media.

On the basis of the results obtained, a generalization of

the method of mirror reflections for a point charge located

near a planar layered structure is given, and then this result

is generalized to the case of an arbitrary distribution of

charges near the planar layered structure. The application of

the generalized method of reflections to the formulation of

problems of nanofocusing of a surface plasmon wave at the

vertex of a micropoint located near a photoresist nanolayer

is discussed.

Problem formulation. Electric field of a
point charge located inside a flat-layered
structure

Let us consider the general problem of finding the

electrostatic field from a point charge located inside a flat-
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Figure 1. Geometry of a flat-layered structure consisting of three

films.

layered structure. Let, for generality, this charge be located

inside a flat layered structure consisting of several films

and two half-spaces surrounding the layered structure. For

definiteness we will first assume that the charge is located

in one of the films, and then we generalize this problem to

the case when the charge is located at their boundary or in

one of the half-spaces.

Let the total number of films be N f , the thickness

of the mth film be dm, and the total thickness of the

layered structure be dtot =
∑N f

m−1 dm. The total number of

boundaries between films will be denoted as N = N f + 1.

Let us number the regions of the space j = 1, . . . , (N + 1),
(as an example, Fig. 1 shows the problem with N = 4

and N f = 3). Let us assume that the films have absolute

permittivities equal to ε j , and in front of and behind the

layered structure there are homogeneous half-spaces with

permittivities ε1 and εN+1 . We also denote by z j the

coordinates N of the film boundaries along the axis Z as

follows: z 1 = z 1, z j = z 1 +
∑ j−1

m=1 dm for j = 2, . . . , N.

The equations of electrostatics (or quasi-electrostatics) in

the region with number j can be written in terms of the

electric potential ϕ j in the form: 1ϕ j = −q/ε j , where 1 –
is the Laplace operator, ε j – is the absolute permittivity

of the j-th region. Solving the Laplace equations in each

region, taking into account the boundary conditions, we find

the electric field in all regions. Consider first the following

auxiliary problem.

Electric field in a layer free of charges

Let there be no extraneous charges between the bound-

aries z j−1 and z j in the region with the number j (Fig. 2).
The permittivity of the medium in this film is ε j .

j

Figure 2. Film numbered j located between the boundaries z j−1

and z j .

The electric potential can be represented as a Fourier

expansion:

ϕ j(x , y, z ) = (2π)−2

+∞
∫

−∞

+∞
∫

−∞

eiξx+iηy ϕ̂ j(ξ, η, z )dξdη. 1

Let us substitute the potential in the form of a Fourier

expansion into the equation 1ϕ j = 0, then in the region

under consideration we can write

d2ϕ̂ j/dz 2 − γ2ϕ̂ j = 0, (2)

where γ =
√

ξ2 + η2. The equations for fixed values of ξ

and η are ordinary differential equations with respect to the

variable z . The problem is to find the function ϕ̂ j from the

equations in the region under consideration.

Linearly independent solutions of equations can be

written as

ϕ±
j = (2π)−2

+∞
∫

−∞

+∞
∫

−∞

ϕ̂±
j e∓γz ei(ξx+ηy)dξdη. (3)
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We write the general solution of equations (2) in the

region [z j−1, z j ] in the form

ϕ j(z , y, z ) = (2π)−2

+∞
∫

−∞

+∞
∫

−∞

ϕ̂+
j e−γ(z−z j−1)ei(ξx+ηy)dξdη

+ (2π)−2

+∞
∫

−∞

+∞
∫

−∞

ϕ̂−
j eγ(z−z j)ei(ξx+η)y dξdη,

(4)
where ϕ̂+

j and ϕ̂−
j are the functions of only ξ, η .

We note especially the following fundamentally important

idea: the general solution of the Laplace equation, consisting

of a linear combination of solutions, must be written in such

a way that there are inverse Fourier transforms. Therefore,

the form of writing the general solution for the field in

the layer is not random, it highlights the physically correct

solution. The first term on the right in the formula is the

field from sources located to the left of the left boundary of

the layer. In this case, the field will decrease when moving

away to the right (when moving away from the sources to

the left of the layer). The second term on the right in the

formula is the field from sources located to the right of the

right boundary of the layer (according to the condition of

the problem, there are no sources inside the layer). This

field will decrease as you move away to the left (when

moving away from sources located to the right of the layer).

From we find the Fourier transform of the electric

potential and the normal component of the electric field

induction at the boundaries of the region j :

(

ϕ̂ j

D̂ j,z

)∣

∣

∣

∣

∣

z=z j−1

=

(

1 e−γd j−1

ε jγ −ε jγe−γd j−1

)(

ϕ̂+
j

ϕ̂−
j

)

,

(

ϕ̂ j

D̂ j,z

) ∣

∣

∣

∣

∣

z=z j

=

(

e−γd j−1 1

ε jγe−γd j−1 −ε jγ

)(

ϕ̂+
j

ϕ̂−
j

)

, (5)

where d j−1 = z j − z j−1. From we find the Fourier trans-

form of the electric potential and the normal component of

the electric field induction at the boundaries of the region j :

(

ϕ̂ j

D̂ j,d

) ∣

∣

∣

∣

∣

z=z j−1

= L j × F̂ j ,

(

ϕ̂ j

D̂ j,d

)∣

∣

∣

∣

∣

z=z j

= R j × F̂ j ,

(6)
where the matrices L j and R j have the form

L j =

(

1 e−γd j−1

ε jγ −ε jγe−γd j−1

)

,

R j =

(

e−γd j−1 1

ε jγe−γd j−1 −ε jγ

)

, (7)

Electric field in a multilayer structure free
from external charges

Let us now consider a multilayer structure, inside

which there are no extraneous charges. Let us consider

the boundary z = z j between regions with numbers j
and j + 1. Continuity of the tangential components of the

electric field strengths (E j,x , E j+1, x and E j,y , E j+1,y ), and
normal electric induction component (D j,z = −ε j∂ϕ j/∂z
and D j+1,z = −ε j+1∂ϕ j+1/∂z ) on this boundary can be

written in terms of the corresponding electric potentials ϕ j

and ϕ j+1 as follows:

ϕ j

∣

∣

(x ,y,z j)
− ϕ j+1

∣

∣

(x ,y,z j)
= 0

and

ε j∂ϕ j/∂z
∣

∣

(x ,y,z j )
− ε j+1∂ϕ j+1/∂z

∣

∣

(x ,y,z j)
= 0

where the electric potential ϕ j+1 in the region j + 1

is expressed by the formula (4), in which the indices

j → j + 1 are changed. Since the equations of electrostatics

(quasi-electrostatics) are linear equations, the boundary

conditions must be satisfied for each term of the Fourier

expansion,i.e. boundary conditions must be satisfied for the

Fourier transforms of the corresponding quantities:

ϕ̂ j

∣

∣

(ξ,η,z j )
− ϕ̂ j+1

∣

∣

(ξ,η,z j )
= 0,

D̂ j,z

∣

∣

(ξ,η,z j )
− D̂ j+1,z

∣

∣

(ξ,η,z j )
= 0. (8)

Writing the boundary conditions (8) using expressions (6),

we obtain a matrix equation on the boundary z = z j :

Rj × F̂ j = L j+1 × F̂ j+1, (9)

where d j−1 = z j − z j−1, d j = z j+1 − z j , and the matrices

R j and L j+1 are expressed by formulas (7), i.e.

L j+1 =

(

1 e−γd j

ε j+1γ −ε j+1γe−γd j

)

,

R j =

(

e−γd j−1 1

ε jγe−γd j−1 −ε jγ

)

,

Equation (9) can be written for j = 2, . . . , (N − 1),
where (N + 1) — the total number of regions, N – the

number of boundaries, i.e. for all boundaries except the first

( j = 1) and last ( j = N) boundaries. That is, excluding

the boundaries z 1 and z N = dtot =
∑N−1

m−1 dm, where dtot —

total thickness of the layered structure (the sum of the

thicknesses of the films that make up the structure under

consideration).
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The general solution for the electric potential in the region

j = 1, i.e. in the interval (−∞, z 1], we write it as

ϕ1(x , y, z ) = (2π)−2

∞
∫

−∞

∞
∫

−∞

ϕ̂+
1 e−γ(z−z 1)ei(ξx+ηy)dξdη

+ (2π)−2

∞
∫

−∞

∞
∫

−∞

ϕ̂−
1 eγ(z−z 1)ei(ξx+ηy)dξdη.

(10)

In the problem under consideration, in the expression

only the second term is nonzero, which implies the presence

of sources only to the right of the boundary z = z 1.

Then, taking into account that it follows from expression

(10) that

(

ϕ̂1

D̂1,x

) ∣

∣

∣

∣

∣

z=z 1

=

(

1 1

ε1γ −ε1γ

)(

0

ϕ̂−
1

)

,

write the boundary conditions at the boundary z = z 1,

denoting F̂1 = (0; ϕ̂−
1 )T , in the form

(

1 1

ε1γ −ε1γ

)

× F̂ = L2 × F̂2. (11)

Similarly, the general solution for the electric potential in

the region j = N + 1, i.e. in the interval [z N + ∞), we write

it as

ϕN+1(x , y, z ) = (2π)−2

∞
∫

−∞

∞
∫

−∞

ϕ̂+
N+1e

−γ(z−z N)ei(ξx+ηy)dξdη

+ (2π)−2

∞
∫

−∞

∞
∫

−∞

ϕ̂−
N+1eγ(z−z N)ei(ξx+ηy)dξdη.

(12)

In the problem under consideration, in the expres-

sion (12), only one term is nonzero, which implies the

presence of sources only to the left of the z = z N boundary.

Then, taking into account that it follows from

(

ϕ̂N+1

D̂N+1,z

) ∣

∣

∣

∣

∣

z=z N

=

(

1 1

εN+1γ −εN+1γ

)(

ϕ̂+
N+1

0

)

,

we write the boundary conditions on the boundary z = z N

in the form

RN × F̂N =

(

1 1

εN+1γ −εN+1γ

)

× F̂N+1, (13)

where F̂N+1 = (ϕ̂+
N+1; 0). Equations (9), (11) and (13)

allow to relate the column vectors of the electric potential in

the first and last regions of the problem (i.e. in half-spaces,

outside the flat-layered structure):

F̂1 =

(

1 1

ε1γ −ε1γ

)−1

×
[

L2 × (R2)
−1
]

× . . .

×
[

LN × (RN)−1
]

×
(

1 1

εN+1γ −εN+1γ

)

× F̂N+1, (14)

or F̂1 = M× F̂N+1, and the matrix M is as follows

M = T1 ×
(

5N
m−2Tm

)

× TN+1, where

T1 =

(

1 1

ε1γ −ε1γ

)−1

Tm = Lm × (Rm)−1,

TN+1 =

(

1 1

εN+1γ −εN+1γ

)

.

If we know, for example, the potential of some charge

distribution in the structure of films, then from equa-

tion (14), as a system of two equations, we can find

two unknowns — the function ϕ̂−
1 and, therefore, the

potential in the half-space j = 1 of charges, in a plane-

layered structure according to formula (10), and the function

ϕ̂+
N+1 of the − vector column F̂N+1 and the potential

from charges in the half-space j = N + 1, in a flat-layered

structure according to formula (12).

Electric field in a multilayer structure from
a point charge

Let there be a point external charge q located at the point

(0, 0, z q) in the region with number s (Fig. 3).
Let this charge be determined by the density distribution,

ρ(x , y, z ) = qδ(x)δ(y)δ(z − z q),

where δ(x) — the Dirac delta function. The Fourier

transform of this distribution is given by the following

expression:

ρ̂(ξ, η, z ) = q

+∞
∫

−∞

+∞
∫

−∞

δ(x)δ(y)δ(z − z q)e
−i(ξx+ηy)dxdy

= qδ(z − z q).

Let this point charge be in an infinitely thin layer

(z q − 1z/2, z q + 1z/2). Then from the equations of elec-

trostatics rotE = 0 and divD = ρ for the Fourier transforms

of the fields one can write (at 1z → 0) the equations:

iηÊs ,z −
1Ês ,y

1z
= 0,

1Ês ,x

1z
− iξ Ês ,z = 0

iξ Ês ,y − iηÊs ,x = 0, (15)

iξD̂s ,x + iηD̂s ,y +
1D̂s ,z

1z
= qδ(z − z q). (16)
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Figure 3. A point charge q located at the point (0, 0z d) in the

region with the number s .

From which we get the following

1Ês ,y = iηÊs ,z1z , 1Ês ,x = iξ Ês ,z1z ,

1D̂s ,x = −(iξD̂s ,x + iηD̂s ,y )1z + qδ(z − z q)1z .

Then, in the limit 1z → 0, the jumps of the tangential

components of the electric field strengths and the normal

component of the electric field induction upon passing

through an infinitely thin layer with a charge are equal to

1Ês ,x −→
1z

0, 1Ês ,y −→
1z

0, 1D̂s ,z −→
1z

q.

In the matrix form these limit equations can be written

in the following form:









Ês ,x

Ês ,y

1Ds ,z









∣

∣

∣

∣

∣

∣

∣

∣

z=z q+0

−









Ês ,x

Ês ,y

1Ds ,z









∣

∣

∣

∣

∣

∣

∣

∣

z=z q−0

=









0

0

q









,

or, in an equivalent form, through the potential

(

ϕ̂s

D̂s ,z

)∣

∣

∣

∣

∣

z=z q+0

−
(

ϕ̂s

D̂s ,z

)∣

∣

∣

∣

∣

z=z q−0

=

(

0

q

)

. (17)

Let us now express the left side of the boundary condition

(17) in terms of the column vectors F̂1 and F̂N+1 of half-

spaces outside the flat-layered structure. To do this, let’s

divide the region with number s into two regions and denote

them by indices l and r (left and right, if you look at Fig. 3).
Let us introduce the column vectors F̂l and F̂r in these

regions. Then the terms to the left of the equal sign in (17)
can be expressed as

(

ϕ̂s

D̂s ,z

)∣

∣

∣

∣

∣

z=z d−0

= Rl × F̂l and

(

ϕ̂s

D̂s ,z

)∣

∣

∣

∣

∣

z=z d+0

= Lr × F̂r .

(18)
In addition, from (9) it follows that

F̂l = QL × F̂l and F̂r = QR × F̂N+1, (19)

where

QL =

(

1 1

ε1γ −ε1γ

)−1

×
[

L2 × (R2)
−1
]

× . . .

××
[

Ls−1 × (Rs−1)
−1
]

× Ll,

Ll =

(

1 e−γ(z q−z s−1)

εsγ −εsγe−γ(z q−z s−1)

)

QR = (Rr )
−1 ×

[

Ls+1 × (Rs+1)
−1
]

× . . .

×
[

LN × (RN)−1
]

×
(

1 1

εN+1γ −εN+1γ

)

,

Rr =

(

e−γ(z s−z q) 1

εsγe−γ(z s−z q) −εsγ

)

Substituting (19) into (18) and then the resulting expres-

sions into (17), we obtain

HR × F̂N+1 = HL × F̂1 + V, (20)

where V = (0, q)T — is a column vector characterizing the

exciting action of a point charge, and the matrices HR and

HL — characterize the response to external excitation of the

layered structure to the right and left of the charge and are

expressed as follows:

HR = TR ×
(

5N
m=s+1Tm

)

× TN+1,

HL =
(

T1 ×
(

5s−1
m=2Tm

)

× TL
)−1

,

where matrices Tm at m 6= s are expressed by formula

Tm = Lm × (Rm)−1, and matrices TL and TR — by formulas

TL = Ll × (Rl)
−1, TR = Lr × (Rr )

−1.

In the problem under consideration, the source of fields

(a point charge) is located exclusively inside a flat-layered

structure. Therefore, the F̂1 and F̂N+1 columns contain only

the components that determine the waves coming from the

flat-layered structure.

Optics and Spectroscopy, 2022, Vol. 130, No. 9



Focusing of the surface plasmon wave on the nanovertex... 1175

To obtain the remaining non-zero components F̂1 and

F̂N+1, we split the matrices into HR and HL into HRA, HRB ,

HRC , HRD and HLA, HLB , HLC , HLD , then equation (20)
takes the form

(

HRA HRB

HRC HRD

)

×
(

ϕ̂+
N+1

0

)

=

(

HLA HLB

HLC HLD

)

×
(

0

ϕ̂−
1

)

+

(

0

q

)

. (21)

Then it can be represented by the following equations:

HRAϕ̂
+
N+1 = HLB ϕ̂

−
1 ; HRCϕ̂

+
N+1 = HLDϕ̂

−
1 + q.

The resulting equations can be combined again into a single

matrix 2× 2 equation:

(

−HLB HRA

−HLD HRC

)

F̂out =

(

0

q

)

, (22)

where the column vector F̂out =
(

ϕ̂−
1 ; ϕ̂

+
N+1

)T
.

Solving this equation, we find ϕ̂−
1 and ϕ̂+

N+1, which means

that the fields decrease with distance from the flat-layered

structure:

ϕ̂−
1 = qHRA/(HRCHLB − HRAHLD),

ϕ̂+
N+1 = qHLB/(HRCHLB − HRAHLD) (23)

Then the field decreasing to the left in the half-space

J + 1 (in the direction z → −∞):

ϕ1(x , y, z ) = (2π)−2

∞
∫

−∞

∞
∫

−∞

ϕ̂−
1 eγ(z−z 1)ei(ξx+ηy)dξdη,

(24)
and the field decreasing to the right in the half-space

j = N + 1 (in the direction z → +∞):

ϕN+1(x , y, z ) = (2π)−2

∞
∫

−∞

∞
∫

−∞

ϕ̂+
N+1e

−γ(z−z N)ei(ξx+ηy)dξdη.

(25)
Finally, knowing F̂1 and F̂N+1, we can, if necessary, find

the column vectors of potentials in any interior region F̂ j ,

since they are uniquely determined by the boundary

conditions. After that, the electric potential in any of these

areas can be found using the formula (4). This way the

margins will be defined throughout the space.

Electric field of a point charge located at
some distance from the film boundary in a
half-space

Let us now consider the problem of finding the electric

potential from a point charge q located in a medium

Z

X

O

z z1 = q

j =1 j =2 j =3

z z2 = b z h +z3 = b

e e1 = f e e2 = f e e3 = p e e4 = d

q

j =4

Figure 4. Point charge z q located at a point with coordinate at a

distance ()z b − z q from a film of thickness h and permittivity εp

located on the boundary of the half space.

with permittivity ε f , at some distance from a film with

permittivity εp deposited on a half-space with permittivity εd

(Fig. 4).

In the coordinate system of Fig. 4, the charge is located

at a point with radius vector rq = (0; 0; z q) at a distance

z bq = z b − z q along the Z axis from a h thick film.

This problem can be considered as a problem of finding

the electric potential from a point charge located on the

surface of an auxiliary film of thickness z bq = z b − z q, and

the dielectric constants of this auxiliary film and the half-

space on the left are the same and equal ε f .

Thus, there are four task areas. In the enumeration

proposed above, the index j = 1 corresponds to the half-

space with ε f , j = 2 — to the auxiliary film with ε2 = ε f

and thickness equal to the distance from the charge to the

film, i.e. z bq = z b − z q, j = 3 — real film c ε3 = εp with

thickness h, and j = 4 — to the half-space with ε4 = εd

(Fig. 4).

Then N = 3, z 1 = z q, z 2 = z b, z 3 = h + z b ,

HR = T2 × T3 × T4 , HL = (T1)
−1 and equation (20)

takes the form

(T2 × T3 × T4) × F̂4 = (T1)
−1 × F̂1 + V, (26)

where the matrices are expressed by the following formulas:

T1 =

(

1 1

ε f γ −ε f γ

)−1

,

Optics and Spectroscopy, 2022, Vol. 130, No. 9



1176 A.B. Petrin

T2 =L2 × (R2)
−1 =

(

1 e−γ(z b−z q)

ε f γ −ε f γe−γ(z b−z q)

)

×
(

e−γ(z b−z q) 1

ε f γe−γ(z b−z q) −ε f γ

)−1

,

T3 =L3 × (R3)
−1 =

(

1 e−γh

εpγ −εpγe−γh

)

×
(

e−γh 1

εpγe−γh −εpγ

)−1

,

T4 =

(

1 1

εdγ −εdγ

)

,

and the column vector of a point charge is equal to

HL =

(

HLA HLB

HLC HLD

)

= (T1)
−1 =

(

1 1

ε f γ −ε f γ

)

,

HR =

(

1 e−γ(z b−z q)

ε f γ −ε f γe−γ(z b−z q)

)(

e−γ(z b−z q) 1

ε f γe−γ(z b−z q) −ε f γ

)−1

×
(

1 e−γh

εpγ −εpγe−γh

)(

e−γh 1

εpγe−γh −εpγ

)−1

×
(

1 1

εdγ −εdγ

)

.

Introducing the column vector F̂out = (ϕ̂−
1 ; ϕ̂+

4 )T , equation

(22) for this problem takes the form

(

−1 HRA

ε f γ HRC

)(

ϕ̂−
1

ϕ̂+
4

)

=

(

0

q

)

. (27)

From (27) we have

ϕ̂−
1 =qHRA/(HRC+ε f γHRA), ϕ̂+

4 =q/(HRC+ε f γHRA).
(28)

Explicitly, expressions (28) can be obtained in terms of

hyperbolic sines and cosines by substituting the expressions

HRA = (εpch(γh) + εdsh(γh))ch(γz bq)/εp

+ (εpsh(γh) + εdch(γh))sh(γz bq)/ε f , (29)

HRC=γ(εpch(γh)+εdsh(γh))(ε f sh(γz bq)+εpch(γz bq))/εp.

(30)
Let us find the potential ϕ1 in the half-space ( j = 1) for

z ≤ z q Substituting expressions (29) and (30) for HRA and

HRC into expression (28) for ϕ̂−
1 , we obtain

ϕ̂−
1 =

qHRA

HRC + ε f γHRA
=

q
2γε f

+
q

2γε f
e−2γ(z b−z q)R(γ, h),

(31)

where

R(γ, h) =
ε f − εp

εp + εp
+

4εpε f

(εp + ε f )

× (εp − εd)

[(εp + ε f )(εp + εd)e2γh + (εp − εd)(ε f − εp)]
. (32)

Then from the expression (24) using (31) we get

ϕ1(x , y, z ) = (2π)−2

+∞
∫

−∞

+∞
∫

−∞

(

q
2γε f

eγ(z−z q)

+
q

2γε f
eγ(z−(2z b−z q))R(γ, h)

)

× ei(ξx+ηy)dξdη.

Taking into account that γ =
√

ξ2 + η2, we use the

identity

(2π)−2

+∞
∫

−∞

+∞
∫

−∞

(

qeγ|z−a|/2ε f γ
)

ei(ξx+ηy)dξdη

= q/4πε f

√

x2 + y2 + (z − a)2.

(33)

Then

ϕ1(x , y, z ) =
q

4πε f

√

x2 + y2 + (z − z q)2

+
ε f − εp

εp + ε f

q

4πε f

√

x2 + y2 + (z − (2z b − z q))2

+
q

(2π)2

+∞
∫

−∞

+∞
∫

−∞

(

2εp

γ(εp + ε f )

× (εp − εd)eγ(z−(2z b−z q))

[(εp + ε f )(εp + εd)e2γh + (εp − εd)(ε f − εp)]

)

× ei(ξx+ηy)dξdη.

(34)

Passing in the integral to polar coordinates in the planes

(x , y) and (ξ, η) by the formulas

x = ρ cosψ, y = ρ sinψ, and

ξ = λ cos ϑ, η = λ sinϑ, (35)

we will get

ϕ1(ρ, ψ, z )
q

4πε f

√

ρ2 + (z − z q)2

+
ε f − εp

εp + ε f

q

4πε f

√

ρ2 + (z − (2z b − z q))2

+
q

(2π)2
2εp(εp − εd)

(εp + ε f )

+∞
∫

0





2π
∫

0

eiρλ cos(ψ−ϑ)dϑ





×
(

eλ(z−(2z b−z q))

[(εp + ε f )(εp + εd)e2λh + (εp − εd)(ε f − εp)]

)

dλ.
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Using the identity
2π
∫

0

eiρλ cos(ψ−ϑ)dϑ = 2πJ0(ρλ), we get

ϕ1(ρ, ψ, z ) = q/4πε f

√

ρ2 + (z − z q)2

+
ε f − εp

εp − ε f
q/4πε f

√

ρ2 + (z − (2z b − z q))2

+
qεp(εp − εd)

π(εp + ε f )

×
+∞
∫

0

J0(ρλ)eλ(z−(2z b−z q))

[(εp + ε f )(εp + εd)e2λh + (εp − εd)(εv − εp)]
dλ.

(36)
Let us find the potential ϕ4 in the half-space ( j = 4) for

z ≥ h + z b . Substituting expressions (29) and (30) for HRA

and HRC into expression (28) for ϕ̂+
4 , we obtain

ϕ̂+
4 =

q
HRC + ε f γHRA

=
2qεp

γ[(εp + ε f )(εp + εd)e2γh + (εp − εd)(ε f − εp)]

× e−γ(z b−z q)eγh. (37)

From expression (25) , using (28) and substituting (37),
we get

ϕ4(x , y, z ) = (2π)−2

×
+∞
∫

−∞

+∞
∫

−∞

2qεpe2γh

(εp + ε f )(εp + εd)e2γh + (εp − εd)(ε f − εp)

× e−γ(z−z q)

γ
ei(ξx+ηy)dξdη.

(38)
Passing to polar coordinates in the planes (x , y) and

(ξ, η) by formulas (35) and again using the identity
2π
∫

0

eiρλ cos(ψ−ϑ) = 2πJ0(ρλ), we get

ϕ4(ρ, ψ, z )

=
q
π

+∞
∫

0

εpJ0(ρλ)

(εp + ε f )(εp + εd)e2λh + (εp − εd)(ε f − εp)

× e−λ(z−(z q+2h))dλ.
(39)

Let us now find the potential for z b ≤ z ≤ (h + z b), i.e.
in the layer j = 3. Boundary conditions (9) on the plane

can be written as

(

e−γh 1

εpγe−γh −εpγ

)

×
(

ϕ̂+
3

ϕ̂−
3

)

=

(

1 1

εdγ −εdγ

)

×
(

ϕ̂+
4

0

)

.

Solving this equation and using (37), we obtain the solution

ϕ̂+
3 =

εp + εd

2εp
eγhϕ̂+

4 =
εp + εd

2εp

× 2qεp

γ[(εp + ε f )(εp + εd)e2γh + (εp − εd)(ε f − εp)]

× e−γ(z b−z q−2h),

ϕ̂−
3 =

εp − εd

2εp
ϕ̂+
4 =

εp − εd

2εp

× 2qεp

γ[(εp + ε f )(εp + εd)e2γh + (εp − εd)(ε f − εp)]

× e−γ(z b−z q−h).

The total potential of the field inside the layer j = 3 is

expressed by the formula (4)

ϕ3(x , y, z ) = (2π)−2

∞
∫

−∞

∞
∫

−∞

ϕ̂+
3 e−γ(z−z b)ei(ξx+ηy)dξdη

+ (2π)−2

+∞
∫

−∞

+∞
∫

−∞

ϕ̂−
3 eγ(z−(z b+h)ei(ξx+ηy)dξdη.

Substituting here the obtained expressions for ϕ̂+
3 and

ϕ̂−
3 , we obtain

ϕ3(x , y, z ) = (εp + εd)(2π)−2

×
+∞
∫

−∞

+∞
∫

−∞

qe−γ(z−(z q+2h))

γ[(εp + ε f )(εp + εd)e2γh + (εp − εd)(ε f − εp)]

× ei(ξx+ηy)dξdη+ (εp − εd)(2π)−2

×
+∞
∫

−∞

+∞
∫

−∞

qeγ(z−(2z b−z q))

γ[(εp + ε f )(εp + εd)e2γh + (εp − εd)(ε f − εp)]

× ei(ξx+ηy)dξdη.
(40)

Passing to polar coordinates in the planes (x , y)

and (ξ, η) by formulas (35) and using the identity
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2π
∫

0

eiρλ cos(ψ−ϑ)dϑ = 2πJ0(ρλ), we get

ϕ3(ρ, ψ, z ) =
q
2π

+∞
∫

0

J0(ρλ)(εp + εd)

(εp + ε f )(εp + εd)e2λh + (εp − εd)(ε f − εp)

× e−λ(z−(z q+2h))dλ +
q
2π

×
+∞
∫

0

J0(ρλ)(εp − εd)

(εp + ε f )(εp + εd)e2λh + (εp − εd)(ε f − εp)

× eλ(z−(2z b−z q))dλ. (41)

Let us now find the potential for z q ≤ z ≤ z b, i.e. in

the layer j = 2. Boundary conditions (9) on the plane

z = z 2 = z b can be written as

(

e−γ(z b−z q) 1

ε f γe−γ(z b−z q) −ε f γ

)

×
(

ϕ̂+
2

ϕ̂−
2

)

=

(

1 e−γh

εpγ −εpγe−γh

)

×
(

ϕ̂+
3

ϕ̂−
3

)

.

Then after simple calculations we get

ϕ̂+
2 =

ε f + εp

2ε f
eγ(z b−z q)ϕ̂+

3 +
ε f − εp

2ε f
eγ(z b−z q−h)ϕ−

3

=
q

2γε f
, (42)

ϕ̂−
2 =

ε f − εp

2ε f
ϕ̂+
3 +

ε f + εp

2ε f
e−γhϕ̂−

3

= R(γ, h)
q

2γε f
e−γ(z b−z q), (43)

where R(γ, h), as before, is expressed by formula (32).

The resulting expressions for ϕ̂+
2 and ϕ̂−

2 can also be

obtained from ϕ̂−
1 and the boundary condition on the plane

z = z 1 = z q, taking into account the presence of a charge

on the boundary [see (17)]

(

1 e−γ(z b−z q)

ε f γ −ε f γe−γ(z b−z q)

)

×
(

ϕ̂+
2

ϕ̂−
2

)

=

(

1 1

ε f γ −ε f γ

)

×
(

0

ϕ̂−
1

)

+

(

0

q

)

.

The total potential of the field inside the layer j = 2 is

expressed by the formula (4)

ϕ2(x , y, z ) = (2π)−2

+∞
∫

−∞

+∞
∫

−∞

ϕ̂+
2 e−γ(z−z q)ei(ξx+ηy)dξdη

+ (2π)−2

+∞
∫

−∞

+∞
∫

−∞

ϕ̂−
2 eγ(z−z q)ei(ξx+ηy)dξdη.

Inserting the expressions (42) and (43) we get

ϕ2(x , y, z ) = (2π)−2

+∞
∫

−∞

+∞
∫

−∞

qe−γ(z−z q)

2γε f
ei(ξx+ηy)dξdη

+ (2π)−2

+∞
∫

−∞

+∞
∫

−∞

R(γ, h)
qeγ(z−(2z b−z q))

2γε f
ei(ξx−ηy)dξdη.

Substituting here the expression for R(γ, h) and using

identity (33), we obtain

ϕ2(x , y, z ) = q
/

4πε f

√

x2 + y2 + (z − z q)2

+
ε f − εp

εp + ε f
q
/

4πε f

√

x2 + y2 + (z − (2z b − z q))2

+
q

(2π)2

+∞
∫

−∞

+∞
∫

−∞

(

2εp

γ(εp + ε f )

× εp − εdeγ(z−(2z b−z q))

[(εp + ε f )(εp + εd)e2γh + (εp − εd)(ε f − εp)]

)

× ei(ξx+ηy)dξdη. (44)

Note that this is the same expression as (34) for

ϕ1(x , y, z ) in the half-space j = 1. The first term of

this expression is the potential of a point charge q
located at the point rq = (0, 0, z q). The second

term — the potential of a point charge of magnitude

q(ε f − εp)(εp + ε f ) in a medium with permittivity ε f ,

which is mirrored relative to the z = z b plane, at the point

rre f = (0; 0; 2z b − z q). The third term — the potential

of the charge distributed over the plane z = z b with

some surface density (below it will be calculated explicitly

).

Passing to cylindrical coordinates (35) in the same way

as when considering the solution in the half-space j = 1,

we obtain from (44) a formula for ϕ2, similar to (36) in

Optics and Spectroscopy, 2022, Vol. 130, No. 9



Focusing of the surface plasmon wave on the nanovertex... 1179

cylindrical coordinates

ϕ2(ρ, ψ, z ) = q/4πε f

√

ρ2 + (z − z q)2

+
ε f − εp

εp + ε f
q/4πε f

√

ρ2 + (z − (2z b − z q))2

+
qεp(εp − εd)

π(εp + ε f )

×
+∞
∫

0

J0(ρλ)eλ(z−(2z b−z q))

[(εp + ε f )(εp + εd)e2λh + (εp − εd)(ε f − εp)]
dλ.

(45)

To find ϕind — the potential of the charges induced in the

plane-layered structure under consideration, it is necessary

to subtract the potential of the initial point charge from the

total potential in this region in the region z < z b . Then,

denoting z re f = 2z b − z q, we obtain from (44) and (45)
expressions in Cartesian and cylindrical coordinate systems

ϕind(x , y, z ) =
ε f − εp

εp + ε f
q/4πε f

√

x2 + y2 + (z − z re f )2

+
qεp(εp − εd)

2π2(εp + ε f )

×
+∞
∫

−∞

+∞
∫

−∞

eγ(z−z re f )ei(ξx+ηγ)

[γ(εp+ε f )(εp+εd)e2γh + (εp−εd)(ε f −εp)]
dξdη,

(46)

ϕind(ρ, ψ, z ) =
ε f − εp

εp + ε f
q/4πε f

√

ρ2 + (z − z re f )2

+
qεp(εp − εd)

π(εp + ε f )

×
+∞
∫

−∞

J0(ρλ)eλ(z−z re f )

[(εp + ε f )(εp + εd)e2λh + (εp − εd)(ε f − εp)]
dλ.

(47)

It can be seen from (45) that for h → +∞ the integral

vanishes, and we obtain the well-known formula for the

charge at the boundary of two half-spaces with the appro-

priate change of the permittivity symbols [17].

Generalization of the method of mirror
reflections in electrostatics to the case of
a point charge located near a flat-layered
medium

Continuing the consideration of the problem with one

film, we can find another form of writing for the potential

ϕind(x , y, z ) induced by a point charge q at the point

rq = (0, 0, z q). We use (33) and introduce the function

U(x , y, z ) = q/4πε f

√

x2 + y2 + z 2, which determines the

potential of a point charge q located at the origin in a space

with permittivity ε f .

Let us write the expression (46) as

ϕ(x , y, z ) =
ε f − εp

εp + ε f

q

4πε f

√

x2 + y2 + (z − z re f )2

+
q

(2π)2

+∞
∫

−∞

+∞
∫

−∞

χ(γ, h)
eγ(z−z re f )ei(ξx+ηy)

2ε f γ
dξdη, (48)

where the function χ(γ, h) = R(γ, h) − (ε f − εp)/(εp + ε f )

is defined by the formula

χ(γ, h) =
4εpε f

(εp + ε f )

× (εp − εd)

[(εp + ε f )(εp + εd)e2γh + (εp − εd)(ε f − εp)]
.

(49)

Let us also introduce the function

ru,ν = (2π)−2

+∞
∫

−∞

+∞
∫

−∞

χ
(

√

ξ2 + η2, h
)

ei(ξu+ην)dξdη.

(50)

Applying the convolution theorem to the second term in

(48), we can write ϕind(x , y, z ) as

ϕind(x , y, z ) =
ε f − εp

εp + ε f

q

4πε f

√

x2 + y2 + (z − z re f )2

+

+∞
∫

−∞

+∞
∫

−∞

r(u, ν)U(x − u, y − ν, z − z re f )dudν.

(51)

When ϕind is found numerically using formula (51),

the quadruple integration can be eliminated. This can

be done by reducing the double integration in (50) to a

single integration by passing to polar coordinates in the

(u, ν) and (ξ, η) planes using the formulas u = σ cosψ,

ν = σ sinψ and ξ = λ cos ϑ , η = λ sinϑ . Using the identity
2π
∫

0

eiρλ cos(ψ−ϑ)dϑ = 2πJ0(ρλ), we get

r(σ, ψ) = r(σ ) = (2π)−1

+∞
∫

0

J0(σ λ)χ(λ, h)λdλ

=
2εpε f (εp − εd)

π(εp + ε f )

×
∫ +∞

0

λJ0(σ λ)

[(εp + ε f )(εp + εd)e2λh + (εp − εd)(ε f − εp)]
dλ.
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Then in the coordinates (u, ν) we get

r(u, ν) = r
(
√

u2 + ν2
)

=
2εpε f (εp − εd)

π(εp + ε f )

×
+∞
∫

0

λJ0

(

λ
√

u2 + ν2
)

[(εp + ε f )(εp + εd)e2λh + (εp − εd)(ε f − εp)]
dλ.

(52)
The function r(σ ) is a smooth function, it can be very

easily approximated by splines, and in numerical integration

in (51) this function can be used as a spline approximation.

Formula (51) gives the potential induced in a layered

structure under the action of a point charge q located at the

point rq = (0, 0, q). Then for a point charge q located at an

arbitrary point rq = (xq, yq, z q), the total potential ϕ1 = ϕ2

in the half-space j = 1 and j = 2 can be written as

ϕ1(x , y, z ) = ϕ2(x , y, z ) =

= q/4πε f

√

(x − xq)2 + (y − yq)2 + (z − z q)2

+
(ε f − εp)

(εp + ε f )
q/4πε f

√

(x−xq)2+(y−yq)2+(z−z re f )2

+

+∞
∫

−∞

+∞
∫

−∞

r(u, ν)U(x−xq−u, y−yq−ν, z−z re f )dudν,

(53)
where, as before, z re f = 2z b − z q .

The resulting formula generalizes the method of specular

reflections in electrostatics to the case when a point charge q
is located in one half-space next to a film of thickness h
located on the boundary of another half-space. The

expression (53) has a simple physical meaning. The first

term in (53) — the potential of the initial point charge q
(field source), the second term — the potential of the virtual

charge of the value q(ε f − εp)/(εp + ε f ), which is mirrored

with respect to the nearest film boundary z = z b, and the

third term the potential of virtual charges distributed over

the plane z = z re f with a density q · r(x , y) concentrated

in a surface region with a size on the order of the film

thickness h. It is easy to see from the expression (52) for

r(u, ν) that the last term in (53) decreases quite rapidly

with increasing film thickness (at h → ∞).
It can be seen from the derivation of formula (53) that for

the case of a plane-layered structure consisting of an arbi-

trary number of films, we can obtain a similar formula, but

with a different distribution of the surface charge q · r(x , y)
over the plane z = z re f , this distribution will depend on the

thicknesses of all films and their permittivities, as well as on

the parameters of the half-space behind the planar-layered

structure. Following the arguments proposed above, one

can numerically or analytically find the function r(x , y) for

a multifilm structure and use this function in formula (53).
For further generalizations, it is easy to obtain formulas

of the form (53) for the field potential of a point charge q

located at an arbitrary point rq = (xq, yq, z q) in the film

region ( j = 3) and in the half-space behind the film ( j = 4).

Here is the calculation result:

ϕ3(x , y, z ) =
2ε f

(εp + ε f )
U(x − xq, y − yq, z − z q)

− (ε f − εp)

2εp

+∞
∫

−∞

+∞
∫

−∞

r(u, ν)

×U(x−xq−u, y−yq−ν, z−z q)dudν

+
2ε f (εp − εd)

(εp + ε f )(εp + εd)

×U(x − xq, y − yq, z − [2(z f + h) − z q])

− (εp − εd)(ε f − εp)

2εp(εp + εd)

+∞
∫

−∞

+∞
∫

−∞

r(u, ν)

×U(x − xq − u, y − yq − ν, z − [2(z b + h) − z q])dudν
(54)

ϕ4(x , y, z ) =
4ε f εp

(εp + ε f )(εp + εd)
U(x − xq, y − yq, z − z q)

− (ε f − εp)

(εp + εd)

+∞
∫

−∞

+∞
∫

−∞

r(u, ν)

×U(x − xq − u, y − yq − ν, z − z q)dudν,
(55)

where the functions are defined (52).

Generalization of the mirror reflection
method to the case of a system of source
charges

Let us now generalize the obtained method of mirror re-

flections and find the potential of the total field 8tot(x , y, z )

in the region z < z b in front of the film (Fig. 5) of an

arbitrary compact system Nq of source charges qk located

at points with radius vectors rq,k = (xq,k , yq,k , z q,k), where

k = 1, 2, . . . , Nq .

If there were no plane-layered structure, then the potential

of this system of charges-sources would be represented by

the formula

8s (x , y, z ) =

=

Nq
∑

k=1

qk/4πε f

√

(x − xq,k)2 + (y − yq,k)2 + (z − z 2
q,k).

(56)
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Summing expressions (53) for each charge qk over all Nq

charges of the system and noticing that

Nq
∑

k=1

qk/4πε f

√

(x−xq,k)2 + (y−yq,k)2 + (z−(z b − z q,k))2

=

Nq
∑

k=1

qk/4πε f

√

(x−xq,k)2+(y−yq,k)2+((2z b−z )−z q,k)2

= 8s (x , y, 2z b − z ),

we obtain a generalization of the method of mirror reflec-

tions in electrostatics for arbitrary charge distributions in the

form

8tot(x , y, z ) = 8s(x , y, z ) +
(ε f − εp)

(εp + ε f )
8s (x , y, 2z b − z )

+

+∞
∫

−∞

+∞
∫

−∞

r(u, ν)8s(x − u, y − ν, 2z b − z )dudν.

(57)

A generalization of the specular reflection method was

obtained earlier in studies [18,19], in a slightly different

way, and was successfully applied to the problem of

nanofocusing of a surface plasmon wave at the vertex of

a metal tip. In this case, the field of the paraboloidal tip

outside and inside was decomposed into complete systems

of harmonic functions. The generalized method of mirror

reflections allows to obtain an equation that determines

these expansions. The solution of this nanofocusing problem

allows to calculate the distribution of the focused field in

a photoresist film, which is important for nanolithography

problems.

It follows from the derivation of formula (57) that the

potential of induced charges 8ind , which is generated by the

potential 8s of distributions of charge-sources of the field,

has the form

8ind(x , y, z ) =
(ε f − εp)

(εp + ε f )
8s(x , y, 2z b − z )

+

+∞
∫

−∞

+∞
∫

−∞

r(u, ν)8s(x − u, y − ν, 2z b − z )dudν. (58)

Similarly, from (54) and (55) we find the potential of

the total field 83 in the film at z b ≤ z ≤ (z b + h) ( j = 3)

and the potential 84 of the full field in the half-space for

(z ≥ z b + h) ( j = 4):

83(x , y, z ) =
2ε f

(εp + ε f )
8s(x , y, z ) − (ε f − εp)

2εp

×
+∞
∫

−∞

+∞
∫

−∞

r(u, ν)8s(x − u, y − ν, z )dudν

+
2ε f (εp − εd)

(εp + ε f )(εp + εd)
8s (x , y, 2(z b + h) − z )

− (εp − εd)(ε f − εp)

2εp(εp + εd)

+∞
∫

−∞

+∞
∫

−∞

r(u, ν)

× 8s (x − u, y − ν, 2(z b + h) − z )dudν, (59)

84(x , y, z ) =
4ε f εp

(εp + ε f )(εp + εd)
8s (x , y, z ) − (ε f − εp)

(εp + εd)

+∞
∫

−∞

+∞
∫

−∞

r(u, ν)8s(x − u, y − ν, z )dudν.

(60)

Distribution of the electric field at the
nanovertex of a metal micropoint located
near the flat boundary of a thin-film
structure in the quasi-static approximation

Let us consider a metal tip with a nanosized vertex

radius R. Let the surface of the tip near the vertex be

represented (axisymmetric about the Z axis) paraboloid of

revolution z = R/2− (x2 + y2)/2R (Fig. 6) . Let a film

of thickness h with boundaries z = z b and z = (z b + h)
be located near the tip. It is assumed that z b ≥ R/2.
The complex permittivities of the metal of the tip, the

external homogeneous medium, the film, and the semi-

infinite medium behind the film are denoted by εm, ε f , εp,

and εd , respectively ( Fig. 6).
Let us consider the distribution of a harmonic electric

field, which will be established in the vicinity of the

micropoint nanovertex upon convergence of a symmetric

TM surface plasmon wave, which is used to focus the

light field on the metal micropoint nanovertex in important

applications [1].
When solving this problem, we will use the complex

representation of fields with time dependence e−iωt , where

ω — cyclic frequency. We will assume that the charac-

teristic geometric dimensions of the problem (on the order

of ten nanometers) are much smaller than the length of

an electromagnetic wave in vacuum corresponding to the

frequency ω. It can be shown [7,20,21] that such a problem

near the nanovertex can be solved in a quasi-electrostatic

formulation, in which the complex potential of the electric

field 8 satisfies the Laplace equation 18 = 0, and the
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Figure 5. system of point charges qk for a film located on the

boundary of a half-space.
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Figure 6. Vertex of the metal paraboloidal tip at the film located

on the boundary of the half-space. Geometry of the problem.

normal and the tangential components of the electric field

on the tip surface and on two flat film boundaries should

correspond to the known boundary conditions on the tip

surface:

ε f E f ,n = εmEm,n and E f ,τ = Em,τ , (61)

on the film boundary z = z b :

εpE3,n = ε f E f ,n and E3,τ = E f ,τ , (62)

on the film boundary z = z b :

εdE4,n = εpE3,n and E4,τ = E3,τ . (63)

We will look for an axisymmetric solution of the Laplace

equation, which has a field maximum at the tip vertex, that

corresponds to the focusing of a surface symmetric plasmon

TM wave on it.

In addition, to automatically satisfy the boundary condi-

tions on the flat film surfaces (62) and (63), we will use

a special method, which will be described below. Let the

potential of charges located on a paraboloidal metal tip in a

space with a permeability ε f be described by the function

8s(x , y, z ). Let the potential of induced charges at the film

boundaries (note that it follows from Maxwell’s equations

that there are no polarization charges inside a homogeneous

dielectric, they can only be at the boundary) in a space

with a permeability ε f equal to 8ind(x , y, z ). Then the

total potential 8tot in a region filled with a dielectric with

permittivity ε f is equal to

8tot(x , y, z ) = 8s(x , y, z ) + 8ind(x , y, z ). (64)

Let the potential of the electric field excited by the

charges of the tip in the regions with εp and εd , i.e. in

the film and in the half-space behind the film are equal to

83(x , y, z ) and 84(x , y, z ), respectively.
Let us find the general form of the potential of a single

tip without a layered structure nearby, which satisfies the

Laplace equation in a homogeneous dielectric space outside

8s(x , y, z ) and inside 8m(x , y, z ) of the tip, and boundary

conditions (61) should be satisfied at the tip boundary.

Let us introduce paraboloidal coordinates [22] (a system

of parabolic coordinates of rotation) (α, β, ψ), which are

related to rectangular Cartesian coordinates (x , y, z ) by the

formulas

x = cαβ cosψ, y = cαβ sinψ, z = c(β2 − α2)/2,
(65)

where c — scaling constant factor. In the coordinate system

under consideration with origin at point 0 and axis Z
(Fig. 6), the Laplace equation for the electric potential

inside 8m or outside 8s of the tip at axial symmetries (8m

and 8s do not depend on ψ) can be written as follows [22]:

18 = c−2(α2+β2)−1

(

∂28

∂α2
+
∂28

∂β2
+
1

α

∂8

∂α
+
1

β

∂8

∂β

)

= 0.

(66)
The general axisymmetric solution (66) is known [22]

and is determined by the expression

8 =
∑

(B1J0(pα) + B2Y0(pα))

× (C1I0(pβ) + C2K0(pβ)), (67)

where p, B1, B2,C1,C2 are constants; J0,Y0 — Bessel

functions of the first and second kind of zero order;

I0, K0 — modified Bessel functions of the first and second
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kind of zero order. The summation is performed over the

solutions with different constants values.

Let the boundary of the paraboloidal tip be determined

by the equation β = β . It follows from (65) that the

boundary of the tip β = β0 in Cartesian coordinates (x , y, z )
is determined by the equation z = cβ20/2− (x2 + y2)/2cβ20 .
It is easy to show that the radius of curvature of the vertex

of the tip is R = cβ20 .
Bearing in mind the generality of the further

presentation, we pass to dimensionless coordinates:

x̃ = x/R, ỹ = y/R, z̃ = z/R and α̃ = α/β0,

β̃ = β/β0. Dimensionless paraboloidal (α̃, β̃) and

Cartesian coordinates on the plane (x̃ , z̃ ) are related

by the formulas α̃ =

√

√

x̃2 + ỹ2 + z̃ 2 − z̃ and

β̃ =
√

x̃2 + ỹ2
/

√

√

x̃2 + ỹ2 + z̃ 2 − z̃ . In these coordinates

the tip boundary will be determined by the function

z̃ = 1/2− (x̃2 + ỹ2)/2. We normalize the potential to its

value U at the field maximum at the tip vertex, then we can

pass from the dimensional to the dimensionless potential

8̃ = 8/U , for which equation (66) in dimensionless

coordinates should be satisfied.

In the axisymmetric case, to fulfill the boundary condi-

tions on the surface of the tip revolution, it is sufficient to

satisfy them on the line of intersection of the tip surface

with any plane of symmetry passing through the Z axis. As

such a plane we choose the plane (x̃ , z̃ ) for ỹ = 0. More

specifically, it suffices to satisfy the boundary conditions

only on the boundary of the intersection of the half-

plane ỹ = 0 at x̃ ≥ 0 and the surface of the considered

paraboloidal tip. In dimensionless coordinates, this will

be the curve z̃ = 1/2− x̃2/2, for ỹ = 0 and x̃ ≥ 0. In

normalized Cartesian coordinates in the plane (x̃ , z̃ ) with

ỹ = 0, the components of the normalized electric field will

have the form: Ẽx̄ = −∂8̃/∂ x̃ , Ẽz̄ = −∂8̃/∂ z̃ .
So, based on the general solution (67), we will look for a

solution to the boundary value problem for the electric field

in the vicinity of the tip, assuming that the potential outside

is 8̃s , at β ≥ β0, and the potential inside the metal tip 8̃m,

at β ≤ β0, have the form, respectively

8s =
N
∑

j=1

A jJ0(λ j α̃)K0(λ j β̃),

and

8m =

N
∑

j=1

B jJ0(λ j α̃)I0(λ j β̃), (68)

where A j, B j and λ j — constants. λi values can be chosen

as λ j = µ j/L, where µ j , j = 1, 2, . . . , N — the first N
roots of the Bessel equation J0(µ j) = 0, and L — some

dimensionless distance from the vertex, by which we will

satisfy the boundary conditions on the surface of the tip.

In the limit N → ∞ of the function J0(λ j α̃) with the above

choice λ j on the interval 0 ≤ α̃ ≤ L form a complete system

of functions [23].

Note that the choice of functional dependencies (68) from
the general solution (67) is due to natural requirements for

the field concentrated at the vertex (which single out these

dependencies uniquely):
a) Outside the tip, the field potential should decrease with

distance from its surface, be finite and maximum at the tip

vertex.

b) Inside the tip metal, the potential should be finite at

the origin. In addition, the electrical potential should be

continuous across the boundary.

Then the potential of the charges of the 8̃ tip in

the coordinates (x̃ , ỹ , z̃ ) in the medium with ε f , after

substituting the expressions α̃ =

√

√

x̃2 + ỹ2 + z̃ 2 − z̃ and

β̃ =
√

x̃2 + ỹ2/

√

√

x̃2 + ỹ2 + z̃ 2 − z̃ in (68) can be as

follows

8̃s(x̃ , ỹ , z̃ ) =

N
∑

j=1

A jF j(x̃ , ỹ , z̃ ), (69)

where

F j(x̃ , ỹ , z̃ ) = J0

(

λ j

√

√

x̃2 + ỹ2 + z̃ 2 − z̃

)

× K0

(

λ j

√

x̃2 + ỹ2/

√

√

x̃2 + ỹ2 + z̃ 2 − z̃

)

Similarly, the potential of induced charges in the flat-

layered structure 8̃ind(x̃ , ỹ z̃ ) can be represented, taking into

account (58), as follows

8ind(x̃ , ỹ , z̃ ) =

N
∑

j=1

A jP j(x̃ , ỹ , z̃ ). (70)

where

P j(x̃ , ỹ , z̃ ) =
(ε f − εp)

(εp + ε f )
F j(x̃ , ỹ , z̃ )

+

+∞
∫

−∞

+∞
∫

−∞

r(u, ν)F j(x̃ − u, ỹ − ν, 2z̃ b − z̃ )dudν.

Substituting (69) and (70) into (64), we obtain the total

potential in a medium with ε f as follows

8tot(x̃ , ỹ , z̃ ) =
N
∑

j=1

A j (F j(x̃ , ỹ , z̃ ) + P j(x̃ , ỹ , z̃ )) . (71)

Similarly from (68) in the tip metal the potential can be

represented as

8̃m(x̃ , ỹ , z̃ ) =

N
∑

j=1

B jH j(x̃ , ỹ , z̃ ), (72)

where

H j(x̃ , ỹ , z̃ ) = J0

(

λ j

√

√

x̃2 + ỹ2 + z̃ 2 − z̃

)

× I0

(

λ j

√

x̃2 + ỹ2/

√

√

x̃2 + ỹ2 + z̃ 2 − z̃

)
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On the tip boundary (for ỹ = 0, z̃ = 1/2− x̃2/2), the

unit vectors of the normal and tangent are represented by

the formulas

n = ex̃

(

x̃/
√

1 + x̃2

)

+ ez̃

(

1/
√

1 + x̃2

)

;

τ = ex̃

(

1/
√

1 + x̃2

)

+ ez̃

(

−x̃/
√

1 + x̃2

)

.

Then the boundary conditions for normal and tangential

fields on the tip surface can be written

−ε f ∂8̃tot/∂n
∣

∣

∣ ỹ=0
z̃=−1/2−x̃2/2

+ εm∂8̃m/∂n
∣

∣

∣ ỹ=0
z̃=−1/2−x̃2/2

= 0

and

−∂8̃tot/∂τ

∣

∣

∣ ỹ=0
z̃=1/2−x̃2/2

+ ∂8̃m/∂τ

∣

∣

∣ ỹ=0
z̃=1/2−x̃2/2

= 0. (73)

If we substitute expressions (71), (72) into (73), then we

obtain linear equations with respect to A j , B j , which can be

represented as

−ε f

N
∑

j=1

a j(x̃)A j + εm

N
∑

j=1

b j(x̃)B j = 0

and
N
∑

j=1

c j(x̃)A j +
N
∑

j=1

d j(x̃)B j = 0. (74)

To save space, we will not write out the functions a j(x̃),
b j(x̃), c j(x̃)here and d j(x̃) in explicit form, which are

obtained by the indicated trivial substitution.

In this study, equations (74) were solved by the colloca-

tion method [24]. These equations were written at (N − 1)
points of the curve z̃ = 1/2− x̃2/2 for ỹ = 0 and x̃ > 0

on the surface of the tip. As a result, (2N − 2) linear

algebraic equations with 2N unknown coefficients A j and

B j were obtained. To obtain a unique solution, two more

equations were added: the potentials at the tip vertex were

set equal to unity, outside 8̃tot(0, 0, 1/2) = 1 and inside

8̃m(0, 0, 1/2) = 1. As a result of solving the resulting

system of 2N equations, find A j and B j , and the potential

and electric field distributions over them in the entire space.

This resulted in a normalized (to unity at the tip vertex)
distribution 8̃tot(x̃ , ỹ , z̃ ).
Knowing all A j , one can find 8̃s (x̃ , ỹ , z̃ ). Then, using

formulas (59) and (60), one can find the potentials both in

the film and in the free half-space as follows:

8̃3(x̃ , ỹ , z̃ ) =

N
∑

j=1

A j

(

2ε f

(εp + ε f )
F j(x̃ , ỹ , z̃ )

− (ε f − εp)

2εp
S j(x̃ , ỹ , z̃ )

+
2ε f (εp − εd)

(εp + ε f )(εp + εd)
F j(x̃ , ỹ , 2(z̃ b + h̃) − z̃ )

− (εp − εd)(ε f − εp)

2εp(εp + εd)
S j(x̃ , ỹ , 2(z̃ b + h̃) − z̃ )

)

, (75)

8̃4(x̃ , ỹ , z̃ ) =

N
∑

j=1

A j

(

4ε f εp

(εp + ε f )(εp + εd)
F j(x̃ , ỹ , z̃ )

− (ε f − εp)

(εp + εd)
S j(x̃ , ỹ , z̃ )

)

,

(76)

where S j(x̃ , ỹ , z̃ ) =
+∞
∫

−∞

+∞
∫

−∞

r(u, ν)F j(x̃ − u, ỹ − ν, z̃ ) for-

mulas (71), (75) and (76) solve the problem of finding the

potential outside the tip and in the entire layered structure

from known values A j .

Generalization of the specular reflection
method for the case of a plane-layered
structure with an arbitrary number of films

If we analyze the obtained in the previous section

generalization of the reflection method for a system of

the charges located near the one film boundary, then an

important point in the generalization was the representation

of the solution of equation (27) for one charge in the form

(31), i.e. as follows

ϕ̂−
1 =

q
2γε f

+
q

2γε f
e2γ(z b−z q)R(γ, h),

where R(γ, h) = (ε f − εp)/(εp + ε f ) + χ(γ, h), while the

function χ(γ, h) is determined for a plane-layered structure

consisting of a single film by analytical formula (49) and

depends on the film thickness and on all permittivities of

the problem.

The function R(γ, h) determines the potential

ϕind(x , y, z ) of induced charges, and the reflection

from the film boundary z = z b is determined by the term

(ε f − εp)/(εp + ε f ), and the influence of the parameters

of the film and the half-space behind is determined by the

function χ(γ, h) (see (48)).

Note that χ(γ, h) arises from the problem of finding the

field from a point charge located near one film of a flat-

layered structure. If there are several films in a plane layered

structure, then it can be shown that the solution ϕ̂−
1 of an

equation of type (27) for a point charge will have the same

form

ϕ̂−
1 =

q
2γε f

+
q

2γε f
e−2γ(z b−z q)

(

(ε f − εp)

(εP + ε f )
+ χ(γ)

)

,

but the function χ(γ) will depend on γ and all parameters of

the media and film thicknesses. For two films it is possible

to obtain analytical formulas for χ(γ), but they turn out to

be cumbersome to use. One can prove the above statement

by induction, and also verify numerically that χ(γ) — is a

rapidly decreasing function whose inverse Fourier transform

exists and the integrals rapidly converge.

Thus, for fixed thicknesses and dielectric parameters of

the problem, the function χ depends only on γ and can
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always be found numerically from the found ϕ̂−
1 (from (27))

in the following way:

χ(γ)=
2γε f

q
e2γ(z b−z q)

(

ϕ̂−
1 (γ)− q

2γε f

)

−
(

ε f −εp

εp+ε f

)

.

This function can be approximated by a one-

dimensional spline in γ by calculating the values

of χ(γ) at a finite number of points γ . Then

the inverse Fourier transform of this function

r(u, ν)) = (2π)−2
+∞
∫

0

+∞
∫

0

χ
(

√

ξ2 + η2), h
)

ei(ξu+ην)dξdη

will have the simple form r(u, ν) = r
(√

u2 + ν2
)

and

also be represented as a one-dimensional spline . Then for

one point charge next to the multilayer planar structure

ϕ1(x , y, z ) and ϕind(x , y, z ) will have the same form (53)

and (51), but with another function r(u, ν) = r
(√

u2 + ν2
)

represented by a one-dimensional spline . We emphasize

that the function r(u, ν) is determined from the problem

for a point charge.

If the potential of a system of charges in free space is

known without taking into account the flat-layered structure

8s(x , y, z ), which is expressed by formula (56), then the

representation (57) for the total potential 8tot(x , y, z ) taking
into account an arbitrary flat-layered structure in the free

region of the half-space in front of it.

How can we now find the potentials inside a plane

layered multifilm structure, since formulas (75) and (76)
are suitable only for one film? The answer is as fol-

lows: knowing 8̃tot(x̃ , ỹ , z̃ ), one can find 8̃tot(x̃ , ỹ , z̃ b)and
D̃tot,x (x̃ , ỹ , z̃ b) = −ε f ∂8̃tot(x̃ , ỹ , z̃ )/∂ z̃ |z̃=z̃ b , which means

that the Fourier transforms of these functions can be found

on this boundary:

T(ξ, η) =

+∞
∫

−∞

+∞
∫

−∞

8̃tot(x̃ , ỹ , z̃ b)e
−iξ x̃−iηỹ dx̃dỹ,

D(ξ, η) =

+∞
∫

−∞

+∞
∫

−∞

D̃tot,x (x̃ , ỹ , z̃ b)e
−iξ x̃−iηỹ dx̃dỹ,

Due to the symmetry of the problem,

8̃tot(x̃ , ỹ , z̃ b) = 8̃tot(ρ̃, z̃ b) , D̃tot,z (x̃ , ỹ , z̃ b) = D̃tot,z (ρ̃, z̃ b),

T(ξ, η) = T(γ), D(ξ, η) = D(γ), where ρ̃ =
√

x̃2 + ỹ2,

γ =
√

ξ2 + η2. Then from (6) and boundary conditions (8),
we obtain

(

T(γ)

D(γ)

)

=

(

1 e−γ h̃1

ε3γ −ε3γe−γ h̃1

)

× F̂3

or

F̂3 =

(

ϕ̂+
3

ϕ̂−
3

)

=

(

1 e−γ h̃1

ε3γ −ε3γe−γ h̃1

)−1

×
(

T(γ)

D(γ)

)

, (77)

where h̃1 — the first film thickness, ε3 — its permittivity.

From the functions ϕ̂+
3 (γ) and ϕ̂−

3 (γ) obtained from (77)
and from the expression (4) find the potential in the first

film (thickness h̃1):

8̃3(x̃ , ỹ , z̃ ) = (2π)−2

+∞
∫

−∞

+∞
∫

−∞

ϕ̂+
3 (γ)e−γ(z̃−z̃ b)ei(ξ x̃+ηỹ)dξdη

+ (2π)−2

+∞
∫

−∞

+∞
∫

−∞

ϕ̂+
3 (γ)eγ(z̃−(z̃+h̃1))ei(ξ x̃+ηỹ)dξdη.

In the next film with thickness h̃2 and permittivity ε4, we

calculate the field from equation (9) relating F̂3 and F̂4, i.e.

F̂4 = L−1
4 × R3 × F̂3 or

F̂4 =

(

ϕ̂+
4

ϕ̂−
4

)

=

(

1 e−γ h̃2

ε4γ −ε4γe−γ h̃2

)

×
(

e−γ h̃1 1

ε3γe−γ h̃1 −ε3γ

)

× F̂3,

(78)

here h̃1 and h̃2 — the thicknesses of the first and second

films in normalized coordinates. Then, having calculated

from (78) the functions ϕ̂+
4 and ϕ̂−

4 , we obtain the potential

in the second film:

8̃4(x̃ , ỹ , z̃ ) = (2π)−2

+∞
∫

−∞

+∞
∫

−∞

ϕ̂+
4 (γ)e−γ(z̃−z̃ 3)ei(ξ x̃+ηỹ)dξdη

+ (2π)−2

+∞
∫

−∞

+∞
∫

−∞

ϕ̂−
4 (γ)eγ(z̃−z̃ 4)ei(ξ x̃+ηỹ)dξdη.

Continuing in the same way, one can find the total

potentials from the charged tip in all the films of the

problem and in the half-space behind them. For definiteness,

consider the problem with two films. Let us write the

boundary condition on the last boundary of the second film

and half-space: L5 × F̂5 = R4 × F̂4, where

L5 = T5 =

(

1 1

ε5γ −ε5γ

)

,

whence F̂5 = L−1
5 × R4 × F̂4 or

F̂5 =

(

ϕ̂+
5

0

)

= T−1
5 × T−1

4 × T−1
3 ×

(

T(γ)

D(γ)

)

,

where T−1
3 = R3 × (L3)

−1, T−1
4 = R4 × (L4)

−1, and R3,

L3, R4, L4 are expressed by formulas (7). Having calculated

ϕ̂+
5 , we obtain the potential in the free half-space

8̃5(x̃ , ỹ , z̃ ) = (2π)−2

+∞
∫

−∞

+∞
∫

−∞

ϕ̂+
5 (γ)e−γ(z̃−z̃ 4)ei(ξ x̃+ηỹ)dξdη.
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Figure 7. Distribution of the amplitude of the electric field normalized to the unity at the maximum (at the tip vertex): (a) for the film

thickness h̃ = 0.5, the permittivity of the tip, the film, and the half-space behind the film, respectively, −11.6 + i1.2, 2 and −11.6 + i1.2;
(b) and (c) the same for two films of thickness h̃1h̃2 = 0.5 and dielectric constants of the tip , the first film, the second film and the

half-space behind the film −11.6 + i1.2, 2, 011.6 + i1.2 and 4.

Study of the focal distribution of the EM
field near the nanovertex tip located next
to the flat-layered structure

Numerical calculations were made of the amplitude

distribution of the focused field for a gold tip located near

a plane-layered structure, which occurs when a plasmon-

polariton TM wave converges (along the surface of the

tip to the vertex). The frequency of the focused wave

corresponds to the wavelength in vacuum λ0 = 633 nm.

The permittivity of gold at this frequency was assumed

to be εm = −11.6 + i1.2 [25]. The paraboloidal tip was

located in a medium with ε f = 1 next to a flat-layered

structure consisting of a single film with a thickness

equal to h̃ = 0.5 (in units normalized to the curvature

radius of the tip). The dielectric constant of the film is

εp = 2, and the half-space behind the film is filled with

gold εd = εm. The film boundaries were determined by

the equations z̃ = z̃ 2 = z̃ b = 1 and z̃ = z̃ 3 = z̃ b + h̃ = 1.5

(Fig. 4, 6). The vertex of the metal tip was located at a

distance 1z̃ = 0.5 from the film surface. The system of

equations (74) was solved by the collocation method at

individual points of the boundary near the vertex of the tip,

as described above.

Figure 7, a shows the amplitude distribution of the total

electric field in the (x̃ , z̃ ) plane normalized to unity at the

maximum for the above parameters. It can be seen that the

field has the greatest value in free space (in the region c ε f ,

Fig. 6) near the vertex. The field in the film with εp = 2

is less, and in the metal of the tip and half-space of the

substrate it is much less than the maximum. This is due

to the natural screening of the electric field in the dielectric

and metal, which occurs due to the occurrence of induced

charges. The greater the dielectric constant, the stronger

the shielding. An important property of the resulting

field distribution is that its characteristic size in normalized

coordinates is the same and is equal in order of magnitude

to the tip vertex radius. That is, at nanosized vertices and the
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focal field distribution in the photoresist dielectric film will

be nanosized. The obtained solution theoretically rigorously

proves the fundamental possibility of nanolithography based

on the polymerization of a photoresist at the focus of the

described excited metal tip, and with nanoscale accuracy.

The problem with two films was considered. The

paraboloidal tip, as in previous calculations, was in a

medium with ε f = 1 next to a flat-layered structure consist-

ing of two films. The first film, as in the previous example,

had a thickness h̃1 = 0.5 and a permittivity ε3 = εp = 2.

The second film had thickness h̃2 = 0.5 and permittivity

ε4 = εm (gold film). The half-space behind the second

film had a permittivity ε5 = εd = 4. The film bound-

aries were determined by the equations z̃ = z̃ 2 = z̃ b = 1,

z̃ = z̃ 3 = z̃ b + h̃1 = 1.5, and z̃ = z̃ 4 = z̃ b + h̃1 + h̃2 = 2.

The vertex of the metal tip was located, as in the

previous problem, at a distance of 1z̃ = 0.5 from the

film surface. The system of equations was solved by the

method described in the previous section for two films.

The Figure 7, b, c shows the results of calculations of the

normalized (by one at the maximum at the tip vertex)

distribution of the field amplitude in the (x̃ , z̃ ) plane. It can

be seen from the figures that qualitatively the conclusions

made for the previous problem are preserved. The field

does not penetrate well into a metal with a large modulus

of permittivity. It is important that the field has a significant

level in the dielectric film with the permittivity εp = 2,

which models the photoresist layer. A thin metal film helps

to localize the field in the dielectric film and can be used

for auxiliary, technological purposes, for sharper focusing of

the field in the photoresist.

Conclusion

The study proposes an original matrix technique for

finding the fundamental solution of the Laplace operator for

plane-layered media using the example of an electrostatic

problem. A generalization of the specular reflection method

for plane-layered media is proposed in a formulation that

allows one to use the advantage of the proposed matrix

technique. The main features of the developed method

are logical simplicity and the possibility of generalizing the

solution to multifilm structures and, in the limit, to gradient

films.

The application of the method for finding the focal

distribution of the electric field in the vicinity of the

nanovertex of a metal micropoint located next to one

photoresist film allows to describe the field penetration

into the film and, thus, to solve practical problems of

nanolithography. For the first time, the problem of finding

the field distribution at the vertex of a metal tip located

near two films (dielectric and metal) demonstrated the

application possibilities of the proposed approaches.
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