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The necessity of studying the nature of the propagation of the maximum of the laser radiation pattern in
the Anderson differential cell is substantiated. A new technique has been developed for conducting these
studies, which takes into account all factors when constructing the trajectory of the maximum laser radiation
in the cuvette, as well as outside it (up to the sensor of the photodiode line, on which the radiation is
recorded). For the first time, an equation was derived to study the change in the nature of the propagation
trajectory of the maximum of laser radiation in the Anderson cell, and beyond it, depending on its various
parameters, the values of the refractive indices of the reference ns and the liquid medium under study, nm. The
results of checking the reliability of the developed equation are presented. For the first time, a 12th degree
polynomial was obtained for Anderson’s differential cell with respect to the refractive index of the medium
under study to obtain an analytical solution of the developed equation. This solution will provide additional
information about the physics of the processes under consideration and the relationships between different

quantities.
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Introduction

Currently, a special attention is paid to the development
of fast and reliable methods of express testing of the
state of condensed media [1-4]. It is connected to
different causes, the main of which are environmental
degradation, failure to meet conditions of storage and
transportation of condensed media due to cost saving, as
well as quality impairment in the production of media
themselves, etc . [5-8]. Therefore, prior to the use
of condensed media, especially when performing various
experiments, the media need to be tested quickly to ensure
reliability of the obtained results. This has resulted in a
situation, that in addition to high requirements for accuracy
and speed of measurement, as well as for the possibility
to test large numbers of media, one more requirement has
been added for the express test methods: measurements
performed to determine the medium state must not change
its physical structure and chemical composition [4,9-11].
The measurement of refractive index np, of a condensed
medium using the refraction phenomenon is one of options
to solve the problem of express testing, that ensures meeting
these requirements both in laboratory conditions and out of
laboratories.

Scientific and technological advances have given rise to
a large number of liquid media and their mixtures with
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high refractive index ny (for example, iodous methylene
(dilodomethane) with np = 1.7425 or solution of sele-
nium and diarsenic disulfide in arsenic tribromide in a
ratio of 1:1:3 with nyp=2.1128 , etc. ). In this
context the need has arisen to carry out additional re-
search activities to search for new solutions to provide
measurements of Ny in a large range of its variation
with high accuracy. Previously performed studies [12-
14] have shown, that one of possible options to solve this
problem is related to the use of differential method of ny,
measurement (differential refractometer with Anderson cu-
vette).

The analysis of results of different studies [15-20], as
well as operation principles of differential refractometer
designs [12-14] has shown, that in the consideration
of Anderson cuvette two approximations were used that
considerably limit accuracy and range of Ny measure-
ment.

The first approximation. The laser beam passage through
the Anderson cuvette was considered with an assumption
that the partition thickness d (Fig. 1) between its two
bays is an infinitely small value in comparison with
geometrical dimensions of the cuvette (I; — base length,
I, — base width). In these studies cuvettes were used
with |; = 100—200 mm, I, = 150—300mm at d = 0.5 mm.
Material was quartz glass (a-quartz). Therefore, in the
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Figure 1. Anderson differential cuvette with direction of the maximum laser beam propagation: / — side face of the Anderson cuvette,
on which the laser beam is incident; 2 — partition; 3 — side face of the Anderson cuvette, through which the laser beam leaves the

cuvette; 4 — linear photodiode array.

relationship derived for the angle ¢ (this relationship is
used to determine np) of laser beam output from the
Anderson cuvette after all refractions a certain error was
included initially. =~ This error increases at least three-
four times with decrease in |; and |, of the cuvette.
Currently, cuvettes with dimensions of |; = 30—50 mm,
[, =40—100mm are commercially available for research
purposes.  This resulted in an increase in the error
of nm measurement and made low-demanded these re-
fractometric measurements to test the state of biological
and aqueous solutions of salts, medical suspensions, acids,
alkalies, etc .

The second approximation. The relationship for the angle
@, which is used to determine n, was derived for
a special case of Anderson cuvette (I; =1,). If the
equation between faces |; and |, in the relationship
for angle ¢ is not fulfilled, it was suggested to use a
correction coefficient. Numerical values of this coefficient
were supported by experimental data of Ny, measurements
with the use of differential refractometers. In these
measurements of Ny the relationships were used, where
a large error was included due to the absence of pa-
rameters of the cuvette partition. Therefore, a number
of researchers in their works note that the use of this

coefficient may increase the measurement error of npy
up to 5% and over, which makes these measurements
non-demanded. Therefore, they recommend to use
for research purposes the Anderson differential cuvette
with I} =1, [15,17,18,21].

Our studies for the case of I; = |, < 60 mm have shown
that maximum laser beam at a large change in Ny, may
be out of the side face 3 of the Anderson cuvette
(Fig. 1), which results in failure of the refractometer
functioning. In the case of laser beam hitting a corner
of the cuvette, it will be extremely difficult to mea-
sure Nm.

Therefore, the goal of this work is to derive an equation
for investigation of features of the pattern of changes
in the propagation of laser beam axis trajectory without
approximations both in the Anderson cuvette and out of
the cuvette upstream of the photosensitive sensor of the
linear photodiode array where the radiation is recorded,
depending on cuvette parameters, values of refractive index
of the reference liquid ns and liquid to be measured Ny,
as well as distance | (Fig. 1). This will allow ensuring
high accuracy of Ny measurement in a wide range of its
changes.
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1. Formation of the trajectory of laser
beam maximum propagation in
the Anderson differential cuvette
and its features

Fig. 1 shows scheme of the Anderson differential cu-
vette with the direction of laser beam axis trajectory
propagation from the outer cuvette wall / to the photo-
sensitive sensor on the linear photodiode array 4. The
use of linear photodiode array to record laser beam
in refractometers is the most reasonable option cur-
rently [13,14,16,18,22,23].

The structure of laser beam axis trajectory formation
from the wall / to the sensor 4 is based on the radiation
refraction at the boundary of several media with different
refractive indices in points A, B,C, and D (Fig. 1). We
consider vertical shifts of points B, C, D, and K (parallel
to face 1) in relation to point A (Fig. 1). For each shift
(distances L, Ly, L3, and L4) a mathematical relationship is
derived taking into account cuvette parameters (geometrical
dimensions, material, etc.), refractive indices ns and Ny,
places of laser beam enter into the cuvette (face I —
point O — distance y) and distance | to the linear
photodiode array 4.

Our studies have shown that in the consideration of
laser beam axis trajectory a number of features arise,
the main of which is related to the taking into account
parameters of the partition 2 (Fig. 1), ie. the value of d
and refractive index n of the partition material, in the
equation that describes the laser beam axis trajectory.
Usually, three materials are used for the partition: quartz,
sapphire, and KV glass. It is worth to note that the
same material is used to manufacture other faces of the
Anderson cuvette. In this case it is necessary to consider
three variants of trajectory formation. These variants are
connected to the ratio between the refractive index Ny, and,
for example, nq (the cuvette is made of quartz). Three
situations are possible in the process of studying (Nm > Ng,
Nm="Nq, and Np < nNg). In this case one more feature
needs to be taken into consideration, which is related to
the ratio between Nns and ng. If ns > ng, a complete
internal reflection can take place at the interface of two
media. Previously it was not taken into consideration in the
measurement of angle ¢ to determine Ny,. Some researchers
assumed the possibility of such situation, therefore, to
conduct studies, it was recommended to use a reference
liquid with ns < ng. The studies carried out by the authors
of this work have shown that to improve accuracy of npy
measurement, it may be necessary to use a reference liquid
with ng > ng. In this case it is necessary to exclude
fulfilment of the following relationship, corresponding to
complete internal reflection at the interface of two me-
dia:
ns .

— sin(a;) > 1. (1)
Nq
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Results of the studies have shown that to fulfil relation-
ship (1) for the reference liquids used in real conditions
for the measurement, it is necessary to have angle
(Fig. 1) greater than 60°. Therefore, dimensions of the
Anderson cuvette should be selected to ensure fulfilment
of the above-mentioned condition. To perform exclu-
sive studies, for example, with ns > 1.7, special cuvettes
with a; = 30° are used, which excludes fulfilment of
relationship (1).

Let us now consider the situations related to the fact
that it is difficult to prognose value of nym since it can
vary due to different reasons. In addition, value of np
must be measured with a high accuracy (at least 1073).
The first situation is connected to the relationship of
Nm > Ng. In this case the trajectory of laser beam axis
change is shown in Fig. 1. The second situation is
when Ny =nq  Our experiments have shown that to
describe the change in trajectory of the laser beam axis
in this case, the equation can be used that was derived
for the case of Ny > Nq. The third situation (connected to
the relationship of Ny < ng) for a differential refractometer
is considered for the first time. In this case the refracted
laser beam (Fig. 1, point B) propagates above the straight
line OA. This situation is also taken into account in
this work, because the derivation of the mathematical
relationship to determine L = L; 4+ L, + L3 + L4 takes into
account the presence of partition in the cuvette with
parameters d and ng. The use of previously derived
relationships without taking into account these parame-
ters to determine N, when carrying out measurement
by previously developed refractometers resulted in large
errors.

Fig. 2 shows fragment A from Fig. 1 for a more clear
representation of the derivation of relationships to determine
L1, L, L3, and L4 when considering the change in trajectory
of the laser beam axis for the case of Ny > ng.

When considering the third situation (Nm < Ng), one
more feature should be taken into account, which is
related to the phenomenon of complete internal reflection
of laser beam at the interface of two media when the
radiation propagates from a medium with higher density
to a medium with lower density (Ng > Npy). For this case, it
is necessary to define the condition of complete internal
reflection and develop methods that make it possible to
exclude the effect of this factor on the measurement
of N,

Let us consider the change in the laser beam axis
trajectory shown in Fig. 2. The complete internal reflection
at the interface of two media (quartz and the medium
under study) takes place when the following relationship
is fulfilled:

sin(B2) 22 — sin(ay) > 1. 2)
Nm

Taking into account the fact that upstream of this interface
the laser beam is refracted one more time at the interface
of two media with ns and ng, relationship (2) can be
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Figure 2. Fragment A — Anderson differential cuvette with a linear photodiode array.

transformed as follows:

Ds sin(a;) > 1. (3)
Nm
The resulted relationship (3) shows that the complete
internal reflection of laser beam at the above-mentioned
interface of two media takes place only in the case of
Ns > Ny for certain angles al that depend on geometrical
dimensions of the cuvette. Previously, in the consideration
of relationship (1) it was found that a; < 60°. In this
case the complete internal reflection at the interface of
two media takes place when the following relationship is

fulfilled: n
—= > 1.155. (4)

Nm
For «; = 45°, relationship (3) can be transformed as

follows: n
= > 1.414. (5)

Nm
The experience of differential refractometers operation
shows that fulfilment of condition (4) can only possible
in the process of studies in the case of solving special
problems. In this situation it is recommended to use an
Anderson cuvette with a; = 30° or less, since in this case

the probability of fulfilment of (5) is close to zero. It
is necessary to note, that relationships (4) and (5) with
a high probability can be fulfilled, if the reference liquid
and the liquid under study are confused with each other
in the process of studies (the liquids are poured in wrong
bays of the Anderson differential cuvette). In this case
the directional pattern on the linear photodiode array 4
will have no signal of the laser beam with a clearly
defined maximum. Reliable measurements of np, will
be impossible, since photosensitive sensors of the linear
photodiode array will be exposed to multiple-reflected
weak signals of the laser beam. To prevent unreliable
measurements of Ny based on these signals, the following is
implemented in the processing of signals from the linear
photodiode array. The output signal U from the linear
photodiode array 4 is normalized according to the following
principle:
1024

2 Ui

U= , 6
Umax ( )

where Upax — maximum illumination signal from an
element of the linear photodiode array, U; — amplitude of
the signal from an element of photodiode cell, i — number
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of the element. This allows unambiguous identification
of the presence of one clearly defined maximum on
sensors of the linear photodiode array from the laser beam
passed through several media in the Anderson cuvette.
If multiple-reflected optical signals arrive at the linear
photodiode array, little bursts of U amplitude are clearly
identified, which are unambiguously different from a clearly
defined maximum. Previously, in the methods used to
process optical signals in differential refractometers this was
not implemented.

In addition, the use of this technique allows unambiguous
identification of axis position of the laser beam to be
recorded (amplitude maximum) when the beam shape
is distorted due to absorption of the laser beam and
subsequent its emission in the medium under study (the
reference liquid is selected such that these process are
minimized), as well as identification of light bursts or
distortions in the laser beam shape (for unambiguous
identification of axis position of the laser beam) due
to the scattering when investigating a medium where
another medium is added, and a small part is remained
undissolved. A similar situation can take place when
tasting the state of hydrocarbon media, where one medium
in a small quantity has entered into another medium
(for example, alcohols, aviation kerosene, etc .). This
technique can be effectively used in the case of for-
mation of minor speckles.  Distortions of the beam
shape are small, and axis position of the laser beam
on sensors of the linear photodiode array can be deter-
mined.

In the case of presence of different particles in the
medium under study that cause scattering of the laser beam,
for example, Mie scattering, the distortions of the laser
beam shape will be significant, and it will be extremely
difficult to determine axis position of the laser beam on the
linear photodiode array.

If speckles are formed due to some reasons, for
example, undissolved impurities (in minor concentra-
tions) with a size of about 0.02 and over of the laser
beam width, it will be impossible to identify axis po-
sition of the laser beam on the linear photodiode ar-
ray. It is necessary to note that this issue needs addi-
tional extensive studying with specially produced model
media.

Therefore, prior to derive an equation for descrip-
tion of the change in axis position of the laser beam
when it passes through a differential cuvette with lig-
uid media and the distance to the linear photodiode
array, let as define the following. The geometrical-beam
approach for description of the change of laser beam
axis is considered by us when liquid media are trans-
parent, homogeneous, distortions in the wave front
are minimal. Various difficulties in the identifica-
tion of axis position of the laser beam when record-
ing it at a linear photodiode array were considered
earlier.
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2. Equation for description of the laser
beam axis change

As an example, let us present the derivation of an
equation to describe the change in laser beam axis for the
situation of Nm > Ng. Let us consider fragment A (Fig. 2)
and write the following relationships:

sin a4 Ng sina Nm_ sin a3 Ng
Slnﬂl ns ’ Sin ﬁz nq ’ Slnﬂ:; nm ’
sin a4 n
D: — =2 5
sinfiy g

ar=a3+ P, Li=1tghs, Ly =ditghs, Ly =K;tgas,

a
tga; = —,

Ki=(y — by + L) tgay, b

L4 = |AB| sin(a1 —ﬂl)

d .
= COSﬂl s1n(a1 —ﬁl)

=d(sina; — cosa; tg ),

sin n . ns .
,—1 == sinff; = —Ssmal,
Slnﬂl ns nq
Ns Sin
tgB1 = —.
na — nZsin” o

These relationships then allow for expression of
Li, Ly, L3, and L4 through Anderson cuvette parameters,
distance |, as well as refractive indices of the reference
liquid ns and the liquid medium under study Ny,

Ns COS ¢
——, (7)
2a )

nZ — nZsin

Ly = dsina <1 —
q

tga; —tgfBo
tgs = tgler = o) = T o

sina; N sinay Ny
sinB;  ns’ sinap  ng’
sin Nm . Ns .
a = p1 = — = — = sinf, = —sina;,
Slnﬂz ns nm
Ns o .
SN A1 Ns Sin
tgﬁz = > - >
1 NS w2 2 D il
— @ sin"a N, — nzsin” a;
toaqy — Ns sin @
L3 ¢ g v/ M3 —ngsin? o
_— = a3 = -
Kl g 1 + tg a Ns sin @

2 _n2 sin?
\/ NG —ng sin® a;

sinayy/ N2, — nZ sin® @; — Ng sin @ cos a;
/ 2 2 ’
cos a4/ N2 — nZsin” @ + Ngsin” a;
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Figure 3. Structural diagram of the laboratory mockup of
differential refractometer: I — semiconductor laser; 2 — power
supply unit of the laser; 3 — lens; 4 — Anderson cuvette;
5 — linear photodiode array; 6 — analog-to-digital converter; 7 —
multifunctional power supply unit; 8§ — processing device; 9 —
laptop.

sin a3 n . Nm .
—— = 2 = sinf; = —sines = tgfhs
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This allowed us to obtain the following relationship for L:

Ns COS @
L=L;+Ly+Ls+Ly=sina <d<1—5—1>
né—ngsinzal

+ (\/nﬁ1 —nZ sin® @) — Ng cosal)

I
% 2 2
ng — sin” oy (NG, — ngsin® @y + nZ cos?

—2nscos ay /N2, — n2 sin? ar)

d

— sin® 1 (N, + nZ cos? @1 — N2 sin” e

—2ns cos a; /N2, — n2 sin? ar)
Ky
+ .
cosayy/nE —n2 sin® a1 + ng sin @y
(8)

Relationship (8) was verified for reliability using the
mockup of differential refractometer with Anderson cuvette
developed by us (Fig. 3). In two sections of the Anderson
cuvette liquid media with known refractive indices were
accommodated. One of these medium served as the
reference medium — ng, another one was the medium to
be measured — Ny When placing the liquid media in
sections of the Anderson cuvette, relationships (1), (3),
(4), and (5) (that were used to derive relationship (8))
were taken into consideration. The laboratory mockup of
differential refractometer makes use of a semiconductor
laser / with built-in optical devices. The laser is custom-built
by ,,Hamamatsu Photonics” (Japan) for ,,ATAGO“ company
(Japan).

Wavelength is 1 = 632.8 nm, power P of the laser beam
is adjustable to 20 mW. Downstream of lens 3 the laser
beam divergence angle is 6 ~ 0.02mrad. Lens 3Jis a
macrolens (of toric shape) and is located near the end
of laser crystal (built-in optics). It transforms the wave
front of laser beam into a plane-parallel front. The laser
is operated with transversal fundamental mode. The
adjustment of power P is necessary to investigate media
with different transparency. From the semiconductor laser /
(Fig. 3) the beam is incident on the side face / of the

_|_

2

Ny
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Table 1. Shifts L of the laser beam maximum on the linear
photodiode array for the case of ns = nm < Ng for a temperature
of liquid media and quartz equal to T =293.1K

Medium Ns = Nm Ng Lm, mm L¢, mm
Air 1.000273{1.537826(1.4381 4+ 0.0005|1.437762
Water 1.327412{1.537826|0.0828 + 0.0005|0.082450

Aleohol (ethyl)|} 5¢1 51311 537826(0.0715 + 0.0005/0.071131

AI-92 gasoline [1.437762|1.537826/0.0440 £+ 0.0005|0.043715

Table 2. Shifts L of the laser beam maximum on the linear
photodiode array for the case of ns = nm > Ny for a temperature
of liquid media and quartz equal to T =293.1K

Medium Ns = N, Ng Lm, mm Lc, mm

1.562442|1.537826(0.0247 £ 0.0005|—0.024355

Aniline

Carbon sulfide|1.623018(1.537826|0.0409 + 0.0005|—0.040534

Todous

1.742556|1.537826(0.1168 £ 0.0005{—0.116417
methylene

Anderson cuvette (Fig. 1) at a right angle. To record
the laser beam, a TSL1406RSM linear photodiode array
(by AMS-TAOS USA) is used with 1024 photosensitive
sensors, which is custom-built for ,,ATAGO“ company
(Japan). Width of the recording zone is 64.6 mm, height
of the zone is 3.6 mm. Size of the photosensitive sensor
is (0.062 x 1.6mm). Distance between sensors along the
length of the linear photodiode array is 0.001l mm. The
error of determining distance L in this case is 0.0005 mm
(half distance between photosensitive sensors — uncertainty
of axis position (amplitude maximum) of the recorded laser
beam).

This configuration of the laser beam recording allows
controlling of the beam shape and investigating the evolution
of the laser beam shape depending on the state of the
medium under study even in cases when, due to the
presence of speckles, it is impossible to determine the

position of laser beam axis on the linear photodiode array.
These investigations then allow determining the functionality
of the developed differential refractometer for studying of
different media.

Width of the beam was measured at a level of 0.5
at a distance of 300mm from the laser without the
cuvette. = The width is 0.448 £0.00l mm. Then in
the studying of liquid media, the laser beam width
on sensors of the linear photodiode array increases de-
pending on properties of the medium under study and
the reference medium, as well as temperature T of
them.

Table 1-3 shows results of comparison between mea-
sured Ly, and calculated L values using (8) for different
liquid media. The following parameters were used for the
calculations: ng = 1.537826, n, = 1.000273, d = 0.5mm,
d; =1mm, | =20mm, y = 4mm.

The analysis of obtained results has shown that L, and L¢
coincide with each other within the measurement accuracy
of Lm, which confirm the reliability of relationship (8)
derived by us and the possibility of its use in the developed
differential refractometer (Fig. 3) to determine Ny,

Fig. 4 shows, as an example of functionality veri-
fication of the developed differential refractometer, the
results of investigation of the state of the tap wa-
ter and the aqueous solution with oxides, which is
used in biological experiments, at different tempera-
tures T. The aqueous solution with oxides was pre-
pared from the tap water and 10% aqueous solution
of nitric acid (in a ratio of 97 to 3 by volume).
The state of water and solution is determined by the
measured value of ny using (8). The obtained re-
sults match the data of studies carried out by other
researchers [13,15,18,19,20,22-24].

To additionally confirm the reliability of results of npy
measurement obtained with the use of the developed
refractometer design and relationship (8), we investigated
the measurements of refractive index of Rheinol 5W-30
engine oil as a function of temperature T and compared
these results with the data obtained with the help of
commercial Abbe NAR-2T refractometer (by ,,ATAGO",
Japan) with a measurement error of 0.0002. Table 4
presents results of comparison between refractive indices
measured using two instruments.

Table 3. Shifts L of the laser beam maximum on the linear photodiode array for the case of ns < ng, any values of ny for a temperature

of liquid media and quartz equal to T =293.1K

Reference medium Ns Medium to be measured Nm Ng Lm, mm Lc, mm
Air 1.000273 Alcohol (ethyl) 1.361513 1.537826 0.7708 £ 0.0005 0.770416

Water 1.327412 AI-92 gasoline 1.437762 1.537826 2.4711 £ 0.0005 2470831
Alcohol (ethyl) 1.361513 Carbon sulfide 1.623018 1.537826 6.4642 + 0.0005 6.463831
AI-92 gasoline 1.437762 Iodous methylene 1.742556 1.537826 9.1239 + 0.0005 9.123527
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Figure 4. Dependence of change in refractive index nm of the tap
water on temperature T. The graph correspond to the following
state of tap water: / — no oxides in the water, 2 — there are
oxides in the water.

The analysis of data presented in Table 4 shows, that
results of N, measurement are consisted within the measure-
ment accuracy, which confirms reliability of relationship (8)
derived by us and justification of the suggested technique
of Ny, measurement using Anderson differential cuvette.

Then, to derive an analytical relationship for
Nm(d, L, ns, |, di, Ng, @1), let us introduce the following
denominations:

L4 Ns COS a4
R Y S L L
S 2 2 il
\/ Mg — ngsin” &y
L L—Ly
sin a; sin a1
nZ, — ngsinzal —nscosa; = fiq,

f2=n2 —nZsin” a; +n? cos? a; —2ns cos a; \/ Ng,—n2 sin® a;,

f%: f%sinzal, fr=fisinay,

Table 4. Change in refractive index nm of engine oil as a function

of temperature T

Laboratory mockup of Commercial

T,K differential refractometer

refractometer Abbe NAR-2T
285.1 +0.1 1.4707 £ 0.0005 1.4703 £ 0.0002
287.2+0.1 1.4701 +£ 0.0005 1.4699 £ 0.0002
291.3+0.1 1.4685 £ 0.0005 1.4682 £ 0.0002
295.2+0.1 1.4669 £ 0.0005 1.4665 £ 0.0002
299.3 +0.1 1.4654 £ 0.0005 1.4650 £ 0.0002
303.2+0.1 1.4640 £ 0.0005 1.4637 £ 0.0002
307.2+0.1 1.4625 £ 0.0005 1.4621 £ 0.0002
310.1 +£0.1 1.4611 £ 0.0005 1.4607 £ 0.0002
313.2+0.1 1.4596 £ 0.0005 1.4591 £ 0.0002

Ki
cosa(fi+nscosap) + nssinzoq)’
A | d, Ki
A + .
fi ficosa; + ng

NiTRE \/ng—ngr

In this case, equation (8) is transformed to the following
form:

Asin aq o | n d1 + K1

fa \/ng_f% \/”%—f§ fatgar + ns
L K I d
f_(;_ fztgai—i-n B * ; 2 ®)

Y R N

In the resulted relationship (9) the unknown np, which
needs to be determined as a result of measurement of L,
is only presented in one variable f,(ny). Equation (9) can
be only solved numerically for ny. Therefore, to obtain
an analytical relationship for nm(d, L, ns, I, di, ng, 1), we
transform (9). As a result of performed transformations we
get relationship (10), which is a polynomial of degree 12
in f,. Roots of this polynomial are explicit relationships
for nm in relation to variables d, L, ns, |, d;, ng and ;.
Relationship (10) takes into account all factors affecting
the formation of trajectory of the laser beam axis in the
Anderson differential cuvette and out of it to the linear
photodiode array 4 (Fig. 2).

Based on the experimental values of Ny, obtained on the
laboratory mockup using (8), we verified the derivation of
equation (10), for which purpose we substituted all values

Technical Physics, 2023, Vol. 68, No. 1



On the Formation of the Trajectory of Propagation of Laser Radiation... 135

into equation (10) and obtained zero. This is an achievement
of the approach proposed by us, that allows finding an error
in mathematical transformations and derivations, which is
absent in a number of works related to solving of theoretical
problems.

Currently, method are developed that allows finding a
general solution to a fourth-degree equation. In general,
coefficients of our polynomial are real numbers, there-
fore, to find its roots we essentially can use only one
method: factorial expansion. Therefore, we plan to factorize
the polynomial using the supercomputer of the Peter the
Great St.Petersburg Polytechnic University.

P(fa)=f3*(C*+e* ctg*(a1) +df ctg* (1) —2€%d] ctg* ()
+2(e* + df)C? ctg?(an)) + 13" (4C°B + 4e’ns ctg® ()
+4d{ns ctg® (a;) —8e’dins ctg? (a ) +-4(€* +d?)C ctg(ay)
x (nsC + ctg(e1)B)) + £3°(—C*(2n; + 2ng) + 6C*B>
- 2n§e4 ctg* (1) + 6€*n2 ctg?(a;) — 2n2d7 ctg* ()

+ 6d7ng ctg?(a1) + 2€*di(ng + n3) ctg*(ar)

— 12e%dn2 ctg?(ay) — 2(n§ + n2)(e? + d})C? ctg’(ay)
-2(c? ctgz(al)(ezné—l-df) — (e’ +d7) (C*nZ+B? ctg?(an)
+4CBnsctg(an)))) + f3(—4C°B(2n; + 2n3) + 4CB°
— 8n(2]e4ns ctg’ (1) + e*nd ctg(ar) — 8n2dins ctg® ()
+din? ctg(ar ) +8€*dins ctg’ (al)(né—l—ng)—Sezdfng ctg(ay))
— 4(ng + n3)(e* + d})C ctg(a ) (Ns — C + ctg(a1)B)

— 4(Cctg(a1) (nsC + ctg(a1)B) (e’ng + df) — (e* +df)
x Bng(Cns + ctg(a1)B)) + f5(C*(ng + 4ngn; + ny)

— 6C°B*(2n; + 2n3) + B* + e*nf ctg* (1) — 12nge*n;
x ctg®(a;) + nie* + dind ctg*(a)) — 12n2dint ctg? (ay)
+n¢d{—2e*dining ctg* (ar)+12e7ding ctg? (a1 ) (Ng+n3)
—2e?ding + 2ngnz(e® + d})C? ctg?(ar) + 2(ng + )

x (C? ctg®(ay ) (€?ng+d7) —(*+d7) (C*ng+B? ctg?(ay )
+4CBnsctg(ar))) — 2((e*ng + di) (C*ng + B ctg* ()
+4CBnsctg(ar)) — (€% + df)B*nd))

+ f7(4C°B(n§ + 4ngng + ng) — 4CB>(2n + 2n3)

+ 4ng‘|e4n5 ctg’ (1) —8née4n§ ctg(ay)+4nidins ctg® (ap)
— 8nZd{nd ctg(en) — 8nZnjeldins cig’(ar) + 8e%ding

x ctg(ar)(ng + Nng) + 4ngna(e* + d7)C ctg(an)

x (nsC + ctg(a1)B) + 4(ng + ng) (C ctg(as)

x (NsC + ctg(a1)B) (% + d?) — (2 + )
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x Bns(Cns + ctg(a1)B)) — 4(e*ng + d})Bns

— (Cns + ctg(e1)B)) + f$(—C*(2ning + 2n3n7)

+ 6C*B*(nj + 4ngn; + ng) — B*(2n3 + 2n7)

+ 6nge’*ng ctg®(ar) — 2nge*ng + 6ngding ctg®(a1)

— 2ngding — 12e*dinzngn; ctg?(a1) + 2€7ding(ng + n3)
— 2n3ng (C? ctg®(an ) (e°ng + d7) — (€% +df)

x (C*n¢ + B?ctg?(a;) + 4CBns — cig(ay)))

+2(ng + n3) ((e°ng + df) (C*ng + B ctg?(ay)

+4CBns ctg(ay)) — 2B*ng(e’ng +d})) + f3(—4C?

x B(2ngng + 2n3ng) + 4CB°(n} + 4ngn; + ng)
+4nge*n ctg(a; ) +4n3ding ctg(an ) —8e*dingngns ctg(a)
—4n;ng (C ctg(en ) (NsC+ ctg(en)B) (e’mg+df) — (€ + df)

x Bng(Cns + ctg(a1)B)) + 4(ng + ng)(e’ng + d7)

x Bng(Cns + ctg(a1)B)) + f3(C*ngny — 6C°B>(2n3n;
+2n3ng) + B4(ng + 4ngng + ng) + ndnge* + ngnjd?!
—2e*dindn;ng — 2nang ((€°ng + d7) (C?ng + B ctg?®(an)
+4CBnsctg(ar)) — (6% +df)B*n3)) + 2(n§ + n2)B?

x ng(e’ng+d7))+f3 (4C°Bngni —4CB*(2nzng+2n3n;)

— 4ninz(e’ng + d7)Bns (Cns + cig(a1)B))

+ f3(6C*B*ngng — B*(2n3ng + 2n3ng) — 2n3nzB*n;

x (e’ng +df)) + f,4CB ngnd + B*ngng = 0. (10)

To find the roots we shall use a program written by us in
Python. Then, it will be necessary to investigate each root
individually for compliance with the experimental data and
boundary conditions.

Conclusion

In contrast to previously used relationships in differen-
tial refractometers with Anderson cuvette, equation (10)
derived by us will allow (using its roots) performance of
a number of analytical studies of the effect of different
Anderson cuvette parameters, as well as values of ng and |
on the behavior of changes in Ny when performing measure-
ments in different conditions, as well as determining critical
points (maxima and minima) and boundary conditions,
where measurement of Ny is impossible. It is difficult to
establish all these conditions experimentally. In previously
used relationships derived with different approximations it
was extremely difficult to ensure a reliable result.

It is necessary to note that comparison between the
calculated shifts L (Table 1-3), obtained with the use
of (8)—(10), and experimental measurements of L for
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check liquids has shown adequacy of the model developed
by us, which allows ensuring the possibility to measure npy,
with required error in the set range of refractive index
variations. For example, in the range of nn variation
from 1.4 to 1.5 it is possible to ensure the required mode
of measurement using the derived relationships (8)—(10)
(by selecting cuvette parameters, refractive index of the
reference liquid ns and |). For example, a change in Ny
by 0.0001 corresponds a shift of laser beam maximum
by one photosensitive sensor. Experimental studying of
different liquid media (Fig. 4, Table 4) has confirmed it.
Previously it was extremely difficult to obtain this result in
a differential refractometer.

In addition, the design of differential refractometer de-
veloped by us allows reproducing on the laptop screen
the shape of laser beam, which is recorded on the linear
photodiode array and controlling of, for example, speckles
emergence in it due to different reasons. This allows
determining the distortions introduced by them and the
reasonability of measurement of the laser beam axis position
in this case, as well as further prospects of studies of these
media by the differential refractometer developed by us,
which makes possible the determining of functionality of
the instrument to test the state of different media.

Currently, designs of linear photodiode arrays are de-
veloped with 2048 sensors and a distance between them
of 0.0002mm. In this case the error of L measurement
will be 0.0001 mm. This will broaden the possibilities of Ny,
measurement with higher accuracy.

The results obtained by us allow future development of
a verification scheme of the first class for a number of
liquid media on the basis of the differential refractometer
with Anderson cuvette. For this purpose, it is necessary
in laboratory conditions, for example, to measure Ny, in the
range from 143 to 1.44, to ensure that a change in Ny
by 0.00001 corresponds to a shift of laser beam maximum
by one photosensitive sensor. In this case it is possible to
get a measurement error of about 0.2 - 10~ with the use of
appropriate design of the linear photodiode array, which is
close to accuracy characteristics of the state standard.
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