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of electrostatics and thermal conductivity of plane-layered media
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The method of mirror reflections of electrostatics for a point charge located next to a plane-layered medium
consisting of a single film on a dielectric half-space is formulated. The method is generalized to the case of an
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electrostatic potential around a conducting sphere, an ellipsoid of revolution and a drop-shaped body located near
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Introduction

In many modern technical applications, it becomes
necessary to analyze electromagnetic fields and heat transfer
in plane-layered structures. In problems of heat conduc-
tion in plane-layered media, the matrix method [1-4] is
used, which, as a rule, is used to solve two-dimensional
problems. Such matrix methods are successfully used in
solving problems related to the emission and propagation of
electromagnetic waves in plane layered media [5]. In the
paper [6] an original option of the rigorous electromagnetic
theory of the radiation of an elementary dipole located at the
boundary or inside a plane-layered structure was proposed
being a development of the papers [7,8]. In particular,
in [6] a method of analytical solution simplification was
demonstrated, which has a potentially important general
theoretical value. The generalization of this method for
the case of an arbitrary number of films in a plane-layered
structure allowed to reduce the formulas for radiated fields
to one-dimensional integrals, which significantly simplified
the analysis of the problem and accelerated numerical
calculations. So, in [9] developed mathematical approaches
were applied to finding a three-dimensional fundamental
solution of electrostatics (quasi-electrostatics) in flat-layered
media, ie. to finding the field of a point charge in plane-
layered media. On the basis of the results obtained, a
formulation of the generalized method of mirror reflections
for a point charge located next to the plane-layered structure
consisting of one film in a half-space was proposed. This
result was generalized in the paper [9] for the case of an
arbitrary charges distribution near plane-layered structure
and an arbitrary number of films. However, in the
generalized method of mirror reflections developed in [9],
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one has to perform double integration, which limits the
computational speed.

In this paper, the generalized method of mirror reflections
is modified in relation to an important particular problem —
a point charge located next to the plane-layered medium
consisting of a single film on a dielectric half-space. The
new modified formulation of the reflection method makes it
possible to exclude double integration, simplify and speed
up calculations.

Below, based on the proposed method, the problems of
finding the distribution of the electrostatic potential near a
conducting sphere, an ellipsoid of revolution, and a drop-
shaped body located near a dielectric film in a dielectric
half-space are solved. Based on the analogy between
electrostatics and stationary thermal conductivity, similar
problems of finding the distribution of temperature fields
are discussed.

1. Problem formulation. Electric field of

point charge located inside a
plane-layered structure

Consider the problem of finding the electrostatic field
from point charge q located inside the plane-layered struc-
ture. Let, for generality, this charge be located inside a flat
layered structure consisting of several films and two half-
spaces surrounding the layered structure. For definiteness
we will first assume that the charge is located in one of
the films, and then we generalize this problem to the case
when the charge is located at their boundary or in one of
the half-spaces.



296

A.B. Petrin

Let the total number of films be Nj¢, the thickness of

mth film be dy, and the total thickness of the layered
N
structure be diot = > dm. The total number of boundaries

between films willnzle denoted as N=N;s + 1. Let us
number the regions of the space j =1,...,(N+1). Let
us assume that the films have absolute permittivities equal
to €5, and in front of and behind the layered structure
there are homogeneous half-spaces with permittivities ¢
and eny1. Also denote by zj-the coordinates N of the film
i—1
boundaries along the axis Z — as follows: z; =0, z; = JZ
for j=2,...,N. ™
The equations of electrostatics (or quasi-electrostatics) in
the region with number j can be written in terms of the
electric potential ¢ in the form: Ap; = —p/¢j, where A —
Laplace operator, p — volumetric charge density, &; —
absolute permittivity of the j-th region. Solving the Laplace
equations in each region, taking into account the boundary
conditions, we find the electric field in all regions. Consider
first the following auxiliary problem.

2. Electric field in layer free of charges

Let there be no extraneous charges between the bound-
aries zj_1 and z; in the region with the number j. The
permittivity of the medium in this film is &;j.

The electric potential can be represented as a Fourier
expansion:

+00 o0

Pi(x.y. 2) = (27)2 / / 4G (£, 7., 2)déd.

—00 —0

Let us substitute the potential in the form of a Fourier
expansion into the in the Laplace equation, then in the
region under consideration for ¢; we obtain equation

d?pj/dz* — y*p; =0, (1)

where y = /€2 + n2. The equations (1) for fixed values of
& and n are ordinary differential equations with respect to
the variable z. We write the general solution of equation (1)
in the region [zj_1, z;] in the form [9]:

+00 o0

oixy.2)=(@n) 2 [ [ grere e macy

— 00 —00

+<2ﬂ>‘2/ / gy @@ e Mdedn,  (2)

where (,Z)j+ and (Z)]f are the functions of only £ and 1. The
first term (on the right from equal sign) in the formula (2) is
the field from sources located to the left of the left boundary
of the layer. The second term on the right in the formula (2)

is the field from sources located to the right of the right
boundary of the layer.

From (2) we write the Fourier transforms of the electric
potential and the normal component of the electric field
induction at the boundaries of the region j:

foj ZLj X 52_]', fpi
Dj,Z z=7j_, D]z
(3)

where the column vector ?;TJ = (Epj*;(bj*)T is introduced.
Matrices Lj and R;j have the form

1 e—Vdj—l e—Vdjfl 1
L]: e P 7ydj,1 ’ RJ: ) —ydj_1 e ’
iy —¢&jre gjye &y
4

where dj,1 =Zj—=Zj1.

ZRJ'X?;‘_J',

Z=Zj

3. Electric field in multilayer structure
free from external charges

Let us now consider a multilayer structure, inside which
there are no extraneous charges. Let us consider the bound-
ary z = z; between regions with numbers j and j + 1.
Continuity of the tangential components of the electric field
strengths Ejx, Ej11,x, Ejy, Ej+1,y, and of normal electric
induction components Dj ; and D, on this boundary can
be written in terms of the corresponding electric potentials
@j and @41 as follows:

Pi ‘(x.y,zn Pl |<x,y.z;> =0,

&09;/02 o) — €i+100541/02|cy.2) = 0,

where the electric potential ¢j;; in the region j + 1
is expressed by the formula (2), in which the indices
j — J + 1 are changed. Since the equations of electrostatics
(quasi-statics) are linear equations, the boundary conditions
must be satisfied for each term of the Fourier expansion,i.e.
boundary conditions are satisfied for the Fourier transforms
of the corresponding quantities:

Pi ‘(é,n»Zj) Pt ’(S,n,Zj) =0,

Di,z‘(s.n.zn - Di“l‘@,n,zn =0. (5)

Writing (5) using (3) and (4), we obtain a matrix
equation on the boundary z = z;:

Rj X ?;‘_j ZL]‘H X .92—”1. (6)

Equation (6) can be written for j=2,...,(N-1),
where (N + 1) — the total number of regions, N — the
number of boundaries, i.e. for all boundaries except the

first (j = 1) and last (j = N) boundaries, i.e. excluding the
N—1

boundaries z; and zy = digt = D dm.
m=1
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The general solution for the electric potential in the region
j =1, ie. in the interval (—oo, 1], we write it as

+00 400
oitxy.2) =@ [ [ (grerm gretn)
x &) dedy. (7)

Then, introducing the vector T, = (@1, o1 )T, we write
the boundary condition (5) for z = z;:

1 1 . .
X.chlszx.gfcz. (8)
ay —&ay
Similarly, the general solution for the potential in the
region | =N+ 1, ie. in the interval [zy + o0), we write
as

+00 +00o

Pn+1(X, Y, Z) = (2;71)*2/ /(@ﬁﬂew(zfzm

—00 —O0

N (Z),\_,Hey(Z_ZN))ei Extny)dédn. 9)

Then, introducing the vector Zn.1 = (@)1, Pn.y)T> We
write the boundary condition (5) for z = zy:

RN X .Of;N =
EN+1Y  —EN+1Y

1 1 .
) X .Of—N+1. (10)

Equations (6), (8) and (10) allow us to relate the column
vectors &, 1 and 52—N+1 in the first and last domains of
the problem (i.e. in half-spaces) by the following matrix
equation:

N
F) = <T1 X HTm X TN+1> X FNi1s

m=2

1 1
TN+1 - < ) . (11)
EN+1Y  —EN+1Y

It is easy to show that the column vectors in regions with
arbitrary numbers S and P, where 1 <S< P < (N+1)
and S+ 2 < P, will be connected by formula

P—1
Fs=Rg! x ( II Tm) x Lp X Fp. (12
m=5+1

~—
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4. Electric field in multilayer structure
from point charge located in one of
the films

Let there be the point charge g located in the
point (0, 0, Zq) in the region with number s. Let
this charge be determined by the density distribution
p(X, Y, 2) = d6(x)8(y)6(z—2q), where §(x) — Dirac delta
function. The Fourier transform of this distribution is given
by the following expression:

+0o0 400

p(&.n.2z)=q / / 5(X)8(y)8(z — zq)e &+ dxdy

=06(z — zq).

Let this point charge be in an infinitely thin layer
(zq—Az/2, zq + Az/2). Then from the equations of electro-
statics rot E = 0 and divD = p for the Fourier transforms of
the fields at Az — 0 we can write

. - AE AEsy . - e
MEaz— =t =0, =% —i8Ea, =0, i£Eey —inEex=0,
- - Ds,
iEDsx +inDsy + Az =08(z — zq).

From the equations obtained, we find the field increments
in the layer

AES’y == inES,ZAZ, AES,X == igES’zAZ,

ADs; = —(iéDsx +inDsy)AZ + q8(z — z4)Az.

Whence it follows that in the limit Az — 0, the jumps
of the tangential components of the electric field strengths
and the normal component of the electric field induction
upon passing through an infinitely thin layer with a charge
are equal to AES,y — 0, AES,X — 0, ADS,Z — (. In matrix
form, these limit equations can be written in terms of the
electric potential in an equivalent form as follows:

0 0 0
Ps (% — (7). a3
DS,Z z=24+0 DS,Z z=24q—0 q

Let us now express the left side of the boundary condition
(13) in terms of the column vectors #; and Fn.; of half-
spaces outside the plane-layered structure. To do this, let’s
divide the region with number S into two regions and denote
them by indices | and r (left and right, if you look at Fig. 3).
Let us introduce the column vectors %, and &, in these
regions. Then the terms to the left of the equal sign in (13)

can be expressed as

fps =R, x Z and fps
DS,Z z=24—0 DS,Z

=L, x %,.
z2=24+0
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It follows from (6) and (12) that

s—1 N-+1
(HTm>LI-fI, and ./r— Rr < H Tm>'fN+1,

m=1 m=s+1
(15)
1 e V(Za=2s-1)
L| - s
sy  —esyeVramzeoy)
e 7(2Zs—2q) 1
Rr - .
gsyefy(Zszq) _gsy

Substituting (15) into (14) and then the resulting expres-
sions into (13), we obtain

where

HR X F N+1 52—1 +V, (16)

where V= (0,q)7 is a column vector characterizing the
exciting action on the plane-layered structure of the point
charge, and the matrices Hg and H| characterize the
response to external excitation of the layered structure to
the right and left of the charge and are expressed as follows:

e v ({frn)

H|_><

m=s+1
where the matrices Ty are defined by (11), and the
matrices T, and Tr — by the formulas T, =L, (R|)_1,

Tr = Ly (R;) !

In the problem under consideration, the point charge
(source of fields) is located exclusively inside the plane-
layered structure. Therefore, F, 1 and F N+1 columns contain
only the components that determine the waves coming from
the flat-layered structure. .

To obtain the remaining non-zero components &
and Fny1, we split the matrices into Hg and Hj into
elements HRA, HRBa HRC, HRD and HLA, HLBa HLc, HLD:
then equation (16) takes the form

Hra Hre\ (@ni1)  [Hia His 0 N 0
Hre Hro 0 Hec Hwo /) \o; a)
(17)

Equation (17) can be represented by the following
system of two matrix equations: HRA¢§ = Hiso;,
Hre@p .y = Hwo@ + 0. The resulting equations can be
combined again into a single matrix 2 x 2 equation:

Fout = s 18
<—HLD HRC) o <Q> (18)

where the column vector oyt = (@1, o5 +1)T is introduced.
Solving this equation, we find ¢, and gb,j 41> Which means
that the fields decrease with distance from the flat-layered
structure:

@, =qHra/(HrcHi8 — HraH1D)

and
®n.1 = Hisa/(HreHie — HraHip). (19)

The field decreasing to the left in the half-space j =1 is
found by the formula

+00 +oo
(pl(x’ Y, Z 2;7[ / /(2)17 v(z—21) <§X+77Y)dgdn’
(20)

and the field decreasing to the right in the half-space
j = N+ 1 by the formula

+o00 +00

ons1(X, Y, Z)=(2m)” //‘PN+1e y(z— ZN)ei<§X+7ly)dgdn.
(21)
Finally, if necessary, knowing 7, and Fnii, one
can find the column vector of potentials in any internal
region 7 j, since they are uniquely determined by the
boundary conditions. After that, the electric potential in
any of these areas can be found using the formula (2).
This way the fields will be defined throughout the
space.

5. Electric field of a point charge located
at some distance from the film
boundary

Let us consider the problem of finding the electric
potential from point charge q located in half-space with
permittivity ¢ (Fig. 1). The charge is located at some
distance from the film with permittivity &, deposited on
the half-space with permittivity &g.

In the coordinate system of Fig. 1, the charge is located
at a point with radius vector rq = (0;0;z4) at distance
d = (zp—2zq) along the axis Z from film h thick.

This problem can be considered as a problem of
finding the electric potential from a point charge lo-
cated on the surface of an auxiliary film of thick-
ness d = (zp—24), and the dielectric constants of this
auxiliary film and the half-space on the left are
equal &¢.

In this formulation, there are four regions. Let us
introduce the following enumeration of regions: the in-
dex j =1 corresponds to the half-space ¢ e, j =2 —
auxiliary film with & = ¢e¢ and thickness d, j =3 —
real film with e3 =e¢, with thickness h, and the in-
dex j =4 corresponds to the halfspace with &4 = ¢

(Fig. 1).

Then N =3, Z1 = Zg, Zy = Zp, Z3 = h+ zp,
Hr =T, xT3 x Ty, H_=(T;)"' and equation (16)
becomes

(Tz x T3 X T4).Gf;4 e (T1)719;1 +V, (22)

Technical Physics, 2023, Vol. 68, No. 3
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71=24 ) =2z z3=h+z,
f 1 4 L4
€1 =¢&r & =¢gr 83=¢) €4 =&y
(0] 'q 7z
j=1 j=2 j=3 j=4
X
v

Figure 1. Point charge q located in free space with permittivity ¢
at a point with coordinate zq at a distance of (zp—2q) from film
with thickness of h and permittivity €, located on the boundary of
the half-space with permittivity eq.

where the matrices are expressed by the following formulas:

—1
1 1
T = ,
&y —&y

T = Lo(Ry) " — ( 1 e—d )

ery —erye7d

ed 1 -
>< 9
eryed —gpyp

T = Ly(Ry)~ — ( 1 g—h )

epy  —epye "
e h A
>< b
epye M —epy
1 1
T4 = ,
&y —é&dy

and the column vector of the point charge is equal to
V = (0;q)". Then

1 1
= ()™ = <ff7/ —SfV> ’
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1 g—d gd 1\
Hgr = —yd —yd
ery —erye”’ erye e —epy
—1
1 e vh e vh 1
X
<5p7’ —fpVeyh> (fpyeyh —fpy>
1 1
X .
&y  —&dy

Let us introduce the column vector Foy = (@1, (,Z)j)T
then equation (18) for the given objective will take the form

—1 Hgra\ (@ 0
iV Hrc /) \ @y !
From (23) we have

@1 =qHra/(Hrc+e1yHra) and @} =q/(Hrc+e1yHra).
(24)
We can explicitly express Hra and Hgc in terms of
hyperbolic sines and cosines

Hra = ch(yd) ch(yh) + i—f sh(yd) sh(yh)

+ 8 en(pd) shiyh) + S sh(pd) ch(yh),  (25)
€p &f

e
Hrc = per |sh(pd) ch(yh) + S—f ch(yd) sh(yh)

& €
+ 8—" sh(yd)sh(yh) + g—dch(yd)ch(yh) . (26)
p f

Let us find the potential ¢; in the half-space (j = 1) for
z < zq4. Substituting the expressions (25) and (26) for Hra
and Hgc into (24) for ¢, after simple transformations we
obtain the expression

. q 9 _—2d
=qH H Hgra)= YRy, h
@1 =qHra/(Hrc +&1yHRa) e —1-27}‘€f e (y, h),
(27)
where
Ry, h) = &t — &p 4epes
’ Sp + Ef (Sp + Sf)
(ep — €a)
X . (28
[(ep + 1) (ep + €a)€¥N + (ep — €4) (&1 — €p)] (28)
From the expression for the potential (20) we have
1 +00 00
_ q y(z2—2q) q
wis2) = [ [ (Gee ™ g
~ ey(zf(mﬁq)) R(p, h)) e & +m)dedy. (29)
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Taking into account that y = /€2 +n2, we use the
mathematical identity

+00 o0
V|Z Zq|

(s0cxa)+nv-va)) gzl

ey

— 00 —O0

- d . (30)
dmer /(X —Xq)2 + (Y —Yq)? + (z — 29)?
Then (29) can be rewritten:
q
(/) X’ b Z -
(%Y. 2) dres /X2 +y2 + (2 — zq)?
Ep T &f 4mes \/X2 +y2+ (Z - (2zp — Zq))2
+00 +00o
2
Sp + Sf
(ep — ea)e? (= 02720)
X
[(ep + 1) (ep + £0)€¥N + (ep — &) (7 — €p)]
x € &+ m)dedy. (31)

—

Let us find the potential ¢4 in half-space (j =4) a
z > h + zp. Substituting expressions (25) and (26) for Hra
and Hgc into expression for (,b4+, we obtain

- q

% "~ Hrc + &17Hra

2qeqe 79

= Il T o) T ) T (e —eml(er —ep)] )

From the expression (21) substituting (32) we have

_ 9
Pa(X,y,2) = e
+00 o0 28 eth
/ / (ep+ &1)(ep + ed)GZVh + (ep — €d) (&5 — &p)
e 7(Z-zd
X —— e &+ dedn. (33)

Let us now find the potential for z, < z < (h+ zp), ie
in the layer ] = 3. Boundary conditions (6) on the plane
Z = z3 = h+ zy, can be written as

e h 1 P\ (1 1 oF
epye ™ —epy | \ @y ey —eay) \ 0 )’

Then, solving this equation and using (32), we obtain the
solution

A+_£p+gde}/h”+_8p+8d
3= e, 4T 2ep
2q8pefy(d72h)
>< b
v [(ep+ 1) (ep + £0)€¥N + (ep — £4) (1 — &p)]

3 4 —
2ep 2ep

qupe—y<d_h)
X )
[(ep+ &1)(ep + €0)€N + (ep — €a) (1 — £p)]

The total potential of the field inside the layer j = 3 is
expressed by the formula (2):

+0o0 400

@3(X, Y, 2)2(27[)72 / /(@;e*V(Z*Zb)+¢3—ey(zf(2b+h)))

—00 —00
~ ei@””y)dgdr).
Substituting here the obtained expressions for @5 and @5,

we obtain

(P3(X, Y, Z) = %

+00 +o00 efy (27<Zq+2h))
X
/ / V[(Sp—i—ff)(é‘p—i—fd)ez?h—i— (fp—fd)(ff —Sp)]
X ei<‘fx+nY)d£dn + q(fp — gd)
(P
+0o0 400 ey (Zf(Zbezq))
X
/ / V[(Sp—i—ff)(é‘p—i—fd)ez?h—i— (fp—fd)(ff —Sp)]
x ¢ <‘SXHW)déd?]. (34)

Let us now find the potential for zq <z < zp, ie. in
the layer j =2. Boundary conditions (6) on the plane
Z = Z, = Zp can be written as

ed 1 AN e h o7
erye 7 —gpy ®, B EpY —SpVe_yh oy )

Then after simple calculations we get

&t Ep pdoi  EF —Ep pd-h.— _ 9
= e e = , (35
2e¢ 3 2e¢ ?3 2p¢es (35)
. &t =& ., Ef T Ep __yn. qa _—yd
Py =g, Pt ®s (v, h) e ,
(36)

where &(y, h), as before, is expressed by formula (28).
Then the total potential of the field inside the layer j = 2

(see (2)):

+0o0 400

@) //<2V3f Al

— 00 —O0

P2(X, Y,z

.4 ey<z<2zbzq>>> &) gedy,
2p¢es
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Substituting here the expression for &(p, h) and using
identity (30), we obtain

q
Amer /X2 +y? +

P2(X, Y, 2) =

+(z —z9)?

&t —&p q

et el 4re \/x2 +y2+ (z— (2zp — zq))2

+00 o0
2
Sp + Sf

y (ep — Sd)ey(zf(Zbequ
[(f,‘p + Sf)(f,‘p + Sd)ezyh + (f.‘p — Sd)(f,‘f — Sp):l

x € e+l dedy. (37)

Note that this is the same expression (31) as for
@1(X,Y, z) in the halfspace j = 1. The first term of this
expression is the potential of point charge g located at the
point rq = (0, 0, Zq). The second term — the potential
of a point charge of magnitude q(ef—ep)/(ep + 1) in a
medium with permittivity e¢, which is mirrored relative to
the z = zp, plane, at the point rret = (0,0, 2zp—2q). The
third term — the potential of the charge distributed over
the plane z = z, with some surface density (below it will
be calculated explicitly).

To find @ing — the potential of the charges induced in the
plane-layered structure under consideration, it is necessary
in the region z < z, to subtract the potential of the initial
charge from the total potential in this region. Then denoting
Zret = 2Zp—2q from (37) we will receive

@ind(X, Y, Z) = Sl d
T &p t+ € 4ﬂ8f\/X2+y2+(Z—Zref)2
dep(ep — £a)

272 (ep + 1)

b o (a—2et) i (Ex41Y)
/ / iy dédn.
. [(ep+er)(eptea)e®M + (ep—ea)(er —&p)]
(38)

It can be seen from (38) that for h — +oo the integral
vanishes, and we obtain the well-known formula for the
charge at the boundary of two half-spaces with the appro-
priate change of the permittivity symbols [10].

6. Generalization of the method of mirror
reflections to the case of point charge
located near plane-layered medium

For the first time, the method of mirror reflections for the
case of point charge located near the plane-layered medium,

Technical Physics, 2023, Vol. 68, No. 3

as applied to the particular case of single film, was proposed
n [11]. A further generalization of the method, including to
multifilm structure, was given in [9]. Below we consider a
new formulation of the reflection method.

If we introduce a function
U(X,Y, z) = q/dmes /X2 +y2 + 22, (39)

that determines the potential of the point charge g located
at the origin of coordinates in space with permittivity &¢,
then expression (38) can be represented as

’ _ U _
@ind(X, Y, Z) pa— (X, ¥, Z = Zref) + )’
e o7 (2—2rer) gl (Ex-1y)
X / /X(% h)Tdédﬂ, (40)

where Z;ef = 2Zp—Zq, and function
x(y. h) = R(y. h) — (er —&p)/(ep + 1)

is determined by formula

B 4epet
X(V’ h) - (£p+£f)
(ep — €d)
“Tep+enep +e0)e + (ep—ealler —ep)] )

For further generalizations, it is easy to obtain formulas
of the form (31), (33), (34), (37) and (38) for the
field potential of the point charge  at arbitrary point

rq = (Xq, Yo» Zq):

P1(X,¥,2) = ¢2(X, Y, 2)
_ q
dmer /(X —Xq)2 + (Y —Yq)? + (2 — 2q)?
Q(Sf —é&p)/(ep+&1) n q
" ey VX=Xq)> + (Y=Yq)> + (z—(2zb—2q))?  (27)
+00 +00
—(220—2q)) i (£(X—Xq) +0(Y—Ya)
/ / 27/8f ve ’ *dédn,

(42)
where Zref = 2Zp—2q, and x(p, h) is expressed by for-
mula (41). In the region of the film (j = 3), the potential
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can be written as

2e¢
X,y,2) = ———U(X—Xq,Y — Vg, 2 —Z
(p3( y ) (8p+8f) ( q y Yq q)
( +00 +0o
ef —&
_ p x(y, h
—7(2—2q) @l (§(X—Xq)+n(Y—Ya)) 2 —
L@ e ; " dedn + & (&p — €a)
2pes (€p+8f)(€p+8d)

x U(X = Xq, Y =Yg, Z — [2(Zo + h) — 24])

_ (ep —€d)(er —&p) @
2ep(ep +ed4)  (2m)?

+00 o0

—[2(z5+h) —2q)) g (€(X—Xq)+n(Y—Ya)) e
/ / x(y.h er &dn.

(43)
And then in the half-space behind the film (j = 4) for
@4(X, Y, Z) we obtain the expression

~ AerepgU(X = Xq, Y =Yg, Z — Zq)
Pa(X, ¥, 2) = (ep+ &1 )(€p + €d)
( +oo +oo
e — ep
 (ep+£a) ~ 27"” (= -20)
x exp(i (£(X — Xq) + (n(y — yq))))dédn. (44)

Let us represent the expression for x(y, h) in (41) by a

series in powers e~ 2"
den + ¢
b h = p
x(v. h) (eo + 21)
% (ep — €a)

[(ep + 1) (ep + €a)e¥N + (ep — €4) (&1 — £p)]

ae—2yh

= T be aZ BT le I (as)

where the following notations are introduced

_ depet(ep — &d)
(€p + &d)(ep + €1)%’

_ (ep—d)(er — &p)
~ (epter)(ept+eq) (46)

Note that series (45) converges at |b| < 1, i.e. at

1< (ep — €a) (et — &p) <1
(ep + &1)(ep + €d)

Further discussion will assume that the permittivities of
the problem satisfy this convergence condition. Obviously,
for positive values of permittivities, the convergence condi-
tion is always satisfied. Then the expression (42) takes the

form
X,¥,2) =UX—Xq, Y =Yg, Z — 2Zgq) + ————
P10y, 2) =UX=Xa Y =Ya. 2= 2q) + =
X U(X = Xq.Y = Y. Z — Zref) + »_a(=1)™b™!
m=1
TR0 (2= zeer —2m0) gl (E(x—xq) +1(y —Ya) e
2n // 2ery =

Taking into account the mathematical identity (30), we
obtain

X, Y, X — Xq, ,Z—2q)+ —P
P1(X.y, z) =U( oY — Yo Z — Zg) S
xU(X = Xq. Y — Y. Z = Zret) + Y _a(—1)™'b™!

m=1

x U(X —Xg, Y — Yq- Z — Zrer — 2mh). (47)

Thus, the generalized method of mirror reflections can
be formulated as follows: if the point charge ( is located in
half-space next to the film h thick located on the boundary
of another half-space, then the potential in half-space, in
which the charge is located, is infinite sum of the potentials
of the following charges:

— the first term of the sum — is the potential of the
initial point charge g (source of the field) located at the
point zg,

— the second term of the sum — this is the potential
of the virtual charge (ef—ep)/(ep+ &) located at the
point Z;ef, mirrored with respect to the nearest film
boundary z = zj, and the remaining members of the sum is
infinite sum of potentials of virtual charges located at
the points Z = zef + 2mh,and the value ga(—1)M"1h™"!,
where m=1,2,3,...,00, and the values a and b are
expressed in terms of the permittivities of the problem
media using formulas (46).

Thus, in the expressions for the potential ¢;(X, Y, Z), one
can exclude double integration, as in [9], and replace it
by summing a rather rapidly convergent series in virtual
charges.

Similarly, substituting expression (45) into (43) and (44),
we obtain

. 2e¢ (3f_gp)
(p3(xa y’ Z) - (8p + €f) U(X XCI7 y yq’ z ZQ) 2€p
x Y a(=1)™"b™ U (X — Xq, Y — Y, Z — (2q — 2mh))
m=1
2¢et(ep — &d)
— " = U(X—Xg, Y—VYq Z2—[2(zp+h)—2
e e U,y Y 2 (2 ) 2]
(SP - 8d)(8f - 8P) > m—1pm—1
- a(—1 b
2ep(ep + €q) ; (=1)
x U (X —Xg, Y = ¥Yg» Z — [2(Zo + (M+ 1)h) — z4]),

(48)
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0a(X, Y, 2) = 4erepU (X—Xq, Y =Yg, Z—2q)
4\Ns Y (8p+8f)(8p+8d)

(e — &p)
(ep + &d)

X Za(—l)m’lbm*IU (X —Xqg, Y =Yg, Z — (zq — 2mh)).
m=1

(49)

7. Generalization of mirror reflection
method to the case of system of
charges

Let us now generalize the obtained method of mirror re-
flections and find the potential of the total field Pyt (X, Y, Z)
in the region z < z, in front of the film (Fig. 2) of an
arbitrary compact system Ng of source charges gy located
at points with radius vectors rqk = (Xq.k, Yq.k> Zq.k), Where
k=1,2,...,Nq

If there were no plane-layered structure, then the potential
of this system of charges-sources would be represented by
the formula

Nq
Os(x.y.2) = Y qc / 4y
k=1

% \J (X Xqu + (Y~ Yak)? + (2~ 2qi)®.  (50)

& & ed
e o
e o
.
xq,k r 9k
+h
e oo ° ﬁzb sz R
0 ® Zak z
[}
Jj=12 J=3 j=4
Xy

Figure 2. System of point charges gk for film located on the
boundary of half-space.
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Summing expressions (47) for each charge gk over all Ng
charges of the system and noticing that

Ng
> / Ames
k=1
2
X \/(x—xq,k)2 + (Y=Yqk)? + (2—(22p + 2mh — zq))
Nq
= qu / dmes
k=1

X \/(x —Xak)2 + (Y=Yqk)? + ((2zp + 2mh — z)—zq,k)2
= ®s(X, Y, 2Zp + 2mh — 2),

we obtain a generalization of the method of mirror reflec-
tions in electrostatics for arbitrary charge distributions for
the total potential of the system of charges in the half-space
in front of the film in the form

(1 — &p)

Dot (X, Y, 2) = Ds(X, Y, 2) +
tot( y ) S( y ) (€p+€f)

Ds(X, Y, 2zp — 2)

+> a(=1)™ ™ (X, v, 22, + 2mh — 2).
m=1

(51)

It follows from the derivation of formula (51) that the

potential of induced charges @4, which is generated by the

potential @ of distributions of charge-sources of the field,
is represented by the formula

(e —&p)

ds(X, Y, 22y — 2
(ep +e1) (XY, 220 = 2)

Ding(X,y, 2) =

+> a(=1)™ "™ (X, v, 22, + 2mh — 7). (52)
m=1

Similarly, considering that

Nq
Z Qk/4ﬂ€f \/(X—Xq,k)2 + (Y—Yq,k)2+(2—(Zq,k—zmh))z
k=1

Ng
=y Qk/4ﬂ8f \/(X—Xq,k)2+(y—yq,k)2+((Z+2mh)—2q,k)2
P

= O5(X, Y, Z + 2mh),

Ng
>k / 4ret
k=1

X \/(X—Xq,k)z-l-(y—Yq,k)z"' (z—[2(zo+(m+ 1)h)_zq,k])2

Nq
=) / 4oet
k=1

X \/(x—xq,k)2+(y—yq,k)2+([2(Zb+(m+1)h)—z]—zq,k)2

= ds(X, Y, 2(zp + (M+ 1)h) — z),
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Figure 3. Metal sphere at film located on the boundary of half-
space. Geometry of the problem.

we obtain, taking into account (48), for the potential @3 of
the system of charges in the film at z, < z < (z, + h):

_2eD5(X,Y,2)  (E1—=€p) o=, pvmotpm
‘DS(X,y,Z)— (€p+8f) 28p Za( 1) b

m=1

X Dg(X, y, Z+2mh) + 2ef (ep—eq)Ps(X, Y, 2(zp + h)—2)

(ep+ef)(ep+€d)
(8 _8d>(8f — € ) - m—1j,m—
- ngp(eergd) P ;a(—l) Ipm-1

x ®s(X, Y, 2(zp + (m+ 1)h) — z).
(53)
Taking into account (49), the charges potential ®4 in the
half-space at z > (zp + h) (j = 4) is equal to

derep
(ep +e1)(ep + &a)

Dy(x,y,2) = Ds(X, Y, 2)

(¢ — &p) = m—1pm—1
ot rr;a( D™ '™ dg(x, y, z 4+ 2mh).  (54)
Note that generalization of the method of mirror reflec-
tions was obtained earlier in the paper [9] in a different
formulation, which was successfully applied to the problem
of nanofocusing of a surface plasmon wave at the top of
a metal tip. The proposed method of this paper avoids
double integration and has an advantage during numerical
implementation.

8. Potential distribution around metal
body located near flat boundary of
film on dielectric half-space

Let us consider the metal body, for certainty a sphere
with a radius R is considered first. The surface of the
sphere is represented by the formula x> +y? + (zz2) = R?,

where R — the radius of the sphere, and the coordinates
of the center are X =0, yc =0 and z. =z, (Fig. 3).
Let a film of thickness h with boundaries z = z, and
z = (zp + h) be located near the sphere. The permittivities
of the external homogeneous medium, the film, and the
semi-infinite medium behind the film are denoted by e,
ep and & and &g, respectively (in the general case of
quasistatics — these are complex quantities).

Let us consider the distribution of the electric potential,
which will be established in space. As it is known, the
electrostatic field potential ® satisfies the Laplace equation
A® = 0. Moreover, at the boundary of the metal sphere the
potential Us will be constant. Then the boundary conditions
can be written as:

on tip surface : & = Us, (55)
on film boundary z=zy, : €pE3 n = ¢tEf nand B3 ; = E¢ ;,
(56)
on film boundary z=z,+h: eqE4 n=epE3 nand E4 ,=E3 ;.
(57)

The problem under consideration has axial symmetry
with respect to the axis Z. Therefore, the solution of the
Laplace equation will have the same symmetry. Let the
potential of charges located on the equipotential metallic
sphere in space with permeability ¢; be described by the
function ®s(X,y, z). Then the total potential (X, Y, Z)
in the region filled with dielectric with ¢ can be expressed
in terms of ®s(X,y, z) by formula (51), and in the film
and in the dielectric space behind it — by formulas (53)
and (54). In this case, the boundary conditions (56)
and (57) will be satisfied automatically. Thus, the problem
of determining the potential in the entire space is to
find the potential ®s(X, Y, z) such that the total potential
Dyt (X, Y, Z) satisfies the boundary condition (55). This can
be done by expanding the potential ®s(X, Y, ) in suitable
harmonic functions, and the expansion coefficients can be
determined from the condition (55) for @i (X, Y, Z) on the
equipotential boundary of metal.

Bearing in mind the generality of the further presen-
tation, we pass to dimensionless coordinates: X = X/R,
y=VY/R, Z=12/R, where R — radius of sphere. The
Laplace equation in dimensionless coordinates will not
change. In addition, we normalize the potential to its
value Us on the surface of the sphere, then we can
pass from the dimensional to the dimensionless potential
Ci>()€, y,Z) = ®/Us in dimensionless coordinates. Then the
boundary condition (55) on the sphere can be written in
the form d)tm =1

In the considered axisymmetric case, to fulfill the bound-
ary condition on the surface of the sphere, it is sufficient
to satisfy its on the line of intersection of the tip surface
with any plane of symmetry passing through the Z axis. As
such a plane we choose the plane (X,Z) at ¥ =0. More
specifically, it suffices to satisfy the boundary condition
(X, 0,2) = 1 only on the boundary of the intersection
of the half-plane y =0 at X > 0 and the surface of the
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sphere. In dimensionless coordinates, this will be the curve
X2+ (Z—Zp) =1 aty =0 and X > 0.

We will look for the solution, assuming that the potential
outside the sphere ®s has the form

N
®s =Y AP _i(cos0)/i, (58)
j=1

where Aj — constant expansion coefficients, Pj(cos6) —
Legendre polynomials of degree j, angle 6 is measured from
the axis Z from the sphere center, I — dimensionless radius-
vector of the observation point drawn from the center of the
sphere. In the coordinates (X, Y, Z), expression (58) can be
represented as

N
O5(%,y,2) = Y AFi(X. Y, 2), (59)

Note that the choice of functional dependences (58) from
the general solution of the Laplace equation is determined
by the fact that the field potential outside the sphere must
tend to zero with increase in distance from its surface and be
finite. Then, the potential of induced charges <i>ind (X, ¥,2)
can be represented, taking into account (52), in the form

N
Dina(X,¥,2) = Y AP;(X, Y, 2), (60)
j=1

where

‘@] (XN’ Y7 2) = ((Sf - SP)/(‘SP + &t ))'Of—] (XN’ y’ 22b - 2)
+) a(=1)™'b" g (X, ¥, 22, + 2mh - 2).
m=1

Then we obtain the total potential in the medium with &¢
(between the sphere and the film):

oo

Dir(X, Y. 2) = Y A(F5(X.Y.2) + Pj(X.¥.2)).  (61)

m=1

The boundary condition on the sphere ®(X,y,Z) = 1
was satisfied in this paper approximately, by the collocation
method [12]. These equations were written at uniformly
distributed N points of the semicircle X*> + (Z—Zp)?> =1 at
y =0 and X > 0 on the surface of the sphere, and N linear
algebraic equations with N unknown coefficients A; were
obtained. As a result of solving the obtained system A; were
found, and by the formulas (61) of the potential distribution
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in the region between the sphere and the front surface of
the film.

Taking into account (59), the potential distribution in the
film and behind it, taking into account (53) and 54), was
determined by the formulas

N
br009.2) = S A (o Fil . 2) - S

= ep+ 1) 2¢ep
x Y a(=1)™"'b™'F (X, ¥, Z + 2mh)
m=1

2et(ep—ed)Zj (X, Y, 2(Zp+h)—2)
(ep+ € )(ep+ €a)

- (ep—€a) (€1 —£p)
2ep(ep + &)

X ia(—l)m—lbm—lg—j (X, ¥,2(Zo + (M+ 1)h) — z)),
i (62)

N
2o a5y ) 48f£p 7 (G i 5
(1)4()(9 y, Z) - E Al((fp“l‘ff)(fp"’fd) J](X, y9 Z)

_(er—ep) > a-n)™ ™7 (Y. 2+ 2mﬁ))-
1

(63)

As a result, formulas (61), (62) and (63) solve the
problem of finding the normalized potential in normalized
coordinates outside the sphere and in the entire layered
structure using known values A,.

The obtained solutions for the normalized potential have
an important property: they depend on the ratios of permit-
tivities, i.e. if all permittivities are increased by k times, then
the distribution of the normalized potential will not change.

9. Potential distribution around
some bodies located near the film
on half-space

First, as an example of the above theory application
we performed numerical calculations of the normalized
potential distribution of the charged metal sphere near plane-
layered structure of single film. The sphere with center
at the point (X, Yo, Zo) = (0,0, —0.5) was in vacuum
with £ = 1 near with film with thickness equal to h = 1 (in
units normalized to the radius of curvature of the sphere)
with a permittivity ep = 2. The half-space behind the film
had permittivity g = 4. The film boundaries were deter-
mined by the equations Z =Zp =1 and Z =2, +h=2
(Fig. 3). The shortest distance from the sphere to the film
was AZ = (.5.

Fig. 4,a shows the normalized potential distribution in
the (X, Z) plane for the indicated parameters. One can see
increase in the distance between the equipotentials in the
transition from free space to the dielectric film and further to
the dielectric half-space. This is due to the natural screening
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Figure 4. Distributions of the normalized potential around metal charged bodies: sphere (a), ellipsoid of revolution elongated along Z (b)
and drop-shaped body of revolution (¢) in normalized coordinates. Permittivities: et = 1, &p = 2, eg = 4. The film thickness is h = 1, its
boundaries are Z = 1 and Z = 2. The distance between the bodies and the film is AZ = 0.5.

of the electric field in the dielectric, which occurs due to
the induced charges. The greater the dielectric constant
is, the stronger the shielding is. An important property
of the resulting distribution is that its characteristic size is
approximately equal to the size of the sphere.

The question arises: can the obtained method be used
to solve other charged metal bodies? It turned out that it
is possible. Thus, the problem was considered of finding
the normalized potential of metal charged ellipsoid near the
same plane-layered structure of one film as in the previous
example. The elongated ellipsoid with the axis of symmetry
along the axis Z was considered. = Normalization of
coordinates was carried out with respect to the minor semi-
axis in a plane perpendicular to the axis. The normalized
length of the major semi-axis was 1.25. The center of the
ellipse was at the point (Xo, Yo, Zo) = (0,0, —0.75). The

shortest distance from the ellipse to the film was AZ = 0.5.
Fig. 4, b shows the normalized potential distribution in the
(X, Z) plane. The expansion ® was carried out in the same
functions as in the previous case (59).

Similarly, the problem of finding the normalized potential
of metal charged body of drop-type shape was considered,
this body is semi-ellipsoid superimposed on hemisphere. As
in the previous example, the body was located near the
same plane-layered structure of one film. Normalization of
coordinates was carried out with respect to the radius of
the hemisphere. The normalized length of the hemisphere
major semi-axis was 1.3. The center of the hemisphere
curvature was at the point (X, Yo, Zo) = (0, 0, —0.8). The
shortest distance from the body to the film was AZ = 0.5.
Fig. 4,c shows the normalized potential distribution in the
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(X, Z) plane. The expansion ®s was carried out in the same
functions as in the previous case (59).

Note that as the ellipsoid eccentricity increases, the
convergence of the numerical method decreases; for large
eccentricities the potential should be expanded into a series
in solutions of the Laplace equation in the elliptic system
of coordinates of rotation [13]. The best approximation
problem ®s requires additional study.

10. Application of results obtained
to problems of thermal conductivity
of plane-layered media

As it is known, there is an analogy between the prob-
lems of electrostatics and stationary problems of thermal
conductivity [14]. Not only the corresponding equations are
similar, but also the boundary conditions [15,16]. If, in the
problems discussed in the previous Sections, simultaneously
the following are replaced: 1) potential ¢ — by the
temperature (T—Typ), where Tp — temperature at infinity;
2) permittivity ¢ — by thermal conductivity K; 3) electric
induction vector D = ¢E = —eV¢@ — by heat flux density
h = —KVT; 4) point charge g — by the heat release power
of point source Qp, then similar problems can be solved by
the same method.

For example, to solve the problem of temperature
distribution around the body heated to a constant tempera-
ture Tm, one can first solve the corresponding electrostatic
problem of potential distribution in the vicinity of the body
with constant surface potential. The normalized solution
of the electrostatic problem will also be the solution of
the similar normalized problem of thermal conductivity in
normalized coordinates (with the specified change of values
and notations). The result of calculating the temperature
distribution (more precisely, the temperature rise over the
external temperature Ty, expressed in units (Tm—Tp))in the
problems of heated sphere, ellipsoid, and drop-type body
will be identical to the distributions shown in Fig. 4.

The normalized temperature distribution, just as in the
case of the distribution of normalized electrostatic potentials
has the following property. The distribution depends on the
ratios of the thermal conductivity coefficients of the regions.
That is, if we increase all the coefficients by k times, then
the normalized temperature distribution will not change in
the normalized coordinates. Thus, Fig. 4 shows the temper-
ature distributions for the thermal conductivity coefficients
Kt =k, Ky = 2k, Kg = 4k, where k is arbitrary number.

Especially note that the analogy between the electrostatic
and thermal conductivity problems does not mean that the
electric potential distribution in vacuum is similar to the
temperature distribution in vacuum. In the considered case,
the analogue of vacuum is a medium with some finite
thermal conductivity coefficient K;, and the coefficients
Kp and Ky correlate with K¢ in the same way as the
permittivities of similar electrostatic problem.

0" Technical Physics, 2023, Vol. 68, No. 3

Conclusion

In this paper, a new formulation of the generalized mirror
reflection method for single film located on half-space is
proposed, it eliminates the double integration used in the
previous formulation of the method [9].

The method application for finding electrostatic fields
from symmetric bodies of revolution located next to one
film is demonstrated. The applicability of the proposed
theoretical method to similar problems of stationary thermal
conductivity is shown. This was done using the example of
solving the problem of finding the temperature field around
a uniformly heated body located near thermal conducting
film and half-space.
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