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Elastic waves in media with bimodular nonlinearity taking into account
the effects of reflection from shock fronts
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A theoretical study of the propagation of longitudinal strong low-frequency and weak high-frequency elastic waves
in non-dispersing solids with a bimodular nonlinearity is carried out, taking into account the effects of reflection
from the shock fronts of the wave. Expressions are obtained for the waveform, as well as for the amplitudes,
frequencies, and phases of the harmonic components of the perturbation reflected from the discontinuities of the
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Introduction

The theory of nonlinear wave processes (NWPs) in
homogeneous non-dispersing media with quadratic elastic
nonlinearity is fully developed [1-3]. Nonlinear propaga-
tion of plane longitudinal waves in such media (without
linear dissipation) is described by the equation of simple
waves [1-3]. The solutions of this equation are valid up to
the formation of a physically unrealizable ambiguity in the
wave profile — ,overlap”; to eliminate it, a shock front —
gap is introduced into the wave profile, connecting the
wave parameters on its profile [1-3]. After the formation
of the ,,overlap” (and shock front), the wave ceases to be
simple, while a wave perturbation occurs in the medium
associated with the reflection of the continuous part of the
wave running into the gap, and propagating in the opposite
direction — to the emitter [1-5]. Certainly, the amplitude
of the reflected from the gap is small and for its description
it is necessary to take into account the following: the cubic
term in the equation of state of the medium. To compare the
magnitude of nonlinear effects arising from the propagation
of an initially harmonic wave (IHW) in homogeneous
media, we note that at the beginning, with a small distortion
of the wave, the amplitude of its second harmonic is
proportional to the square of the amplitude of the THW,
at the stage of a sawtooth shock wave, the amplitude of
its second harmonic is proportional to the first degree of
the amplitude of the shock wave, and the amplitude of
the reflected from the gap the perturbation is proportional
to the third degree of the shock wave amplitude [2,4,5].
Despite the relative smallness of the reflection effects, the
characteristics of the harmonic components of the reflected
perturbation (amplitude, frequency and phase) depend on
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the nonlinear properties of the medium, which can be used
to determine its nonlinearity parameter.

The effects of the formation of ,overlap” (and gap) in
shock waves, as well as the occurrence of perturbation
reflected from gaps, also occur in microinhomogeneous
solid-state media containing various microdefects (cracks,
grains, dislocations, etc.) [6] and having non-analytical, in
particular, bimodular nonlinearity [7,8]. In such ,non-
analytical® media, the laws of the NWPs differ from
similar laws for media with power-law — quadratic and
cubic (analytical) nonlinearity. The identification of these
differences is necessary for the development of the theory
of NWPs in microinhomogeneous media with analytical
nonlinearity, as well as for the classification of such media
and the creation of effective methods for nonlinear acoustic
diagnostics of defects in their structure.

Quite a lot of studies have been devoted to the study
of nonlinear propagation of longitudinal elastic waves in
bimodular solids without dispersion (and without taking
into account reflection from gaps) [8-17]. In such media,
the nonlinear propagation mode occurs only for heteropolar
waves, and unipolar single pulses propagate linearly, with
constant but different velocities depending on their polarity.
In the first approximation (i.e., without taking into account
reflection from gaps), the propagation of IHW in an ideal
(without linear dissipation) bimodular medium occurs in
such a way that at each period of the wave, a symmetrical
nwoverlap“is formed in its profile, as well as in a quadratic
medium, eliminated by the introduction of a gap —
symmetric shock front [14]. As a result, the amplitudes
of the higher (multiple) harmonics of such a shock wave
are proportional to the first degree of the amplitude of the
IHW, while due to nonlinear absorption at the gap, the wave
completely attenuates at a finite distance. Considering the
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effects of wave reflection from gaps (second approximation),
the NWPs dynamics in an environment with a multi-
modulus nonlinearity will differ slightly from the above,
which does not take into account reflections. To identify
such differences, it is necessary to conduct appropriate
theoretical studies.

In this paper, a theoretical study is carried out of the
propagation of longitudinal strong low-frequency (LF) and
weak high-frequency (HF) elastic waves in non-dispersing
media with bimodular nonlinearity, taking into account the
effects of wave reflection from its shock fronts.

1. Basic equations

The equation of state of an ideal (without linear dissipa-
tion) bimodular solid for longitudinal stresses ¢ and strains
has the form [7,14]

Eie, €>0
o(e) = =Ele —ylel], (1)
Eye, <0
where E;, — elastic modulus of the medium under its
. . E1+E2 EZ
tension and compression, E = , Y = E1 =

El.=E(l+y),rv<], ek 1. For solids with cracks
E; > E;, but for other microinhomogeneous materials it
may be conversely E, < E;.

When performing the inequality |e| < |y| <1, it is
possible not to take into account the geometric nonlinearity
of the equations of motion in comparison with the physical
(or material) nonlinearity of the equation of state. In this ap-
proximation, the equations of elasticity theory in Lagrangian
and Eulerian forms coincide [14].

From the equation of motion poUy = ox(e) [18] and the
equation of state (1) we obtain (in two equivalent forms)
a nonlinear wave equation for the longitudinal (along the
axis X) strain (t, x) = U (t, x)/ax:

e — Clexx = —vCa[le]]xx» e — C3[(1 — ysigne)e]ux = 0,

(2)
where U = U(t, x) — displacement, po — undisturbed
density of the medium, Co = (E/po)'/>.  From the

equations (2) it follows that their nonlinearity is de-
termined not by the amplitude of strain, but by the
sign of deformation (or its polarity). As a result,
positive (¢ > 0) and negative (¢ < 0) pulse perturba-
tions propagate at constant velocities C; and C,, with
Ci2 = (Ei,2/p0)'* = (E/p)*(1£y) =Co(1 £p). (For
certainty, we will assume that y > 0, while C; > C;.)

The boundary condition is defined as the sum of
two harmonic (low and high frequency) oscillations with
frequencies Q2 and w:

e(t, x =0) = € sin Qt + ¢; sin(wt + @), (3)

where €y > €1, 2 < w, @ = const.

80(9, Z)/EO h
1,1»’
2 1
-t —mtz 0,
-z z n—z T 0
2(/

Figure 1. Evolution of IHW: I — form of oscillation at z = 0,
2 — waveprofile at a distance of z < .

When waves with a frequency of Q (or w) are separately
excited, a low frequency (or HF) deformation wave [14]
will propagate in a bimodular medium:

£0(0,2) = cosin 4 Q |t — ——2X
LA Coy/T + ysigney

. X
€ sm{Q{t — ﬁ + f Slgneo} }

Kx . . .
= g sin [QT + % Slgneo} = €y sin[6 + zsigney], (4)

X
al.2)=a Sm{w { Co 1+VS|gn€0] +(p}

~ € sin[n(6 + zsigne;) + @], (5)
2C,
where 6 =Q7, 7 =1t— ﬁ, Cy) = Wa
z2=2>0,K=E&,0=nQ,
0
n=w/Q2>1.

Respectively, for the velocities Vp(t, X) = dVy(t, x)/dt
and Vi(t, x) = aV4(t,x)/dt LF and HF waves have the
following expressions:

V()(G, Z) = —Cpep sin[9 — zsignVo], (6)

Vi (6, Z) = —Cpe sin[n(9 —zsignVy) + (p]. (7)

Solutions (4) and (5) describe the evolution of the LF (or
HF) wave profile in a coordinate system moving at a speed
of C(y). Figure 1 shows the evolution of the LF wave
g = &0(0, ) at a distance of z < m; the arrows show the
directions of movement of the positive and negative half-
periods of the wave. From expressions (4) and Figure 1
it follows that the distortion of the initially harmonic wave
in bimodular medium occurs in such a way that at each
period of the wave (at an arbitrarily small distance z) in
its profile (at |6] < z) a ,,overlap“is formed, eliminated by
introducing a gap — of the shock front at 6 = 0s. (When
y < 0, ambiguity occurs on the interval |7 — 6| < z.) In the
first approximation by a small parameter p, C(y) =Cy
and there is no reflection from the gap [14], 6s =0 for
the low frequency wave, and 0s = —¢/n for an RF wave,
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while the symmetric shock front relative to the medium
moves at a speed of Cs = Cy, and C; < Cs < C;. In the
second approximation by y, when C(y) = Hgﬁ’ there is
a reflection from the gap, and its position is 6s(z) shifts
somewhat relative to the previous 0s = 0 (or 0s = —¢@/n),
while the asymmetric shock front will move at a speed of
CS 7£ Co, C2 < CS < Cl.

With the joint excitation of low-frequency and high-
frequency waves, taking into account the reflection from the
gap of the continuous part of the wave and the formation
of a weak reflected perturbation €,(r;), expressions for
deformation waves €(0, z) and the velocities V (6, z) have
the form

(0, z) = ey sin[0 + zsigne] + ¢€; sin[n(6 + zsigne) + @]

+ & (n), (8)
V(0, z) = — Cyepsin[f — zsignV|
— Coersin[n(0 — zsignV) + @] + Ciex(12), (9)

2
where GzQ{t— CAO (1-}-%)}, 12:t+cilzt+y2_é’
i.e. the perturbation reflected from the gap e;(r2) propagates

at the rate of C; > Cs > C,, while e;(n) there is only
after the gap, where ¢(60, z) > 0, and before the gap it is

not. Here, the position of the gap 0s(z) in the shock wave
£(0, z) will be slightly shifted by the action of a weak RF
wave relative to the previous position 6s(z) when €l = 0.

From the expressions (8), (9) we get the values €, (0s, z),
& (93, Z), Vi (93, Z), Vz(es, Z) and 62(93, Z) at the gap
Os = 93(2)2

€1(0s, 2) = € sin[fs + z] + € sin[n(0s + z) + )]
+e(0s,2) > 0,

€2(0s, 2) = €9 sin0s — 2] + € sin[n(6s — z) + ¢] < 0,

Vi(0s, z) = — Coe sin[fs + z] — Coey sin[Aés +z+ ¢
+Cie(0s, 2),

Vz(gs, z) = —Cye sin[Aés — 2] — Coe sin[Aés —z+ ).

(10)

The velocity Cs(6s, z) and the position of the gap 65(z), as
well as the parameters of the perturbation reflected from it
€,(0s, z) we define from the equations of elasticity theory
for one-dimensional longitudinal waves [18]:

vV do(e)
op oV
hud - - 12
ot +po o 0, (12)
de oV
% A (13)
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where p — the perturbed density of the medium, V (t, x) =
=09U(t, x)/ot — the velocity of the particles of the
medium. Writing down the solution of equations (11)—(13)
in the form of a stationary wave, ie. assuming
V,0,¢,p x F(& =x—Cgt) and integrating by & from —oo
to 400, we get the boundary conditions on the gap

pOCs(V1 —Vz) = —(0'1 - 0'2), (14)
Cs(p1 — p2) = po(Vi —V2), (15)
Cs(fl — 82) = —(Vl —Vz), (16)

where the indices 1 and 2 correspond to the values of the

shock wave parameters for and before the gap.
From the equations (15), (16) we

p1— P2 = —po(e1 — &2). N
From expressions (10), (14), (16) find Cs(0s, z):

-~ 01— 02
C 9 ,Z = =
s(6s. 2) V poler — €2)

:Cowumel ~(1-pe

obtain

Eier — Bxey
po(e1r — €2)

&1 — &
tg 6.
~ Cyp 1+Z g7s Vil
2 182 2¢ycosfssinz

- te O -
X (sin(n@s + @)cosnz — % cos(nNfs + @) sin nz) ,

(17)
where

tg 6. ~
y &Y% ra (sin(n@s—l-(p)cosnz

2 t8Z  2¢ycosOssinz
tg O ~
- g cos(Nfs + @) sin nz) < 1

Subtracting (16) from (14), we get the value of the strain
€,(0s, z) at the gap 0s(2):

62(53, Z) ~ —g €0 5inOscosZ + € sin(ngs + @) cos nz} ,

le2(0s, 2)| < €. (18)

To determine the position of 53(2) the gap we will

~ 2
differentiate the expression 05 = Q {ts - X (1 + &)} by

Co 8
_ pKx . dis _ ~—1,3
z = =5~ and assuming that 33 = Cg (6s, 2),

we get the equation

dgs 3y tg@s € ( L~
= _ I _ — — sin(Nfs+¢@) cos Nz
dz 4 tgz €9 cosOssinz ( )
tg O, ~
_ % cos(nfs + @) sin nz). (19)
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2. Propagation and reflection from gaps
of a strong LF wave

Let us first consider the propagation and reflection from
the gaps of one strong low-frequency wave, assuming that
€ = 0. In this case 0s(z) = 0s(z) and from equation (19)
we have B

dos 3y tgbs
—_— = - = 20
dz 4 tgz (20)

From this equation it can be seen that the position of the
gap Os in a bimodular medium for IHW does not depend on
its amplitude. Approximate solution of equation (20) with
boundary condition 6s(z = 0) = 0 has the form

0s(z) =~ —3—th <0,

Ties <0 @<l @)

where z < z¢g <, 29 —

the distance (defined below) at which a unipolar pulse is
formed at each IHW period.

It can be seen from the expression (21) that when p > 0,
the gap moves towards negative 0, so that the duration
of the negative half-period in the wave decreases faster
than the positive one. As a result, at some distance z,
the negative half-period of the wave should disappear, and
the remaining small part of the positive half-period will
propagate at a linear velocity Cy. (At y < 0, the gap formed
near 0 = o also moves to the left, but the positive half-
period disappears, and the remaining part of the negative
half-period will propagate with a linear velocity of C,).

Let us show that the solution (21) is valid up to the
formation (at z = zy) of a unipolar positive pulse wave at
each period of the initial LF wave. To do this, determine
the position of the gap 0s(z = z¢) = 6y at the moment of
formation of a unipolar pulse, when the gap connects to the
trailing edge of the negative half-period (point —m + z¢ in
Figure 1). From this condition we obtain an equation for
determining the distance z( of the formation of a unipolar
pulse

3]/ Zy

Solving this equation by the perturbation technique, we

obtain
/3 3
Zo T — Ty<ﬂ’ 0y ~ — % (23)

Substituting (23) into (21), it is easy to make sure
that the solution (21) is valid everywhere (0 <z < zp),
up to the formation of a unipolar pulse, the shape of
which is shown in Figure 2; its amplitude and duration
are &)(z > zp) = /6yeo < €9 and 20y ~ /6y < 2m. At
Z > 2y, the shape of the unipolar pulse does not change:

& (01,2 > Z()) =¢gsinf; > 0, |91| <60y ~+/3p/2, (24)

where 6; = QTl, T1 :t—X/Cl.

v

0, 0o 0

Figure 2. The form of a unipolar pulse at a distance of z > z,.

Further, it follows from equations (15), (19) that the
amplitude of the €;(fs, z) of the perturbation reflected
from the gap 6s(z) is determined by the expression

82,0(93, Z) ~~ —g €p sin 93(2) CcosZ

2
RS 3V € tg Z . cosz < &. (25)
8 2
Let us decompose the periodic function (4) at
0s(z) =~ —377’ tg 5 < 0 (Figure 1) in Fourier series:
0, —n7 <0< —m+ 2z,
in@—z)<0, -— <6<60 ,
£0(6.2) = €0 - s¥n( z) < T4z <0<0s(z)
sin(0+2z) >0, 0s(z)<O0<m—z
0, a7—-2<0<um,

(26)

£0(6,2) = €0 (aOT(Z) + i am(z) cos MO + bin(z) sin m€>,
m=1

(27)
where ay(z), am(z) and bm(z) — Fourier series coefficients,
2sinf0s(z)sinz 3y ., 2

~ — sin” =,

0(2) = T 27 2

20s(z) + sin26s(z) . 3y z .
o SInzZ ~ o tg 3 sin z

3 z
= % sin’ 3

(m — Z) cos Z + cos? Os(z) sin z
7

al(z) =

b1 (Z) =

(m—2z)cosz +sinz

T

2[sin Os(z) cos MPs(z) — msin mPs(z) cos Os(z)]
am(2) = (M —1) ’

2{cos[(m—1)0s(z)]+(m—1) cos Mds(z) cos Os(z) } sin z+
+(—=1)Msinmz

a(m? —1)

When the low frequency wave & (6, z) is reflected from
the gap 0s(z) located at a distance of z (0 <z < zp),

bm(z) =

Technical Physics, 2022, Vol. 67, No. 14
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the reflected perturbation €; ¢(72, z) will be defined by the

expression
37/260 4 ao(Z)
3 tg 5" COSZ -

x ¢os[MQ(2) 12 (t, 2)] + bm(z) sin[mQ,(2) 2 (t, z)]

€,0(n, z) =

(28)
where is the frequency 2,(z) of the fundamental har-

monic reflected from the gap 0s(z) of the perturbation
€.0(72, Z)due to the double Doppler effect [1] has the form

_ 1-(Cs/Cy) yQ
g“”‘9<?ﬁaﬁﬁ> ALQ+g

x (1 —3tg? %)) <Q, (29)

2z
yQ’

Q2(2)m(t, Z) D (t, z) + Dot Z)

T )

®a(t2) = 5 (1+ . (1—3tg 2))

It follows from the expression (29) that the
frequency €2,(z) of the perturbation reflected from
the gap depends on the coordinate z the gap, while

BE=0=2 (14 §)  @mE=3=0-5
QQ(Z—Z()) VQ.

After simple transformations from the expression (28) we
get

nt,z) =t+x/Ci=t+ —

(I)l (t, Z) =

32 z ao(z
€.0(n,2) = Y < cosz( 0(2)

) 2
+Zcm ) cos md (t, ) — dm(z)sinmblt,z)), (30)

where Cm(z) = am(z) cos m®;(z) + by(z) sin md,(z),
dm(z) = am(z) sinm®;(z) — by(z) cos mP,(2).
Assuming in the equations (21), (24), (29), (30)

. yKA . Kx 3
2=z~ |5 rjay<z0="Fra—\/F
and summing reﬂecnons from all gaps
-
GS(Zj)z—%y tg 7 =— 3y tg , we find

€,0(n, z) &

— 2 ! 2

—i—ZCm )cosmdy(t, zj) — dm(z;) sinmd (t, z; ))
(31)
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where
yS2 4 ) Jay
Q(zj) = ) 1+§ 1 — 3t < Q
27
Dat+ =L, j=0,1,2
Lm AL ),
OT UK Ty aV 2/ K’
X0 1 1 3
<N=|[— _ — — - 1
= {A} y 2;/] >

q>1(t,zj)=T(1+g(1 3t 2))

®y(z;) = g (1+ % (1-3¢ 7))

Since my < 1, the sum of j in (31), it can be replaced
by an integral over y = z; = jay:

3y/2

_ 3yeo y ao(y)
€.0(n) ~ - / tg 7 -cosy - ( >
0

+ ) cm(y) cos Dy (t, y) — din(y) sin m t, y)) dy,

(32)

Cm(y) = am(y) cos m®;(y) + bm(y) sin md,(y),
) — bm(y) cos md,(y),

szz(y):yQ 1+%(1—3tg2 %)) %

Q(Y)n(y) = (VTM + %) (1 - g (1 — 3tg? y))
=®(t, y) + Pa(y),
it y) = Vft (1+ g (1—3tg2 32'))

o= (142 (-3 Y))

It can be seen from the expression (32) that the reflected
perturbation is €;0(7;) contains a constant component
and a set of low-frequency harmonics with frequencies
mQ; ~ m(yQ/4) <« Q, whose amplitudes decrease with
increasing numbers m Generally speaking, calculating them
is quite a difficult task. However, it is easy to obtain an
expression for the constant component of the strain e; ¢(72):

3;/60 /
167

0

9%¢y /3y
16722 ( +In > <0

ny)~t+

3y/2

(€20(m2)) ~ ao(y) -tg)z—l - cosydy
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-1.50

—-1.52

—-1.54
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-1.56

-1.58

—1.60
0 0.2 0.4 0.6 0.8 1.0

y-102
Figure 3. Dependences: 1 — A} =

Al(y)’ 2 — wl

=1(y).

It is also possible to obtain approximate expressions for the
normalized by €y amplitudes An(y) of harmonic compo-
nents of the wave €, (1) with frequencies m2; ~ myQ /4

and their phases Pm(y), assuming in (32) Q,~
it y) ~ T’ D, (y) ~ %

—/3y2

/ g Z . cosy - <a0§y)
0

+ Z Cm(y m§22t dm(y) sin[szt]) dy,

e,0(n) ~

ALs() + A (v),  tghm(y) =

a—+/3y/2
3y y
Ac(y) = o= tg3 -cosy - Cm(y)dy,
0

T—+/3p/2
/ tg% -cosy - dm(y)dy,
0

Cn(Y) = am(y) cos =~ + bafy) cos .,

Am(y) = am(y) sin % — bim(y) cos %

Figure 3 shows the dependencies A; = Ai(y) and
Y1 =Y1(y), from which it follows that in the range
1074 <y <1072 the dependence of A; on y is close
to linear — Ai(y) xp, Ai(y) < 1, while 9;(y) weakly
depends on y — 1 (y) = —m/2.

3. Joint propagation of strong LF
and weak HF waves

As already noted, with the joint propagation of strong
low-frequency and weak HF waves, the position of
the gap Os(z) in the wave & =¢(6,z) will be slightly
shifted by the weak HF wave relative to the previous
position 0s(z) ~ — %y tg % <0 when ¢ =0. Solving
equation (19) by the perturbation technique, i.c. assuming
that 0s(z) = 0s(z) + ¥s(2), |s(z)] < |0s(z)|, we get the
equation for s(z):

dys bs ‘o _
s _ _ ¥s _ .
dz tgz  €sinz sin(nfs + @) cos Nz
3y ,Z .
+ 8 (1 —tg 5) cos(nBs + @) sin nz). (34)

A solution of the equation (34) is as follows

€ sinnz

¥s(z) = ——

Ney sinz

sin[nds(z) + ). (35)

In this case 6s(z) = 0s(z) — <= sinnz sin[nfs(z) + @]

ney sinz
From the expression (18) we find:

tgn
~ —%eosines(z)cosz — Zel (1 — g_Z)

&2(0s.2) 2 ntgz

x sin[nfs(z) + @] cos nz. (36)

It can be seen from the expression (36) that a weak
HF wave does not affect the amplitude of a strong low-
frequency wave reflected from the gap, and a strong low-
frequency wave affects the amplitude of a reflected weak

HF wave (via 0s(z) ~ 3y tg 2) at
~ t;
€.1(0s,2) ~ —g € (1 - ngt—gzz) sin[nfs(z) + @] cos nz.
(37)

When the wave is reflected &;(0, z) from all gaps Os(z i)
located at a distance of 0 < zj < z,, reflected perturbation
€,.1(m) will be defined by the expression

N
€ tenz;i \ .
e1(n)~ —% (1 - ngtgzjj) sin[nds(zj) + ]

j=1

X cosNZj - sin[wz(z)12(z;) + @]

ARl

X {cos[lllz( i)+ @]sinW(t, zj) +sin[W1(z;) + @]

ntgz; > sin[nfs(z;) + @] cos nz;

x cosWi(t, zj)}, (38)

Technical Physics, 2022, Vol. 67, No. 14
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where
wz(zj)—%w
~ % (1+§(1—3tg2 %)) > Q(z),
oz =0)=22 (1+1),
i 2 (12
(2 =20) = L2, nz) =t x/Cymt+ 2

327 yQ’

yot  Nnz;

0 (2))2(25) = (T + 7]) (1 T % (1 -3’ %))
=W (t, zj) + W2 (t, Zj),

(1 (s ).

7 (15 (-0 %)),

Replacing the amount by j in (38) by the integral of
y =12z = jmy, we get

U (t, zj) =

Uy (zj) =

3y/2
tg ny .
e,1(n) = -sin[nds(y) + @]
2 T
x cosny - {cos[Ws(y) + @] sin Wi (t, y)
+ sin[Wa(y) + @] cos Wi (t, y) }dy, (39)
where

Wit y) = V:‘"t (1+ : (1 ~ 3tg? y))

Ws(y) = ”2y (1+8( 3tg2y)).

Here you can also get approximate expressions for
the normalized by €; amplitude B(y, ¢) = |€2,1(12)/€1]of
the wave e€;(7) with a frequency of wy=~yw/4
and its phase ¥(y, @), assuming in (39) wa(y)~ &

4 bl
Vit y) = ywt , Oo(y) = n_2y:
a—/3y/2
€ ten .
e.1(n) = —ﬁ : / <1 - %) -sin[nfs(y) + @]
0
ny yot o rny
X cos ny <cos[7 + go} sin T =+ sm[7 + (p}
ywt
X €Os T)dy’ |€2.1(m)| < €.
(40)

B(r.¢) = \/B&(r. @) + BL(r. ).
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Figure 4. Dependencies B = B(y, ¢) from y at n=32 and
various values @: 1 — 0, 2 — 7/4;57/4, 3 — 7w/3;3m/2, 4 —
37/4;77/4.

tgp(y, @) = %

9’
where

T—+/37/2
1 tgn .
Bc(y, @) = 5 / (1 — %) - sin[nBs(y) + @]
0

X cosny - sin[% + <p} dy,

3y/2

1 ECLAN
B 0) =5z [ (1= E) - sinlndsty) + o)
0

X cosny - cos{%y + (p} dy.

From the expressions (40) it can be seen that the
characteristics of the wave reflected from the gaps €5 1(m)
depend not only on the parameter p of the nonlinearity of
the medium, but also on the phase of the HF wave ¢ and
on the value of n = (w/Q2) > 1. Figures 4 and 5 show the
dependencies B(y, @) and ¢(y, ¢) from the parameter p
for different ¢ and n=32. From these figures it can
be seen that these dependencies are non-monotonic and
have a complex form. Figure 6 shows the dependencies
B(y, ®) and ¢(y, ) from the phase ¢, with y = 1073
and n=32. These dependencies are periodic with a
period equal to s, while the value of B(y, @) within
this period varies very noticeably — almost 10 times.
Figure 7 shows the dependencies of B(y, @) and ¢(y, @)
from n with y = 1073 and ¢ = m/2. There are rather
complex, non-monotonic and quasi-periodic dependencies
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Figure 5. Dependencies ¢(y, ¢) from p at n = 32 and various
values of @: I — 0, 2 — @w/4;5n/4, 3 — @/3;3n/2, 4 —
3m/4;77/4.

B(y)-10*

Figure 6. Dependencies: B = B(y, ¢) (1), ¢ = ¢(y, @) (2) from
the phase @ with y = 107 and n = 32.

B(y,9) and ¢(p, ¢)from n related to the interference
of wave perturbations arising from the reflection of a
weak HF wave from many shock wave gaps (8), while
B(y, @) decreases with the growth of n (on average, of
course).

Finally, we note that for z > zp ~ 7 — /3y/2, ie. after
the formation of a unipolar pulse wave at each period, the
wave propagating in the positive direction of the X axis will
be a periodic sequence of unipolar pulses (24) and HF wave
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Figure 7. Dependencies B(y, @) (a) and ¢(y, @) (b) from n at
y =107 and ¢ = /2.

pulses €;(0, z) propagating at a speed of C;:

€(01,2 > 2¢) = yleosin0; + € sin(nd; + @)]
X [h(91 + 9()) — Zﬂp) — [h(@l — 9()) — 2a'rp)] > 0,
p=1

where 6, = Qn, 11 =t —x/Cy, 6o =+3p/2, h(6)) —
Heaviside function, ¢; < /6y¢.

Conclusion

In this paper, a theoretical study of the propagation
of longitudinal initially harmonic strong low-frequency
and weak high-frequency elastic waves in an ideal non-
dispersing medium with bimodular nonlinearity, taking into

Technical Physics, 2022, Vol. 67, No. 14
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account the effects of reflection from shock wave fronts,
is carried out. Expressions are obtained for the nonlinear
wave, as well as for the amplitudes, frequencies and phases
of the harmonic components of the perturbation reflected
from the gaps of the shock wave. It is shown that the
nonlinear mode of propagation of a strong low-frequency
harmonic wave initially takes place only up to a finite
distance z < zg ~ 7 — /3y/2, after which a weak unipolar
pulse with an amplitude of &y is formed at each period
of the low-frequency wave (z >Zzg) = /6ye) < ¢ and
duration 26y ~ /6y < 27, which propagates at a speed
of C; without changing the form. With the combined
propagation of LF and HF waves, at z > zp, the shape
of the nonlinear wave &(0, z) is a periodic sequence of
unipolar LF and HF pulses propagating at a speed of C;.
It is shown that the amplitudes, frequencies and phases of
the harmonic components of the strong low-frequency wave
reflected from the gaps are determined by the parameter
of the bimodular nonlinearity of the medium, and the
same characteristics of the reflected weak high-frequency
wave also depend on its initial phase and on the value of
n= (w/2) > 1. Thus, the results of the study of the effects
of propagation of longitudinal LF and HF waves and their
reflection from gaps can be used to determine the nonlinear
properties of bimodular media when conducting appropriate
experiments. The results obtained are of interest for the
development of the theory of wave processes in media
with non-analytical nonlinearity; they can also be used
to create nonlinear techniques of acoustic diagnostics of
microinhomogeneous solids and materials containing cracks.
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