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Introduction

Various options of the linear theory of laser generation
of sound waves by one- and two-layer samples in a
photoacoustic (PA) chamber, when the signal is recorded by
a microphone technique, are proposed in [1-4]. Numerous
theoretical and experimental studies have shown that the
parameters of the PA signal are saturated with information
about the physical quantities of condensed media, including
nanosystems (see, for example, [5-11]). The main mecha-
nism of excitation of acoustic waves in this case is thermal,
due to the periodic change in the heat flux coming from the
sample into the gas layer, the thermal acoustic piston model
[1]. Tt is known that when performing an PA experiment, as
a rule, a laser beam is used, the spatial distribution of which
is Gaussian, and with an increase in its intensity lo, a
significant increase in the temperature of the sample occurs,
due to which all physical quantities of the medium become
temperature-dependent, and this dependence is commonly
called thermal nonlinearity (TN) [7].

The features of the excitation of nonlinear components
of heat waves, including the second harmonic (SH), are
studied in sufficient detail in [12-14]. Meanwhile, relatively
recently it was shown [15] that the resolution of the PA
microscope on the SH significantly exceeds the resolution of
a conventional PA microscope on the fundamental harmonic
(FH) and this allowed the authors to implement the visu-
alization of biological samples. Essentially, a fundamentally
new opportunity has emerged for the visualization of ultra-
high resolution biological materials, which is a significant

potential for the development of studies of nonlinear PA
response of samples.

For the case when the registration of the PA signal is
performed by the gas-microphone technique, the theoretical
consideration is carried out in [16,17]. In [17] for a two-
layer one-dimensional PA chamber model, the theory of
generating a nonlinear PA response was developed when
the sample is low heat conducting, but which is not
acceptable for samples with moderate or high thermal
conductivity. The purpose of this paper is to summarize
the results of [17] and a detailed theoretical study of the
contribution of the TN substrate to the characteristics of a
nonlinear PA signal.

1. Mathematical model

Suppose that the intensity of the monochromatic beam
incident on the PA chamber is modulated harmonically
with the frequency w, and the absorption coefficient of
the incident beam of the sample is — B. As in [17], we
consider a one-dimensional model of the PA chamber in
which the buffer gas and the substrate are transparent for the
incident beam, and then the following system of nonlinear
heat conduction equations for all layers of the chamber takes
place:

Cpg(T, 8Té 0 T, BTQ/ 0<x<I 1
pg(g)ﬁ—& K(g)g, <x<lg, (1)
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AT, 9 aT.
o _&<KS(TS)W)

+05A( )Blo(1 +€“) exp(Bx), 1 <x <0, (2)

Cpb(Tb <

Cps(Ts) ==

8 > —(lp+1)<x< -
(3)

The temperature dependence of the values
Cyi(T) =picp and «i(T) — the heat capacity of the
volume unit and the thermal conductivity coefficient of the
corresponding layers in the PA chamber, as well as A(T) —
the degree of blackness of the sample is considered linear
and let us imagine in the following form

Co =CY (1 +8T ) ki = V(1 + 64T,

A=AV 45T,

where C\) = Cpi(To), & = x(To), AQ =A(Ty) — ini-
tial values, and & = (1 /C(p?))(acpi /0T), x5 = (1/6%)
x (3ki /0T), 83 = (1/A)(dA/dT) — thermal coefficients
of the same values.

The temperature perturbation is represented as a sum

T (x.1)

where Tyi(X) is locally equilibrium, and ®i(x,t) and
®y; (X, t) are linear and nonlinear components correspond-
ing to the acoustic parts on the main and second harmonics.
Then from (1)—(3) we obtain the following systems of
equations for Tgi (X), @1ni(X, 1) and Pyni(X, t):

= Toi (X) + i (X, t) + Dyni (X, t) + Poni (X, 1),

d [dTyi(x dT2(x .
I % +0.568; %} =Hi, i=g9,sb, (4
CROIN A I 5}& 51| 9
X2 0 ot 2 ax2 > at

X (T()i (X)‘Du (X, t)) +Hy, i= ag,s, b, (5)

32D 1 0Dy 1 ( 92 S 9 >
Tav2 (0 ar  — Al% 375 T T ar
X Xi(O) ot 2 X Xi(o) it
x (®f(x,t)) +Ha, i=g,s,b, (6)
where
0.58 A1 (1 + 835 Tos(0)) €%
He = ©) ’
Ks
Hig=Hip=0,

His = 0.5A BI85 [Tos(0)€'“! + @ (0, t)] €,
Hag = Hab = 0, Has = —0.5A0818;® (0, t)e' e,

(I)L(t, X) = ®(w, X) X
= @i (w, X) exp(iwt) and
= Oy (2w, X) exp(i2wt).  Then from (4)—(6)

Taking into account that
x exp(iwt) [1], put Pini(t, X)
D (t, X)
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for functions Wy (X, 0) = i (X, @) + 82 Toi (X) @i (X, @)
and Wy (t, X) = ®oni (20, X) + 0.58 P (w, X) we get the
following system of equations:

dz\Ij“ 2
50 AW = 62 (86 — 62) Toi (X)®ui (X, @) + Gy,
i=g,s,b, (7)
d2\112' 6 62
dle o5 W ( > l)(fzziq)ﬁi(w’x)+62i’
i=g,s,b, (8)
where

Gy = Gb = 0, Gs = —0.5A81(83[0¢ + ®Ls5(0, w)]e?,

Gag = Gap =0,
Gas == —0.5A)B108:015(0, w)e™,
Drg(X, ©) = OLE™, Bpp(X, @) = W ™)
DLs(X, w) = U™ +V e = — Ee”*

are the linear components of temperature fluctuations, the
amplitudes of which are determined by the expressions [1]:

UL =A1/A, VL= Ay/A,
Ay =E[(@+r)(b+1)e™ — (g —1)(b—r)e ],
E = 0.58A 15[k (To) (B> — 03)]
A =E[(g+1)(b—r)e ™ — (b—1)(g+r)e ],

= [(@+ Db+ 1™ — (g~ (b~ e~)
(0) (0)

but o7 = iw/xi(o), oo =(1+4+1)/ui, 9==kg og/Ks Os,
b=k on/kos, 1= (1—i)Bus/2, wi = (2% w)/> —
thermal diffusion length, Xi<0) = /ci<0> /Cgin — the initial
value of the thermal conductivity of the corresponding
layers. We emphasize that when deriving a system of
equations (4)—(6) The fact was taken into account that
the degree of blackness of the sample A(T) characterizes
the optical properties of its surface and is not a function
of its thickness. This is due to the appearance of terms
with Tos(0) and Pys(0, w) in the right parts of the system
of equations (4)—(6), and then in equations (7) and (8).
The conditions of continuity of temperatures and heat
flows at the boundaries between the layers, as well as the
absence of heating at the ends of the PA chamber, allow

us to write the following boundary conditions for a joint
solution (4)—(8):

T()g(|g) =To(—1—1p) =0, Tos(0) = Tog = Oy,
Ton(—I) = Tos(—I) = Wb, 9)
ko (Ty) Lodgx(x) - [KS(TS) dT(‘;SX(X) } K
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Dins(w, 0) = Ping(w, 0),  Pinp(w, —I) = Pins(w, —1),

{8\1’19((1), X):| — Q 8\1’15((")9 X) (11)
8X X=0 /{éo) ax XZO’
Dinp(w, =1 —lp) = Ping(w, 1g) =0,

0Wip(w, X) _ & oWs(w, X) (12)
ax | Kt()O) ax |

Dons(w, 0) = Pong(w, 0),  Ponp(w, —1) = Dons(w, —1),

0ng(@,x)]|  _ k) aWs(, x) (13)
8X X=0 [Céo) ax XZO’
Ponp(@, 1 —Ip) = Pang(@, Ig) =0,
é()) 3\1125((1), X) _ alIJZb(w’ X) (14)
Kéo) 0X X=—I—Ip X —I—lp

Boundary conditions (9)—(14) together with a system of
equations (4)—(8) represent a mathematical model of the
formulated problem and allow it to be solved.

2. Temperature field

Using the notation Ti(X) = &5 'goi(X), from the sys-
tem (6) for a stationary temperature field we obtain the
following expressions:

12
X
Jog(X) = {1 + Opbrg (2 + @062g)<1 — |—>} -1,
g

x+1\1"2
Qob(X) = [1 + W26 (2 + Wodap) (1 + T)] -1,

X
gOs(X) = {1 + 525@0(2 + 523@0) <1 + |—)

X AO1o8s(1 4 8:0
_525W0(2+525W0) T + 0 2;(<0> 3 0)
Ks

i (ean)])

where Ey = exp(—fl). The conditions of continuity of heat
flows allow us to write the following system of nonlinear
algebraic equations to determine the values of ©¢ and Wj:

O] (82s+0b2g) + 200(14+d+U83) — Widas—2Wo +U = 0,

(15)
O35 + 200 (1 + U1 83) — Wi (825 + di2g)
—2W0(1—|—d1)+U1 =0, (16)
where
) O
d=-G > d=—"7"
Ks |g Ks |b
A0, A,

U= W(I—Eo—,m),Ul = W[(I—EO(1+/3|)]-

The expressions for ggi(X) together with the system of
algebraic equations (15), (16) determine the main features
of the formation of a stationary temperature field in the
PA chamber for the case under consideration. Obviously,
due to the nonlinearity of the system (15), (16), its
solution can be obtained only numerically. We performed
this calculation for the case when the sample is quartz
glass, and the role of the substrate is played by zir-
conium dioxide ZrO,. The thermophysical parameters
required for the calculation have the following values:
To = 300K, «{”=0.025W/(m-K), «”=1.36 W/(m -K),
KV=1.7W/(m-K), 62g=2.39103 K~ 5,5=0.56103 K,
8p=0.104-10"3 K" [18]. Thickness values lg=5-10"3m,
ls=10"3m, lp=10"3m. The calculation results are
illustrated in Figure 1, from which it can be seen that for
small values of 8 not only the temperature increase is small,
but also the nature of its dependence on intensity is linear.
With the growth of S and the gradual transition from the
condition B < 1 to the condition B > 1, the heating will
increase significantly, and the dependence on |y goes to a
power one. Numerical solutions of the system (15), (16)
were also found for different values of &3, the results of
which are shown in Figure 2. It can be seen that with an
increase in the value of variable value and a change in its
sign from negative to positive, the heating of the sample
increases significantly, and the nature of its dependence
on the intensity of the incident beam becomes close to
quadratic. The decrease in the values of ®p and W at 63 < 0
compared to their values at 63 = 0 is due to a decrease in
the absorption capacity of the system. And conversely, an
increase in the values of these values for the case 63 > 0
compared to the case is associated with an increase in
the absorption capacity of the sample. The calculating
results of the temperature increment for various substrates
are illustrated in Figure 3, from which it can be seen
that with the transition from substrates made of materials
with low thermal conductivity to materials with higher
thermal conductivity, the heating of the sample decreases
significantly. This is due to the fact that with such a
transition, the rate of heat transfer to the substrate increases,
and then from it to the environment. It is obvious that with
an increase in the thermal conductivity of the substrate, the
values of ©9 and Wy will decrease significantly. Meanwhile,
as it was found in [16], only for small values of |y the
dependencies ©g ~ lo, Wy ~ 1 are valid, and for moderate
and higher values of |y this dependence goes from linear
to a power one.

3. The fundamental harmonic

The expressions

\I’lNg =One 7 + ngslg(X)ngx — RwSzg(X)e_ng,

(17)
Uins = Uine™ 4 Vine % + [RisSis(x) — Q1(x)]e”™
— [R1sSas(X) — Q5 (x)]e™%". (18)
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Figure 1. Dependence of the temperature of the irradiated (a) and rear (b) sides of quartz glass in contact with zirconium dioxide in
the PA chamber on the intensity of the incident beam at values A” = 0.87, 85 = —0.577 - 10> K™, (integral values) [19] and 8 = 1, 5,
10, 50 cm™' (curves /-4 respectively).
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Figure 2. Dependence of the temperature of the irradiated (@) and rear (b) sides of quartz glass in contact with zirconium dioxide
in the PA chamber on the intensity of the incident beam at values A” = 0.87, 8 =0 (curve 1), 85 = —0.577 - 107> K~ (curve 2)
and 8; = 1.2355- 107> K~! (curve 3).

Winy = Wine™ ) + RipSip(x)e™*+) Sip(x) = /QOb(X)q’Lb(X, w)e” Xy,
— RypSyp(x)e~ 0+, (19)
are solutions of equations (7) for the corresponding X) = / XD (X, @)+ dx 21
layers. The following designations are used here: Sav(X) Job(X)PLb (X, @) , (21)

Rii = 0.585 01 (8 —82),

— —O0sX
S156) = [ gua (X001 (x, w)e” P Sut) = | gm0 )7

Syg(X) = /gog(x)QDLg(x, )e"*dx, (20) Sys(X) = /gos(x)chs(x, w)e™*dx, (22)
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Figure 3. Dependence of the temperature of the irradiated (a) and the rear (b) side of the quartz glass (A”) = 0.87, beta = 50cm™!,
8 = 1.2355-107°K™") for the case of substrates made of zirconium oxide (curve I), polycrystalline bismuth K?éo) =7W/(m-K),
8 =2.38-107>K ! [18] (curve 2) and stainless steel £ = 14.9 W/(m - K), 8 = 0.94- 107K ~! [18] (curve 3).

Qis(x) = (0.25A9B1083) (k) 1oy ! .
Sip(X) = {3 B3/2 Lt; {\/[1 + I:)Bbb (X + I)] _ 1}
X /[@0 + Ops(w, 0)]eP~%dx, (23)
W'-\/_ 1 2om(xH)
- WL, b
Qas(x) = (0.25A081083) (k) 1o ! (x+ )} L, Son(X) ~ o

where Bj=1+bj, by=4d, @0(2+52 @0), b5:52360(2 +

/ (@ + Bus(@, 0)JP™Xdx,  (24) L5, 00), by—5aW(2+OuWh), bep—SasVib(2+ 520Wo).

Taking into account the condition Iy > ug and equal-

Substituting the functions ®;(w, X) into the correspond- ity gog(0) = 62900, +/Bg=1+62000, +Bs=1+8:50,

ing expressions (20)—(24) and by performing the integra- 00s(0) =62500, Gos(—I) = 826Wb, Ob(—I) = 82000, We get
tion according to the procedure proposed in [17], we will that

have Sig(0) ~ —0.50L524000, ', Sy(0) =0
S1g(x) [ L ( 21 )]ez%x’ Sis(0) &~ —0.5V1.8:50005 ", Ss(0) ~ 0.5U8260005 !
2lg/B % In expressions (17)—(19) there are four unknown param-

eters Oy, Uin, Vin and Wiy, for finding which, using the

ol b.x boundary conditions (11), (12), we obtain the following
Syy(X) = { sz B3/ 2 [ < ngl > 1] + X |0y, algebraic system of equations:
O1n + Rig[Sig(0) — $g(0)] — Yog(0)Pg (0, @)
N 2l 32 (bs — bsp)x\’ _ = Uin + Vin + Ris[Sis(0) — $5(0)] — gos(0)P1s(0, w)
Sis(x) =~ {3(bs—bs,b) Bs [\/(1 + Bl ) 1}
+ Q25(0) — €215(0), (25)
— X sU_ + (1 —BL? M o —205X), 9[R1g(Sig(0) + Sxg(0)) — Oni1] = Uiy — Vin
(1= Bs") 5~ exp(—-20sx)
+ Ris[Sis(0) + $s(0)] — Q1s(0) — Q225(0),  (26)
Ss(X) ~ {3(b 2—|b ) B [\/<1 * = TSbIS’b)X)3 - 1} e T RS e
T ) ~ [RasSos(—1) = Qas(~1)]e" — gos(—1)bus(~1)
U — 1) - N = — _
_ 12 _ 1y =24 = Win + Rip[Sib(—1) — Son(—1)] = Goo (=1 Prn (1),
X}VL + (Bg 1) 200 exp(20sXx), (27)
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Uine ™ — Vine”™! + [RisSis(—1) — Qis(—1)]e ™
+ [RisSos(—1) — Qas(—1)]e™
= b{Win + Rip[Sin(—1) + Si(—1)]}- (28)
Taking into account the smallness of g < 1, the equality
®5(0) =P g(0) =0, =U+V —E,
Dis(—1) = dp(—1) =Ue ™% + Ve —Ee ™ =w

and using the notation
v = {[(1 = B)Sis(he™™ + (1 +b)Sx(~he™Ris

+ [g0s(—1)PLs(~1) = Gon(—)@Lo(~1) — 2RisSn(~1)]b},
for the value Oy, we get the following expression:
Oin = {ABLOY (82 — 625) + RigA[Sig(0) — Sxg(0)]

+2e%! (b +1)[Q25(0) — RisSys(0)] 4+ 2(1 — b)e™!

x [Q15(0) — RisS1s(0)] 4 2 — 2[Q5(—1)e™ (b + 1)

— Qus(-e ™ (b-1)]}a"". (29)

Taking into account the fact that ©¢ > O, the type of
functions Qi5(w, X) and Qs(w, X) can be written in the
form of

Qis(X) = (0.25A0B1083) (V) "L og 1O (B —05) T e,
(30)
Qas(X) = (0.25AB1083) (k") "L og 'O (B+05) LT,
(31)
Expressions (30) and (31) together with the formula
(29) allow us to determine the acoustic pressure per-
turbation in the buffer gas. To do this, using the
ratio (DINg(X, t) = \Iflg(X, t) — (SZQTQ()(X)(DLQ (X, t) and the
expression (17), we find the form functions ®ing(X, @),
and then &pi;n(w) — the nonlinear part of the acoustic
pressure fluctuation, for which it is necessary to integrate
the expression

27 g
2wy —
Spin(w) = YPoSTkg Ding(w) = YR / Ding(, X)dX.
0
(32)
The expression [17]
_ YPo =
Spn(w) = [O1n + RigSig(0) — gog(0)OL]  (33)
is the result of integration, where

Sig(X) = Sig(X) exp(20gX).  Performing the necessary
calculations, we obtain the expression

R1S1g(0) — Gog(0)@L = —0.250 (38,4 + 85)O%,

Technical Physics, 2022, Vol. 67, No. 14

considering which the expression (33) can be rewritten
in the form

6p1N(a)) = 5p|_ [®|__1®1N — 0.25(3529 =+ 59)9()} s (34)

where 6pL = y poOL/Tolgog — is the linear component of
the PA signal, the amplitude of which linearly depends
on lg. Due to the fact that the expression for Oy is
very complex, we will consider the limit cases that are
implemented in the experiment. We will also assume that
the system is strongly absorbing, for which the conditions
are valid Bl > 1 and exp(—fl) = 0.

3.1. Thermally thin samples

The conditions | < us, us>>pug, exp(—pl)~0,
exp(osl) =1, [r|>1,9g<1, b>g, r>g, A=2b,
WL =Er/b, A; =r(1+b)E, Ay ~r(1—-Db)E, E=Db(r —
—b)'e, U.=Er(b+1)/2b, VL =Er(1—Db)/2b,
UL +VL =Er/b, U  —V_ = Er, are met for them, where
ug = B~ — is the photon path length in the sample.

It follows from the expression (29) that to define Oy,
it is necessary to have an explicit form of the functions
819(0)7 329(0)7 815(0)7 823(0)7 SIS(_|)7 SQS(_I)a Szb(_l)
Performing the necessary calculations for these functions,
we obtain the following expressions:

le((!), _l) ~ 0, st(a), _l) ~ 0,
Qis(w, 0) ~ Qs(w, 0) = 0.25A01 (653,

Ss(—1) ~ VLZSS@O, Sis(—1) ~ _VLgi:S@O’
Son(—) = %{;;WL’
S S = B
W~ BWOW [523 P - 52b} |

Then from the expression (29) we get

On = ®L{®O[53 + 0.25(59 — 529) + 529 — 523]

+ Wo[S25 — 825 + 0.5(82 — 5b)]}. (35)

Further, substituting the expression (35) into (34) for the
nonlinear PA signal on FH, we obtain

Spin(w) = dpL(@)[Ki1)O0 + Ky )Wo), (36)

where Kl(l) =6y — Os, K1<2) =05 — 0-5(5b + 52b)-
From (36) it is easy to see that in this case the dependence
of the amplitude of the PA signal on the frequency is

governed by the dependence |[§pin(w, | < us)| ~ o~ 1.
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3.2. Thermally thick samples. Case |

In this case, these conditions come around us < |,
Us > pg, exp(—pl)~0 and exp(—osl) ~0 and |r| > 1.
Then the equalities are valid A; = Er(b+ 1)e”!, Ay =0,
A= (b+1)e%, U ~Er, VL ~0, © =E(r —1)~TE,
W~ 0, E=A0)] 0(2ﬂk(50))_1, accounting for which allows
you to get the following expressions:

(I)LS(—U = W|_ = 0, (DLb(_I) = W|_ = 0, 813(0) ~ 0,

915((1), _l) ~ 0, st((,l), _l) ~ 0,
O U
$26(0) & =2 UL, Sis(—1) & — = 62500, Sps(—1) ~ 0,
S

Sin(—1)=0, Qis(w, 0) =~ Qs(w, 0)=0.25A18;0005".

Substituting these formulas in (29), we obtain the expres-
sion

Oin & [83 + 2g + 0.25(5¢ — 82g) — 0.5(8s + 625)| €00,

which allows you to write the following expression for the
FH acoustic pressure fluctuations in the buffer gas

Spin = P1LOoK|3), (37)

where K3y =383 — 0.5(82s + 8s)- Rewriting the expres-
sion (37) as Spin(w, | > u) = |5pin|€'¥, for the ampli-
tude |6pin| and the phase ¥y of the excited PA signal, we
get

~ypdud A0,

[Spin(l > ps)| = IK1(3)|©o0,
) 4Tl gk ®
—Q, i f K1<3) > 0,
bin(l > ps) =19 2T 38
N ( s) T Ky <0, (38)

This expression shows that the dependence of the
amplitude of the nonlinear PA signal on the frequency for

thermally thick samples obeys the law o< w~!.

3.3. Thermally thick samples. Case I

Consider the case when the conditions are valid us <<,
Us < ug, exp(—pl) = 0, exp(—osl) = 0, |r| < 1 and equal-
ity Ay = Er(b+1)e™', Ay~ 0, A= (b+1)e”!, U~ Er,
V|_ ~ 0, W|_ ~ 0,

O =E(r — 1)~ —E = A2« 2],
E = —-A914(262k") 7, Qis(w, 0) & —Qas(w, 0),

Qos(@, 0) = 0.25AC (k)1 8148300042,

__ ©0d2s OpdrsE —0od2sE

SZS(O) O'S [O.SUL_E]% O_S [O.SI' _I]QJT.

The other functions Sis(0), Sis(—1), Ss(—1), Sw(—I)
and W have the same form as above. Then from (29) we
get the expression

OIn ~ [82g + 0.25(85 — Oag) — 0.5(Js + &2s) — 83]©pOL,

substitution of which into (34) will lead us to the expression
Spin(w, 4 < 1, ps < pg) = 5Pi@oKyay,  (39)

where K4 = —83 — 0.5(8s + 62s). In this case, for the
amplitude and phase of the signal, we get

oAVl gugu? K

I8pin(w, | > s, s < up)| = 14160,
s» Hs < Up 4\/§IgT00k§0> )

, 1T Kyg >0,
14) (40)

g a8

Yin(@, | > ps, s < pp) = .
> g — % if K1<4) < 0.

of the
frequency

It follows from (40) that the amplitude
generated PA  signal depends on the
[opin(@, | > ps, s < ug)| ~ w2,

It follows from (36), (38) and (40) that only for low
values lp, when ©¢ ~ lg, Wy ~ |, there is a dependence

I8pin(w, | > ps, us < pp)| ~ 13

4. Second harmonic
The expressions

\IJZQ ((1), X) = ®2Nefo'zgx+ea‘25Xng(w’ X)_eiangWZQ ((1), X)’
(41)
Wos(w, X) = Upne™>* + Vone™ 7% + X [Wis(w, X)

— Qis(X, ®)] — e” " Mhs(w, X) — Qus(X, )], (42)

Wop(w, X) = W2Nbe+02b<x+l> + e"z"(”')Wlb(a), X)

— e 2wy (0, X) (43)

are the solution of equation (8), where
Wig(w, X) = Ryg /e*"ZQXCI)fg(w, x)dx,
Wag (@, X) = Rag / e DY, (w, X)dX, (44)
Wip(@, X) = sz/e*”b(”')(bﬁb(a), x)dx,
Wap (@, X) = Ryp / e P2 (w, x)dx,  (45)
Wis(w, X) = RZS/e*”SXCI)fS(a), x)dx,
Qas(, X) = (0.25A981083) (k) 10!
X / D s(w, 0)eProsXdx, (46)
Whas(w, X) = RZS/ef’zSXCDES(a), x)dx,
Qis(@, X) = (0.25A81483) (k) 1o, !

X /CDLS(a), 0)elf—o=)Xdx. (47)

Technical Physics, 2022, Vol. 67, No. 14



On the theory of nonlinear photoacoustic signal generation during gas-microphone detection

2171

To determine the values of @,n, Uyn, Von and Why from
the boundary conditions (13), (14) we obtain the following
algebraic system of four equations:

Qan + Wig(w, 0) —Wag(w, 0) = Upn + Von + Wis(w, 0)

- W2s((1), 0) + Q2s((1), 0) - le((l), 0) + 0-5®E(52g - 525),

(48)
— Qon + Wig(®, 0) +Wag(w, 0) = g~ ! [Un — Van
+W13(CU, 0) +W23((U, O) + le(w, 0) - QZS(CU, 0)} ,
(49)
U2N67g25| +V2Ne”25' + eigzsl [Wls(a), —|) - le(a), —|)]
— &7 Was (@, —1) — Qas(w, —1)] = Wan + Wip(w, —I
—Wap(@, —I) + 0.50% (w, —1) (825 — 62p), (50)
U2Ne“’25' - VzNe(Izsl + g 0! [Wls(a), —|) — le(a), —|)]
+ eO-ZSI[VVZS(w7 _l) - QZS((D7 _I)]
= b[\NzN +W1b(w, —|) +W2b(a>, —|)]. (51)

Here g:kéo)azg / kgo)azs:kéo)ag/ k(so)as, b= kéO)O'zb / k(SO)O'zs
= kEJO)ab/ k(so)as. The expression is valid for the acoustic
pressure fluctuation on the SH [17]

4 po2ﬂM2g( o)

Span (20, 1) = Do ()
(S e? 2Ryq0:
= IR BN L (54 S0 )| (s
Tolg | 02 40g 039 — 40

It follows from (52) that in order to find the features of
generating the PA signal on the SH, it is necessary to have
an expression only for ®,y, for which from the system of
equations (48)—(51) we get

O = A(a)){(b + 1A (@)% + (b — 1)As(w)e ">

+ b0 (@, —1)(82s — 2) — 4DWhp (@, —1)

+ %ﬁ (829 — 825)[(b — 1)e™=! + (b + 1)e™'] } (53)

The following designations are used here:

Alw) =€ (b+1)(g+1)—e ™ (b-1)(g-1),
Ai(@) = (1+g)Wy(@, 0) + (g — 1)Wig(@, 0)
— 2Was(@, 0) = Qas(, 0)] + 2Whs(w, 1) —Qas(w, —1)],
Ar(w) = (1 — g)Wayg(@, 0) — (g + 1)Wig(@, 0)
+ 2Wis(@, 0) = Qus(@, 0)] — 2Wis(@, —I) = Qus(w, —1)].

Expressions (53) together with (52) are the solution of the
formulated problem with respect to the SH of PA signal.

Technical Physics, 2022, Vol. 67, No. 14

Substituting the functions P g(X, ®), Pus(X, w) and
® (X, w) in expressions (44)—(47) and after completing
the integration, we will have

Wiy(0:%) = ~ - E9%— expl— (o + 200X,
Wig(0:) = ~ 5P cnpl— (2 — .
Wip(w, X) = —% exp[— (o2 — 20p) (X + 1],
Wap(w, X) = % exp[(oab + 20p) (X + 1)],

Wis(w, x) =

R U2 exp[(20s — 025 )X] 22UV exp(—02sX)
> 205 — 025 O2s

_ ViZexp[—(02s + 205)x]  2EUL exp[(B + 05 — 025)X]

025 + 205 B+ 05— o2
2EV, exp[(B — 0s — 02s)X]  EZexp[(2B — 02s)X] }
—_ _|_ s
B —o0s — 025 2B — o3s
W25((1), X) =
U,_2 exp[(20s + o25)X] . 2ULVL exp(02sX)
= RZS
2095 + 205 025

N V{ exp[(02s — 205)x]  2EUL exp[(B + 05 + 02s)X]
25 — 205 B+ 0s + 035

_ 2EViexp[(B —0s + 02s)X] | E*exp|(28 + 025)X] }

B —o0s + 025 2B + 025 |
0.25A)B108;0

Qus(w. x) = 22 PO o

Ks 0'25(,3 - 0'25)

0.25A)B105;0

Quslw, x) = g Pl
Ks 0'2s(ﬂ + 0'25)

The bulkiness of the expression for ©;squiteobuvious2N,
and in this connection, as above, we will consider the
limiting cases that take place in a highly absorbing system.

ﬁ—O’zS)X

e(ﬁ +02s)X .

4.1. Thermally thin samples

Here us > 1, usf > 1, exp(—pl) =0, exp(tosl) ~ 1,
[r] > 1 and |r| > b. Then the equalities are valid

le(w, —I) ~ QZS((U, —l) =0,
Wls(a), 0) —Wls(a), —|) = 0,
Wzs(a), 0) —Wzs(a), —|) =0.

Al(a)) = Wzg((u, 0) —ng(w, 0) + 2Q23((D, 0),
Az(a)) = Wzg((u, 0) —ng(w, 0) — 2Q13((1), 0),
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Qv = 0.5{[A1(®) + Az(@)] + [A1(@) — As(w)]b~!

1)+ O (839 — 525)}.

Qas(w, 0), we get the expression

+ WL2 (523 — 52b) — My (w

Given that O;s(w, 0) =
Qan = Whg(@, 0) — Wig(w, 0) + 2Qis(w, 0)b™"
+WE (825 — 82p) — AWap(@, —1) + OF (82 — 82s),

which will allow one to get the expression after performing
the necessary calculations

(8b + V262p)
1+v2 V25|,

Then from (52) for the acoustic pressure fluctuation on the
SH we will have

O\ = 0.507 [ 285 — 8¢ — (54)

5 (2(1) usp > 1) M g ¥l <us) |K

16V2Tolg k
—3.71/4, if KZ(I) > 0,
2w, | < us) = _ (55)
/4, if K2<1) <0,

where
+ /263

— a nonlinear coefficient, which is determined by a
combination of the thermal coefficients of the absorption
capacity of the sample and the thermophysical parameters
of the gas and substrate. It can be seen from (55) that in
this case the dependence of the amplitude of the PA signal
on the frequency obeys the law oc w3/,

Ka(1) = [(262g — 8g) — (V265 + 262)] (2 + V2) !

4.2. Thermally thick samples. Case |

For them us < |, us > ug, pos > ug, exp(—pl) ~ 0 and
exp(—osl) = 0 and |r| > 1. Then the expressions are valid

Wop(@, —1) =0, Qis(w, —I) ~ Qus(w, —I) =0,

Wls(a), —I) == 0, Wzs((l), —I) - 0,

Qas(w, 0) = 0.25A 15,0 [V oy

[2(r — 1)ons] 71,

that allow to obtain the expression from (52) are valid

= pOs;

O1n = A1 (w) + 0.507 (829 — 82). (56)

Further, considering the equality

U2 2EU, E2 )
—0s O3 —0s—fB 2B —o02

< = Ez)
~ Ros
20-3 - 0-25 ﬂ 2[3

Wls((l), 0) = Rys <20's

U2 2EU E2
Whas(w, 0) = st( L _ L )

205 + 025 02+ 05+ 035 + 2B

| 2EU E2> Rl ’E?
20-3 + 0-25 ﬂ 2[3 (20-3 + 0-25) ’

we will get

Ar(w)=Wag (@, 0) =Wig(w, 0) = 2[Was(@, 0) = Qas(@, 0)]

@2 623 - 85 }

~ 8g — b2g + — V253 57

S oot 4 T2 - VB 57

Substituting (57) into (56) results in the expression
ot 025 — s
= —= 1289 — § -6 25
O 2[ 2g g+1+\/§ 3+ V263,

considering which enables us to obtain from (52) for the
desired value the following formula:

7 Po©}
SpRw, | > = Kya), 58
p( Hs) Molnorg 22 (58)
where
Kam) = (2829 — 8q — 2825 — V285) (2 + V2) ™' + V283

is a nonlinear coefficient for this case. It can be seen
that in this case, the amplitude of the nonlinear PA signal
on the SH depends on the temperature coefficients of the
thermophysical quantities of the sample and gas, as well as
the absorption capacity of the sample and does not depend
on the parameters of the substrate. In view of the fact that
for this case

QLZ(I'—I)E%I'EZ

the expression (58) can be written as

¥ Po(A Vg ps)*uas
16v/2Tolg (14”2

x explianw, | > us)].

SpQw, | > us) =

For this case, the phase of the nonlinear PA signal at
Ka2) > 0is (—135°), and at Ky(5) < 0 is 45°; the amplitude
does not depend on f, and its frequency dependence obeys
the law o w~3/2,

4.3. Thermally thick samples. Case Il

We believe that the conditions us<l, us<ug, are
valid exp(—pl) ~ 0 and exp(—osl) =0, |r| <1. Then
the following equalities take place: Whp(w, —I) =0,

le((j), _l)%st(a)9 _l):(): Wls(w, _l):(): W2s((1), —|)=0,
Q2s =
~ Ol 808205 !,

AOB1,8;0 [4ksol] ! = -0 8302204 (r — 1)]7!
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Uz 2EUL E?
Whs(w, 0) = R . + =
25( ) % (20'3 + 025 Os + O2s 0'23)
r2 2r 1 RysE?
= R25E2( . _) 28 )
205 + 025 Os + 02s O2s O2s

accounting for which allows you to get expressions
Oin = A1() + 0.507 (629 — b2s), (59)
Al(a)) = Wzg(a), 0) — Wzs(a), 0) — Z[Wzs((x), 0)

— Qas(@, 0)] = 0.507 [62g — 8¢ + 625 — 8s + 83].  (60)
From (59) and (60) we will have
O = 0.507 (2859 — 8 — 8s + 83).

Then for the acoustic pressure fluctuation on the SH we get
the expression

_ vholl 0AD)2urqug
32V 2Tyl gt

SpQw, usf < 1) Kaze'd,  (61)

where Ky3) = (282 — 89)(V2+2)71 — 85 + 83 is a nonlin-
ear coefficient for this case. It can be seen that this value
depends on the temperature coefficients of the absorption
capacity of the sample, as well as the thermophysical values
of the gas and sample. Since the value of K3y can be both
positive and negative, it is obvious that the phase of this
signal is equal to 37/4 in one case and —m/4 in the other
case. As it follows from (61) that for this case the frequency
dependence of the amplitude obeys the law oc w™>/2. We
note that for all the above cases, the dependence of the
amplitude of the SH of PA signal on | is quadratic.

Conclusion

A theory has been developed for the generation of the
first two harmonics of a nonlinear PA signal by a solid
sample with an arbitrary value of thermal conductivity, due
to the TN of the emissivity of the sample, as well as the
thermophysical parameters of the sample, gas layer and
substrate. For the limiting cases (thermally thin and thick
samples), quite simple expressions are obtained for the
dependence of the amplitude of the excited PA signal on the
emissivity of the sample and the thermophysical parameters
of the sample, gas, and substrate, including their thermal
coeflicients. Obviously, measurements of the parameters of
the first ghost harmonics of a nonlinear PA signal make
it possible to determine the emissivity of the sample, as
well as the thermophysical parameters of the sample, gas
layer, substrate, and their thermal coefficients. As a result,
a complete picture of the temperature dependence of these
quantities will be obtained. It seems to us that it is very
important to be able to determine the value of &3, which will
allow one to establish the temperature dependence of the
degree of emissivity of the sample, which is rather difficult
to implement by traditional methods.
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