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Modeling of the dynamics of extremely short optical pulses in carbon

nanotubes with random impurities taking into account multiphoton
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In this work, we study the evolution of an extremely short pulse in a dielectric crystal with carbon nanotubes

containing an impurity with random parameters (energy level, electron hybridization energy). The dependence of

the spatial characteristics of the pulse on the impurity parameters and the number of photons taken into account in

the model is analyzed.
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Introduction

It is known that in the synthesis of carbon nanotubes

(CNTs) [1] one often has to deal with the presence of

various kinds of impurities, the removal of which is very

important in solving many applied problems, since they

can significantly change the properties of CNTs. At the

same time, purification from impurities is the most time-

consuming step [2–4]. However, in some cases, the presence

of an impurity may not have a significant effect on the

nature of the process under study. Note that the impurity

parameters (energy level, electron hybridization energy) can
turn out to be random and vary within rather wide limits,

due to the different environment of the impurity, its different

random position relative to the nanotube hexagons (in the

center of the hexagon, on the C−C-bond, above the carbon

atom), as well as the presence of other nearby impurities or

adsorbed atoms. Therefore, in this paper, we study the effect

of such impurity on the dynamics of extremely short optical

pulse as it propagates in a nonlinear medium with CNTs,

taking into account multiphoton absorption [5] according to

the model given in the paper [6].

Note that the solution of the problem stated is important,

since CNTs are often used in the development of optoelec-

tronic devices [7–9], including waveguide structures [10,11]
and ultrashort pulse lasers [12].

1. Model and basic equations

Let us consider a 3D electromagnetic pulse passed

through a dielectric matrix containing an array of impurity

CNTs. Note that impurities in CNTs are randomly

distributed, which is often observed when nanotubes are

obtained industrially.

According to the paper [13], we write the dispersion law

for CNTs containing impurities (εimp):

εimp(p, s) = 0.5
(

2B +
√

−4(D( f + f ∗) − ε(p, s)2− D2)
)

,

(1)
where ε(p, s) = | f | — dispersion law for zigzag CNT elec-

trons without impurity [14], s = 1, 2, . . . , m, p — electron

quasi-pulse, B — parameter characterizing the processes

associated with electron transitions from impurity levels to

one of the nanotube sublattices,

B = −
4

∑

j=1

|α j |2
W j

, (2)

where W j — is the energy of an electron localized at the j-
th impurity level, α j — are quantities equal to the hopping

integrals related to the impurity concentration between

sublattice of CNTs and j-th impurity level, D — determines

electron transitions between two CNT sublattices:

D =
4

∑

j=1

α1, jα
∗

2, j

W j
. (3)

Note that we consider transitions between impurity levels

and the first and second CNT sublattices to be equivalent;

therefore, in formula (2), the indices 1 and 2 of the hopping

integral are omitted.

As can be seen from formulas (2) and (3), we consider

only 4 impurity levels, since it was found that with level

number increasing its influence weakens [13].
Since the electric field is aligned with the axis of the

nanotubes OZ, the transverse components are equal to zero,

and we deal only with the z -component of the field only —
E(x , y, z , t). The electric current density is set in a similar

way: |b f j = (0, 0, j(x , y, z , t)).
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Next, we write the three-dimensional wave equation

of the nonzero component of the vector potential in a

cylindrical coordinate system, and taking into account the

calibration E = −c−1∂A/∂t :

�A +
4π

c
j(A) + Ŵ

∂A

∂t
− KP

(

∂A

∂t

)2np−1

= 0, (4)

where c — speed of light, np — number of absorbed

photons (single-photon absorption coefficient is combined

with pumping coefficient), Kp — photon absorption coef-

ficient jcite15, � — Dalembertian, Ŵ — determines the

pumping of the electric field, which was chosen as a sixth-

order supergaussian function with amplitude QŴ:

Ŵ = QŴ exp

(

− r6

l6Ŵ

)

. (5)

Here lŴ determines the width of the amplifying medium

in the direction perpendicular to the direction of pulse

propagation.

Note that in the case of extremely short pulses, amplifi-

cation in a two-level medium is either proportional to the

distance traveled (∼ z ) [16], or is described by processes

like negative diffusion [17,18]. Here we use a simplified

model and assume that the amplification is constant at each

point z [19]. In this paper the attention is focused on

the effect of randomly distributed impurities in CNTs and

multiphoton absorption on the pulse dynamics. Accounting

for more complex amplification models is beyond the scope

of this study and will be carried out separately.

The expression for the current density along the CNT axis

can be written as [20]:

j = 2e
m

∑

s=1

π/a
∫

−π/a

∂εimp(p, s)

∂ p
F(p, s)d p, (6)

where e — electron charge, F(p, s) — Fermi distribution

function.

Thus, taking into account the symmetry by the angle

(∂/∂ϕ → 0) due to the small accumulated charge because

the field is inhomogeneous [21], the effective equation can

be written as

�A +
4en0γ0a

c

∞
∑

q=1

bq sin

(

aeqA
c

)

exp

(

− t
τ

)

+ Ŵ
∂A
∂t

− KP

(

∂A
∂t

)2np−1

= 0, (7)

where n0 — is the electron concentration, γ0 ≈ 2.7 eV,

a = 3b/2~, b = 0.142 nm, exponent here takes into account

the attenuation of the pulse field at times when the pulse

intensity at its leading edge is by e times less than the peak

intensity of the pulse, τ — relaxation time of the CNT

electronic subsystem,

nq =
∑

s

q
γ0

a sq

π/a
∫

−π/a

F(p′, s)d p′,

a sq =

π/a
∫

−π/a

γ0
∫

0

cos(pq)√
2π1

× exp

(

− (D − D0)
2

212

)

εimp(p, s, D)dDd p, (8)

where a sq — coefficients in the decomposition of the

electron dispersion law (1) in Fourier series, taking into

account the random distribution of impurity parameters

according to the normal law, D0 — median, 1 — dispersion

of this distribution. Since we believe that the impurity is

distributed uniformly over the bulk of the CNT array, and

the impurity parameters are affected by a large number of

random factors, the Gaussian distribution is a good model in

this case. Note that we explicitly indicated the argument D
in the dispersion law under the integral sign, since it also

depends on the integration variable.

In the sum from equation (7) we take into account the

first 10 terms, since the coefficients bq decrease strongly

with q increasing [22].

2. Numerical simulation and results

The effective equation (7) after reduction to a dimension-

less form was solved numerically taking into account the

initial conditions for the field vector potential in the form of

a Gauss function (9a) and Bessel function (9b):

A = Q exp

(

− z 2

l2z

)

exp

(

− r2

l2r

)

,

dA
dt

=
2ν0z Q

l2z
exp

(

− z 2

l2z

)

exp

(

− r2

l2r

)

, (9a)

A(r, z , 0) = QJ0

(

r
lr

)

exp

(

− (z − z 0)
2

l2z

)

exp

(

− r
γ

)

,

dA(r, z , 0)
dt

=
Qν0(z − z 0)

l2z
J0

(

r
lr

)

× exp

(

− (z − z 0)
2

l2z

)

exp

(

− r
γ

)

, (9b)

where Q — the amplitude of the electromagnetic pulse at

the initial moment of time, lz , lr — the pulse width along

the corresponding directions, ν0 — the initial pulse speed

along the nanotube axis, z 0 — initial shift of the pulse center

along axis OZ, γ — cutoff parameter for the Bessel function.

The evolution of the field strength of extremely short

optical pulse during its propagation in a dielectric medium

with CNTs taking into account the processes of two-photon

absorption is shown in Fig. 1.

The Figure demonstrates the localized propagation of the

pulse, which is facilitated by the balance of pumping and

damping.

A comparison of the cases considering two-photon and

three-photon absorption is shown in Fig. 2.
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Figure 1. Electric field strength vs. coordinates (D0 = −B = 0.1γ0): t, s: a — 2 · 10−14, b — 6 · 10−14 , c — 8 · 10−14 . Unit along

axis E — 107 V/m.
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Figure 2. Longitudinal sections of the field E at r = 0 depending on the coordinate z for different number of photons (t = 8 · 10−14 s):
a — initial conditions in the form (7a); b — initial conditions in the form (7b). The solid curve corresponds to np = 2, the dashed curve

corresponds to np = 3. The unit along axis E is taken to be 107 V/m.

It can be seen from Fig. 2 that the number of absorbed

photons affects both the field intensity and the distance

traveled by the pulse. In the case of three-photon absorption,

the amplitude of the extremely short pulse is greater than for

two photons. But at the same time, the pulse experiences

a delay. This is due to nonlinear absorption and further

interference, which have a different nature with respect to

two and three-photon absorption. Namely, three-photon

absorption is more sensitive to processes occurring at the

pulse leading and trailing edges, and less sensitive to

processes near its maximum.

The effect of the energy of transitions between impurity

levels and CNT sublattices on the shape of the extremely

short pulse is shown in Fig. 3.

According to Fig. 3 we can conclude that the integrals of

the transition between impurity levels and CNT sublattices

have significant effect on the pulse shape in the case of

three-photon absorption. As before, we attribute this to the

different character of the parity of the term responsible for

the nonlinear absorption under time reversion. Namely, if

for two-photon absorption the contribution of the nonlinear-

ity responsible for absorption
”
works“ smaller at the pulse

leading and trailing edges, then for three-photon absorption

its contribution is greater.

Note that in the case of pulse with a transverse Bessel

profile, the impurity parameters B and D do not affect the

shape of the pulse.

Next, we studied the features of the pulse propagation

upon parameters change of impurity responsible for its

random distribution (D0, 1). The performed calculations

showed that the parameters of the random distribution

of the impurity do not have a significant effect on the
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Figure 3. Longitudinal sections of the field E vs. coordinate z for different number of photons (t = 8 · 10−14 s, initial conditions (7a));
np : a — 2; b — 3. Solid curve corresponds to D0 = −B = 0.1γ0, dashed line — D0 = −B = 0.5γ0, dashed line — D0 = −B = 1.0γ0 .

The unit along axis E is taken to be 107 V/m.

pulse dynamics. So, in the case of pulse with transverse

Bessel profile only the influence of the D0 parameter,

which determines the median of the random distribution, is

observed, it manifests itself as change in the pulse amplitude

by about 10%. Thus, even in the presence of impurity

in CNTs, the latter can be used as elements placed in

the dielectric medium for the localized propagation of the

electromagnetic field. For pulse with a Gaussian profile

in the case of three-photon absorption, the number of

control parameters of randomly distributed impurity is larger

(transition integrals B and D, median D0 and dispersion 1).
In this case the main effect is associated with change in

the propagation speed of the extremely short pulse during

three-photon absorption.

Conclusion

The main conclusions can be formulated as follows.

1. A model is made for the interaction of electromagnetic

pulse with nonlinear medium containing CNTs with random

impurities, taking into account the processes of multiphoton

absorption and the pumping field.

2. It is shown that the presence of impurity with randomly

distributed parameters in CNTs does not affect the stable

propagation of the extremely short pulse with initial profile

in the form of Gaussian and Bessel function.

3. It is found that in the case of model that takes

into account three-photon absorption, the influence of the

impurity parameters manifests itself as decrease in the

propagation speed of the extremely short optical pulse.

Funding

The authors express their gratitude to the Ministry of

Science and Higher Education of the Russian Federation

within the state assignment for support of numerical

modelling (project � 0633-2020-0003).

Conflict of interest

The authors declare that they have no conflict of interest.

References

[1] S. Iijima, T. Ichihashi. Nature, 363, 603 (1993).
DOI: 10.1038/363603a0

[2] L.V. Tabulina, T.G. Rusalskaya, B.G. Shulitsky, Yu.P. Shaman,

I.V. Komissarov, A.G. Karoza. Izvestiya Vuzov. Khimiya i

khimicheskaya tekhnologiya, 60 (6) 89 (2017) (in Russian).
DOI: 10.6060/tcct.2017606.5539

[3] Y. Feng, G. Zhou, G. Wang, M. Qu, Z. Yu. Chem. Phys. Lett.,

375, 645 (2003). DOI: 10.1016/S0009-2614(03)00947-3
[4] H. Ribeiro, M.C. Schnitzler, W.M. da Silva, A. Pin-

heiro Santos. Surfaces and Interfaces, 26, 101389 (2021).
DOI: 10.1016/j.surfin.2021.101389

[5] Y.R. Shen. The Principles of Nonlinear Optics (Wiley, NY.,

1984)
[6] N.N. Konobeeva, S.V. Belibikhin, M.B. Belonenko. Opt. and

spectr., (in Russian) 130 (6), 974 (2022).
DOI: 10.21883/OS.2022.06.52642.3043-21

[7] M. Chernysheva, A. Rozhin, Y. Fedotov, C. Mou, R. Arif,

S.M. Kobtsev, E.M. Dianov, S.K. Turitsyn. Nanophotonics,

6 (1), 1 (2017). DOI: 10.1515/nanoph-2015-0156
[8] P. Avouris, M. Freitag, V. Perebeinos. Nature Photonics, 2,

341 (2008). DOI: 10.1038/nphoton.2008.94
[9] Y.-T. Li, K. Sun, D. Luo, Y.-M. Wang, L. Han, H. Liu, X.-

L. Guo, D.-L. Yu, T.-L. Ren. AIP Advances, 11, 110701

(2021). DOI: 10.1063/5.0063774
[10] D. Yamashita, H. Machiya, K. Otsuka, A. Ishii, Y.K. Kato.

APL Photonics, 6, 031302 (2021). DOI: 10.1063/1.4899127
[11] Z. Ma, L. Yang, L. Liu, S. Wang, L.-M. Peng. ACS Nano,

14 (6), 7191 (2020). DOI: 10.1021/acsnano.0c02139
[12] K. Keu, R.J. Jones, N. Peyghambarian. IEEE Photonics Tech.

Lett., 22 (20), 1521 (2010).
DOI: 10.1109/LPT.2010.2063423

[13] E.G. Fedorov, N.N. Konobeeva, M.B. Belonenko.

Russ. J. Phys. Chem. B, 8 (3), 409 (2014).
DOI: 10.1134/S1990793114030051

Technical Physics, 2023, Vol. 68, No. 3



364 S.V. Belibikhin, N.N. Konobeeva, M.B. Belonenko

[14] A.V. Eletskii. Phys. Usp., 40, 899 (1997).
DOI: 10.1070/PU1997v040n09ABEH000282

[15] V.A. Khalyapin, A.N. Bugay. Bull. Rus. Academy Sci.: Phys.,

86 (1), 13 (2022). DOI: 10.3103/S1062873822010130
[16] E.M. Belenov, P.G. Kryukov, A.V. Nazarkin, A.N. Oraevskii,

A.V. Uskov. JETP Lett., 47, 523 (1988).
[17] S.V. Sazonov. JETP Lett., 114 (3), 132 (2021).

DOI: 10.1134/S0021364021150091

[18] S.V. Sazonov, Laser Phys.Lett., 18, 105401 (2021).
DOI: 10.1088/1612-202X/ac22b6

[19] O. Zvelto. Printsipy lazerov (SPb., Lan?, 2008) (in Russian).
[20] E.M. Epshtein. FTT, 19, 456 (1976). (in Russian).
[21] A.V. Zhukov, R. Bouffanais, E.G. Fedorov, M.B. Belonenko.

J. Appl. Phys., 114, 143106 2013). DOI: 10.1063/1.4824370
[22] M.B. Belonenko, E.V. Demushkina, N.G. Lebedev. J. Rus. Las.

Res., 27, 457 (2006). DOI: 10.1007/s10946-006-0027-7

Translated by I.Mazurov

Technical Physics, 2023, Vol. 68, No. 3


