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Plane wave diffraction on a layer of asymmetric hyperbolic metamaterial
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We consider the diffraction of a plane wave on a layer of symmetric hyperbolic metamaterial made of metal

and SiO2 layers. It is shown that the reflection coefficient depends not only on the angle of incidence, but also on

the direction of incidence relative to the anisotropy axis. In an arbitrary fall, a plate of an asymmetric hyperbolic

metamaterial creates scattered waves of both polarizations.

Keywords: hyperbolic metamaterial, diffraction, effective permittivity tensor, homogenization.

DOI: 10.21883/TPL.2023.01.55337.19196

Hyperbolic metamaterials (HMMs) are uniaxial photonic

crystals with their diagonalized effective permittivity tensor

featuring diagonal components that have ε′⊥ε
′
‖ < 0 [1].

Here, prime and double prime marks denote real negative

imaginary parts, respectively; i.e., ε⊥ = ε′⊥ − iε′′⊥ and

ε‖ = ε′‖ − iε′′‖ . In addition, HMMs are viable at low losses

(ε′′⊥ ≪ |ε′⊥|, ε′′‖ ≪ |ε′‖|) and moderate frequencies, since

both these factors (including spatial dispersion (SD) that

emerges at high frequencies) set bounds to the hyperbolic

dispersion law [1]. The interest in metasurfaces and plasmon

polaritons (PPs) along them [1–7] has been on the rise

lately, since structures with surface PPs have a fairly wide

application range. In the present study, we examine an

asymmetric HMM layer that provides the possibility to

control diffraction through parameter variation effected by

altering the cut of interfaces (changing the orientation

of the anisotropy axis). The inset of Fig. 1 shows an

HMM plate with boundaries the normal to which makes

a certain angle with the anisotropy axis. The HMM

considered here is composed of alternating conducting and

dielectric layers. Thin metal films or graphene sheets may

serve as conducting layers. Under optical laser pumping,

semiconducting and graphene films allow one to control

diffraction optically [8]. Homogenization and derivation of

effective permittivity are feasible in the low-frequency range

at wavelengths d0 ≪ λ, where d0 is the period. The Fresnel

equation for an extraordinary wave takes the following form

in this case: k2
‖/ε⊥ + k2

⊥/ε‖ = k2
0 [1]. This approximation

yields [1,9]

εxx = εyy =
ε1t1 + ε2t2

d0

, εz z = d0

(

t1
ε1

+
t2
ε2

)−1

. (1)

Here, d0 = t1 + t2 is the structure period. It is possible

to take SD into account, but the resulting relations are

more complex. This can be done using, e.g., the following

formulae [1,10]:

εxx = εyy = k−2
0

[

k2/2 + k2
1z t−2

(

t21 + t1t2
)

+ k2
2z t−2

(

t22 + t1t2
)

]

, (2)

εz z = k−2
0 k2

×

{

1−
k2
1z d−2

0 (t21+t1t2ε2/ε1)+k2
2z d−2

0 (t22+t1t2ε1/ε2)

k2/2+k2
1z d−2

0 (t21+t1t2)+k2
2z d−2

0 (t22+t1t2)

}−1

.

(3)

Here, k2
1z = k2

0ε1 − k2, k2
2z = k2

0ε2 − k2. At t1 = t2 = d0/2,

relations (2) and (3) match formulae (1) and yield

εxx = εyy = (ε1 + ε2)/2, εz z = 2ε1ε2/(ε1 + ε2). Let us use
the Drude−Lorentz model for permittivity of metal films.

In the optical range, the thicknesses of layers should be

on the order of tens of nanometers. The hyperbolicity

conditions are satisfied in this case within certain regions.

An HMM may be produced [1] using alternating metal

and dielectric layers with t1 = tm, t2 = td and permittivities

ε′m(ω) < 0 and ε′d(ω) > 1 of metal and dielectric materials,

respectively. Here and elsewhere, symbols m and d stand

for
”
metal“ and

”
dielectric.“ Setting t1 = t2 = d/2, we

find εxx = εyy = (ε′m + ε′d)/2, εz z = 2ε′mε
′
d/(ε

′
m + ε′d). Both

HMM types may be produced (depending on the sign of

ε′m + ε′d) in the region where ε′m(ω) < 0. Rotating the

HMM anisotropy axis by an angle of α, we alter permittivity

tensor ε̂(α) = T̂−1(α)ε̂(0)T̂ (α) in the way specified by

rotation matrix T̂ (α), thus inducing the emergence of

nondiagonal terms. The propagation of plasmons in a film of

this asymmetric HMM depends on the rotation angle and is

complex in nature [11]. Here, we illustrate the behavior of

reflection R and transmission T coefficients of a plane wave

at different rotation angles and angles of incidence (Fig. 1)
on an asymmetric HMM layer. The region of excitation of

plasmons corresponds to the |R| minimum. A specific angle

of wave incidence φ, which establishes a match between the
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Figure 1. Dependences of moduli of reflection |R| (solid curves)
and transmission |T | (dashed curves) coefficients on incidence

angle φ for an HMM structure with d = 420 nm, tm = td = 20 nm,

εd = 3 at rotation angle α = 0 (1), π/12 (2), π/8 (3), π/4 (4),
π/3 (5).

PP phase velocity and the speed of wave energy transport in

a layer, is needed for their efficient excitation. Asymmetry

emerges with respect to incidence from different directions

relative to the normal.

To derive Fresnel formulae, we consider the matrix of

rotation about axis y by an angle of α:

T̂y (α) =





cosα 0 − sinα

0 1 0

sinα 0 cosα



 . (4)

Acting on vector E, this matrix yields

E ′
x = Ex cosα − Ez sinα, E ′

y = Ey , E ′
z = Ex sinα +

+Ez cosα; i.e., this is a counterclockwise rotation.

The initial permittivity matrix then takes the form

ε̃ = T̂−1
y (α)ε̂T̂y(α) = T̂y(−α)ε̂T̂y (α)

or

ε̃xx = cos2(α)εxx + sin2(α)εz z ,

ε̃z z = cos2(α)εz z + sin2(α)εxx ,

ε̃xz = sinα cosα(εz z − εxx).

Here εxx = εyy = ε⊥, εz z = ε‖.

Let us derive Fresnel formulae for a plane wave with p
and s polarizations incident at angle φ from below onto a

structure in the form of a layer with arbitrary angle α. The

Maxwell equations in a medium with permittivity tensor ε̃

are written as k̂H = ωε0ε̂E, −k̂E = ωµ0 ÎH, where matrix k̂
was given in [1]. It corresponds to the

”
rotor“operator. This

expression holds true for any tensor ε̂ (nondiagonal tensors
included). In the case of a rotated tensor, it takes the form

kz Hy − ky Hz = ωε0(ε̃xx Ex + ε̃xz Ez ),

Ex =
kz Hy − ky Hz − ωε0ε̃xz Ez

ωε0ε̃xx
, (5a)

kx Hz − kz Hx = ωε0εxx Ey , Ey =
kx Hz − kz Hx

ωε0εyy
, (5b)

ky Hx − kx Hy − ωε0
(

ε̃xz Ex + ε̃z z Ez
)

, (5c)

ky Ez − kz Ey = ωµ0Hx , Hx =
ky Ez − kz Ey

ωµ0
, (5d)

kz Ex − kx Ez = ωµ0Hy , Hy =
kz Ex − kx Ez

ωµ0
, (5e)

kx Ey − ky Ex = ωµ0Hz . (5f)

Equations (5a), (5b), (5d), (5e) are written in two

equivalent forms, where the second formulae are for field

components transverse to direction z . Inserting these

magnetic components from (5e) into (5a) and from (5d)
into (5b) and then transverse electric field components from

(5a) into (5e) and from (5b) into (5d), we find transverse

components Ex , Ey , Hx , Hy . Inserting them into (5c) and

(5f), we obtain

− ky

(

kx kz

k2
0εyy − kz kz

+
k2
0ε̃xz + kz kx

kz kz − k2
0ε̃xx

)

Ez

= ωµ0

(

1 +
ky ky

kz kz − k2
0ε̃xx

−
kx kx

k2
0εyy − kz kz

)

Hz ,

− ky

[

kz kx

k2
0εyy − kz kz

+
kx kz

kz kz − k2
0ε̃xx

+
k2
0ε̃xz

kz kz − k2
0ε̃xx

]

Hz

= ωε0

[

ε̃z z −
εxx ky ky

k2
0εyy − kz kz

+
ε̃xx kx kx + ε̃xz kx kz

kz kz − k2
0ε̃xx

+
ε̃xz (k2

0ε̃xz + kz kx)

kz kz − k2
0ε̃xx

]

Ez .

The zero determinant of this system is the Fresnel equation.

Let us set 1ε̃ = ε̃xx ε̃z z − ε̃2xz . This equation is of interest at

ky = 0, when it splits into two parts:

k±
x = ±

√

k2
0εyy − k2

z , (6)

k±
x =

−kz ε̃xz ±
√

(k2
0ε̃xx − k2

z )1ε̃

ε̃xx
. (7)
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The first equation corresponds to an H wave with com-

ponents Hz , Hx , and Ey . It may be excited by an s -
polarized wave. An H wave of the opposite direction

features component k−
z = −k+

z = −kz , and the same value

of kx corresponds to it. The k±
x = ±kx values specify the

direction of wave incidence (to the left or to the right of the

normal). The second equation corresponds to an E wave

with components Ez , Ex , and Hy . It is excited by an incident

p-polarized wave. It has different k±
x , and a wave travelling

in the opposite direction along axis x features component

k−
x . The values of kx are real. A wave travelling in the

opposite direction along axis z features component k+−
z

or k−−
z (depending on the direction of wave propagation

along axis x). The first index denotes the kx direction.

The wave opposite in the z direction has Re(k±−
z ) < 0.

Let kx = k+
x > 0 be the value in an incident wave and be

specified by the following relation:

kx = k+
x =

−k±
z ε̃xz ±

√

(k2
0ε̃xx − k±2

z )1ε̃

ε̃xx
> 0.

We assume that kx = k+
x > 0. If the direction of incidence

relative to the normal is reversed,

−kx = k−
x =

k±
z ε̃xz ∓

√

(k2
0ε̃xx − k±2

z )1ε̃

ε̃xx
< 0.

The k±
x values specify the direction of wave incidence (to

the left or to the right of the normal). Instead of (7), we
may use equation

k±
z = −(ε̃xz /ε̃z z )kx

±
√

(ε̃xx − ε̃2xz /ε̃z z )k2
0 −

[

(ε̃xx/ε̃z z ) − (ε̃xz /ε̃z z )2
]

k2
x . (8)

It assumes form k±
z = ±

√

k2
0ε̃xx − k2

x ε̃xx/ε̃z z for a diagonal

tensor (α = 0); i.e., k±
z define opposing (and independent

of the sign of kx ) components of oppositely directed waves.

In the general case (8), they depend on the sign of kx . The

sign in (8) should be chosen according to Re(k+
z ) > 0. Let

us use the impedance approach. The wave below is

Eq =
[

exp(−ik0z z ) + Rq exp(ik0z z )
]

exp(−ikx x),

Z0Hq =
[

exp(−ik0z z ) − Rq exp(ik0z z )
]

exp(−ikx x)/ρ0q.

The wave above is given by

Eq = Tq exp
(

−ik0z (z − d)− ikx x
)

,

Z0Hq = Tq exp(−ik0z (z − d)− ikx x)/ρ0q.

In the structure (layer),

Eq =
[

A+
q exp

(

−ik++
z z

)

+ A−
q exp

(

−ik+−
z z

)]

exp
(

−ikxx
)

,

Z0Hq =
[

A+
q exp

(

−ik++
z z

)

/ρ++
q

− A−
q exp

(

−ik+−
z z

)

/ρ+−
q

]

exp
(

−ikx x
)

.

The first plus should be changed for minus in the case

of propagation along −x . At q = p, we obtain Eq = Ex ,

Hq = Hy , and

ρ++
e =

Ex

Z0Hy
=

k2
0ε̃xz + k++

z k+
x

k0(ε̃xx k+
x + ε̃xz k++

z )
,

ρ+−
e = −

Ex

Z0Hy
= −

k2
0ε̃xz + k+−

z k+
x

k0(ε̃xx k+
x + ε̃xz k+−

z )
.

The first and the second signs correspond to axes x and

z , respectively. If ε̃xz = 0, ρ++
e = ρ+−

e = k++
z /(ωε0ε̃xx )

k++
z = −k+−

z . Sewing the fields together, we find

1 + R+
e = A+

e + A−
e , 1− R+

e = A+
e ρ0e/ρ

++
e − A−

e ρ0e/ρ
+−
e ;

in this case,

A+
e exp(−ik++

z d) + A−
e exp(−ik+−

z d) = T +
e , (9)

A+
e exp(−ik++

z d)ρ0e/ρ
++
e

− A−
e exp(−ik+−

z d)ρ0e/ρ
−+
e = T +

e . (10)

Summing up the first two equations, we obtain

A+
e (1 + ρ0e/ρ

++
e ) + A−

e (1− ρ0e/ρ
+−
e ) = 2.

The subtraction of the fourth equation from the third one

yields

A+
e exp(−ik++

z d)(1− ρ0e/ρ
++
e )

+ A−
e exp(−ik+−

z d)(1 + ρ0e/ρ
+−
e ) = 0.

The solution of this system of equation takes the form

A+
e = 2(−ik+−

z d)(1 + ρ0e/ρ
+−
e )/1+,

A−
e = −2 exp(−ik++

z d)(1− ρ0e/ρ
++
e )/1+,

where the determinant is

1+ = (−ik+−
z d)(1 + ρ0e/ρ

++
e )(1 + ρ0e/ρ

+−
e )

− exp(−ik++
z d)(1− ρ0e/ρ

++
e )(1− ρ0e/ρ

+−
e ).

The reflection coefficient is then written as

R+
e = 2

{[

(−ik+−
z d)(1 + ρ0e/ρ

−+
e )

− exp(−ik++
z d)(1− ρ0e/ρ

++
e )
]

/1+
}

− 1. (11)

The reflection coefficient corresponding to propagation

along −x is

R−
e = 2

{[

(−ik−−
z d)(1 + ρ0e/ρ

−−
e )

− exp(−ik−+
z d)(1− ρ0e/ρ

−+
e )

] /

1−
}

− 1, (12)

1− = (−ik−−
z d)(1 + ρ0e/ρ

−+
e )(1 + ρ0e/ρ

−−
e )

− exp(−ik−+
z d)(1− ρ0e/ρ

−+
e )(1− ρ0e/ρ

−−
e ).
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The following values should be chosen in these relations:

k±±
z = −(ε̃xz /ε̃z z )k

±
x

±
√

(ε̃xx − ε̃2xz /ε̃z z )k2
0 −

[

(ε̃xx/ε̃z z ) − (ε̃xz /ε̃z z )2
]

k±2
x ,

Re(k±+
z ) > 0, Re(k±−

z ) < 0.

It can be seen that relations (9) and (10) remain unchanged

under substitutions k±+
z ↔ k±−

z and A+
e ↔ A−

e performed

simultaneously; i.e., it does not matter which waves in a

layer are assumed to be the direct and reverse ones. The

values of k±
z derived from (8) at kx > 0 and kx < 0 differ.

This suggests that different reflection coefficients correspond

to equal incidence angles to the left and to the right of the

normal. In physical terms, this follows from the fact that the

electric vector under incidence from above and from the left

(Fig. 1) is almost normal to thin metal sheets, thus yielding

weak reflection. The structure acts as a set of plane-parallel

waveguides. Since the electric vector under incidence at the

same angle from above and from the right is almost tangent

to metal layers, strong reflection is observed in this case.

The transmission coefficient is

T±
e = 2

[

exp
(

−i(k±+
z + k±−

z )d
)

(1 + ρ0e/ρ
±−
e )

− exp
(

−i(k±−
z + k±+

z )d
)

(1− ρ0e/ρ
±+
e )

] /

1±.

According to (8), k±+
z + k±−

z = −2(ε̃xz /ε̃z z )k±
x ; therefore,

T±
e = 2 exp

(

2i(ε̃xz /ε̃z z )k
±
x d
)

ρ0e
ρ±+

e + ρ±−
e

ρ±+
e ρ±−

e 1±
. (13)

At ε̃xz = 0, we have ρ±+
e,h = ρ±−

e,h = ρe,h, ρe = kz /(k0ε̃xx),
ρh = k0/kz , and the known formula

T±
e,h =

[

cos(kz d) + iWe,h sin(kz d)
]−1

,

We,h = (ρe,h/ρ0e,h + ρ0e,h/ρe,h)/2.

In an asymmetric HMM, both reflection and transmission

of an E wave depend not only on the incidence angle value,

but also on the positioning of the line of incidence relative

to the normal. This is not true for the s polarization. In the

general case of ky 6= 0, waves are hybrid; i.e., reflected and

transmitted waves of both polarizations are excited under

incidence of a p- or s -polarized wave.

Thus, scattered waves of both polarizations emerge in

diffraction by an HMM layer in the case of arbitrary

anisotropy angle α and arbitrary wave incidence. In the con-

sidered scenario, this occurs at ky 6= 0. In physical terms,

this corresponds to the excitation of currents of all direc-

tions, which produce radiated waves of both polarizations,

in metal layers. The calculations of R = Re and T = Te

(Fig. 1) as functions of the incidence angle were performed

for λ = 500 nm. Silver and SiO2 layers were the materials

tested. The permittivity of silver at the discussed wavelength

is εm = −8.23− i0.287. The value of εd = 3 was used

as the permittivity of SiO2. At equal layer thicknesses,

l, nm

1500 65004500500 55003500
–910

2500

–810

–710

–610

–510

–410

–310

|T
|

1

2

3

2
3

Figure 2. Moduli of transmission coefficients as functions of

wavelength based on homogenization (dashed curves) and on a

rigorous model (solid curves) for a structure with tm = td = 10 nm,

22 periods, and a thickness of 440 nm. 1 — Normal incidence,

2 — incidence of an E mode, 3 — incidence of an H mode (the
incidence angle is π/4).

εxx = εyy = −2.62−i0.144 and εz z = 9.431 − i0.1883; i.e.,
the HMM condition is satisfied. Drude−Lorentz for-

mula εm(ω) = εL − ω2
p/(ω

2 − iωωc) was used: εL = 9.13,

ωp = 1.57 · 1016 Hz, and ωc = 3.46 · 1013Hz. Its parame-

ters were determined with regard to the density of conduc-

tion electrons and σ0 = ε0ω
2
p/ωc = 6.3 · 107 S/m for silver.

This material features two zero-crossing points for ε′m(ω).
In our approximation, zero crossing occurs at a wavelength

roughly equal to λ = 345 nm, which corresponds the first

crossing. Figure 2 presents the comparison between an

approximate solution based on homogenization and an exact

solution at α = 0 (i.e., when the anisotropy axis is aligned

with axis z ). The plasma frequencies of metals lie in the UV

range, while the frequencies for semimetals and strongly

doped semiconductors of the n-InSb kind may be reduced

down to the THz range. Graphene−SiO2 structures exhibit

HMM properties in the same region [12]. Homogenization

is 2–3 orders of magnitude more accurate in this setting.

The considered asymmetric HMM layers may serve as

polarization detectors or optical and IR screens. In the

case of graphene, they may be controlled optically. The

considered structure exhibits the maximum screening at a

wavelength on the order of 900 nm.

Such problems are reduced to integral equations in the

diffraction theory [13]. The finite impedance of ribbons

may also be taken into account. However, a dielectric layer

is hard to factor in: this requires the introduction of volume-

surface integral equations. Plasmons along the considered

Technical Physics Letters, 2023, Vol. 49, No. 1



Plane wave diffraction on a layer of asymmetric hyperbolic metamaterial 11

HMM layer were studied in [14]. The dispersion relation

for plasmons reduces to the R = 0 condition. This is the

Brewster condition under which a wave enters the structure

without reflection, energy flows from vacuum into the layer

from both sides, and kx and k0z become complex. A similar

effect is observed in a nanowire HMM [14].
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