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Limitation of laser radiation power by carbon materials with a nonlinear

optical threshold effect at a flat-top pulse shape
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The possibilities of using multivariate determination of carbon nanotubes properties based on the dependence

data of the normalized transmission logarithm on the sample displacement in the case of Z-scan with an open

aperture as well as on the total pulse energy in the case of fixed sample position measurements are studied. The

radiation transfer equation for the threshold dependence of the absorption coefficient on the intensity of a flat-top

laser beam is used. The data of physical and computational experiments showed the sensitivity of the measured

curves with respect to the values of the constants of the optical and threshold energy fluence, as well as the

beam waist radius. The possibility of multivariate determination of the properties of liquid carbon nanotube-based

dispersed media with a nonlinear optical threshold effect and beam waist radius inside such samples has been

established.
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Introduction

The development of perfect passive limiters of laser radia-

tion power based on nonlinear optical threshold phenomena

requires creating novel materials whose properties are to be

determined using models that consider the laser radiation

profile. In this paper, we study disperse media of carbon

nanotubes using a new model based on the radiative transfer

equation for the threshold dependence of the absorption

coefficient on the radiation intensity in the case of a flattop

pulsed beam. Earlier, nonthreshold [1,2] and threshold [3]
models have been mainly considered only for the case

of a pulsed beam with Gaussian shape. For the general

case, no analytical solution could be obtained. Such a

solution exists only in the particular case of small nonlinear

absorption coefficient and small nonlinear attenuation of

laser radiation in the nonthreshold model [1]. In the general

case, the problem can be solved only numerically [3,4],
which requires high-performance computing.

Flattop beams possess constant intensity over the cross

section [5,6], which, in turn, leads to a transmission change

in the process of nonlinear interaction as compared to

Gaussian beams. In the present paper, an exact solution

in terms of elementary function is obtained for the first

time for a flattop beam in the threshold model, which

substantially simplifies all calculations. As a result, we

determined the coefficient of nonlinear effective absorption

(βeff) and the threshold intensity I thr, as well as the

range, in which the variation of laser radiation power

obeys the Bouguer−Lambert law and the absorber has the

transmission coefficient not less than 70%. The threshold

model is a particular case of the nonthreshold one and

reduces to it when I thr = 0. Such a property allows

multiparametric determination of the optical properties at

any duration and repetition rate of the pulses, up to a

continuous laser radiation. Using such a model allows makes

it possible to reveal substances with threshold effect. In

the case of Z-scanning there is a strong dependence of the

intensity of the beam radius, which allows determining the

beam waist radius w0 [2].

Materials with high nonlinear absorption can be used

to create passive limiters of laser radiation [7,8]. Such

devices are capable of increasing the safety and reliability

of laser systems. The number of laser studies increases

with time, lasers are efficiently used to solve problems

of medicine, industry, and science [9,10]. It is worth
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separate mentioning the increasing number of lidars, which

are used almost everywhere in multiple fields, such as

navigation of aircrafts [11,12], autonomous vehicles [13]
and mobile robots [14], bathymetry [15,16] and land

topography [17,18], study of atmospheric aerosols [19], and
gas detection [20]. These applications involve a wide range

of wavelengths [21,22]. These devices allow increasing the

maximum admissible power of laser radiation preventing

damage of cameras [23,24] and light-sensitive detectors,

injury of the unprotected eye retina [25,26].

1. Materials and their spectral studies

To approve the threshold model for a flattop beam, we

used dispersions of single-wall carbon nanotubes (SWC-

NTs). The material allows laser radiation attenuation

in a wide range of wavelengths, which is confirmed

by studying one sample at several wavelengths [27–29].
It is possible to attach various molecules in particular,

phthalocyanines [30] to SWCNTs in order to increase the

nonlinear optical attenuation at the expense of combined

action of a few mechanisms that contribute to the total

attenuation. To achieve such results, the studied SWCNTs

were decorated with nanoparticles [31,32] or functionalized
with dye molecules [30,33]. It is worth noting that such

nanohybrids must form sedimentation-resistant dispersions,

and this problem remains urgent to date [34]. One

of the ways to solve this problem is to use surface-

active substances (SASs), widely used in the studies of

carbon nanotubes [34–38]. In this work, we used as a

SAS the sodium dodecyl sulfate (SDS) already reported

earlier [35,36,39].

1.1. Materials

In the present work, we used initial SWCNTs (Uglerod
ChG, Chernogolovka, Russian Federation) and the ones pre-

liminarily purified by washing in concentrated hydrochloric

acid [30]. To enhance the resistance to sedimentation, we

added a SDS and mixed the dispersion with a magnetic

stirrer and ultrasound. The amount of SWCNTs was chosen

such that at two wavelengths λ = 355 and 532 nm the

transmission of the material with the optical thickness of

the layer of 3mm would be not less than 70% and the

laser radiation intensity would not exceed the threshold

intensity I thr. In the case of Z-scanning with open aperture,

the sample position was chosen such that within 20−40 cm

from the lens focal point the normalized transmission T
would stay close to one. For a fixed sample, the initial

conditions were specified by the input energy of the

pulse, which for 355 nm and 532 nm amounted to 5µJ

and 16µJ, respectively. A distinctive feature of the optical

scheme used here compared to those of previously reported

experiments [2,3,30,40] is the use of a special optical

component, the laser beam shaper, which allows making

it flattop at the lens focus for the above wavelengths. It
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Figure 1. Raman spectrum of the initial SWCNTs (ISWCNTs)
and purified ones (PSWCNTs).

is worth a special note that in the ultraviolet range such

studies are much rarer and, as a rule, require special optics.

1.2. Spectral studies of the used materials

Raman scattering of light has been used to diagnose

SWCNTs. A small amount of nanotubes in an aqueous

dispersion was preliminarily dried on a substrate. The study

was carried out using laser radiation with a wavelength of

532 nm in the operating range of the Raman shift recording

of 100−1800 cm−1 (Fig. 1). The ratio of band intensities

was ID/IG = 0.26 for initial SWCNTs and decreased to

ID/IG = 0.04 in the case of purified SWCNTs. These data

confirm the effect of the purification procedure on SWCNTs;

in addition, a band of the RBM mode was found, which is

noise-hidden in the case of the original SWCNTs.

The prepared aqueous dispersions were studied by means

of optical spectroscopy in the range from 250−850 nm

(Fig. 2). The spectrum shows the wavelengths at which

experiments were carried out to determine the nonlinear

optical characteristics when testing the model. In the

visible wavelength range, the absorption of dispersions with

SWCNTs is maintained at almost the same level, which

makes them similar to neutral light filters and indicates

the possibility of using them in a wide wavelength range.

When observed for a long time, up to three months, no

precipitation was detected.

2. Theoretical analysis of the threshold
model for a flattop beam

Despite the wide variety of models describing the re-

lationship between the nonlinear absorption coefficient and

the intensity, they are based on significant approximations; in

particular, they are restricted to the mechanisms of reverse
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Figure 2. Optical spectra of the initial SWCNTs (ISWCNTs) and

purified SWCNTs (PSWCNTs).

saturation of absorption induced by two- or three-photon

absorption, as well as absorption by free carriers [41]. In

this case, when induced scattering occurs, the interpretation

of the results is difficult due to an increase in the optical

path inside the sample giving rise to an increase in

absorption [40]. For dispersions, it is possible to describe the

theoretical curve more accurately using a threshold model,

which also makes it possible to determine the value of the

threshold intensity [3]. A new, simple analytical solution

using a threshold model is obtained for the case of a beam

with a flat top. Such a beam was obtained using additional

optical elements as part of the laser beam shaper.

The aim of this study is to elucidate the possibilities of

multiparametric determination of the optical properties of

materials by two methods, one using a fixed position of

the material and the other using Z-scanning with an open

aperture, to calculate the effective coefficient of nonlinear

absorption βthr, threshold intensity I thr, and the beam waist

radius w0.

2.1. Fixed material position method

The theoretical value of the transmitted intensity is de-

termined in accordance with the radiative transfer equation

(RTE) [2,3] for the nonlinear threshold dependence of the

absorption coefficient on the incident intensity I0. The

intensity dependence of the absorption coefficient itself is

given by effective values, since in dispersions microplasma

or microbubbles can arise, which are light-scattering cen-

ters [42] and contribute to an increase in the optical path

with increasing absorption [40]. With this in mind, the

effective absorption coefficient µ(I0) is defined as:

µ(I0) = α0 + βeff(I0 − I thr)η(I0 − I thr), (1)

where α0 is the linear absorption coefficient; βeff is the

effective nonlinear coefficient of two-photon absorption; η is

the Heaviside function, necessary to describe the threshold

behavior.

The incident intensity I0 is generally characterized by the

pulse radial profile in the cross section A(ρ) depending on

the distance from the beam axis ρ [40]. Experimentally,

the total pulse energy U0 is determined, therefore, it is

convenient to normalize the pulse profile to 1/(2π). Then

for a flattop beam with constant intensity in the transverse

section, we get the following expression:

A(ρ) =
1

w2
ππ

η(wπ − ρ), (2)

where wπ is the radius of the flattop π-shaped beam.

The analysis of results is based on the dependence of

normalized transmission T on the total energy of input

pulses. To use the least-squares method (LSM), it is conve-
nient to exploit a logarithm of normalized transmission Lt .
According to Eq. (1), for a flattop beam profile (2) in

the case of experiment with fixed absorber position, the

theoretical values of this quantity are determined from the

formula

LtN = ln(TN) = βeff
Uthr −U0N

πτ w2
π

d, (3)

where τ is the pulse duration, Uthr is the threshold total

energy of the pulse, d is the material layer thickness, and

N is the number of the measurement.

The direct problem is to determine the dependence of

normalized transmission on the total input pulse energy

using Eq. (3) for given values of the material optical

properties. The inverse problem is to determine the

optical parameters from the experimental dependence of the

normalized transmission on the input pulse total energy. The

parameters were calculated using the LSM by minimizing

the sum of squared residuals. For this purpose, a function

of two variables, which depends on the desired parameters

is introduced:

S(βeff,Uthr) =

N
∑

i=1

[

Lti + βeff
U0i −Uthr

πτ w2
π

d

]2

, (4)

where i is the experiment number, N is the number of

experimental values, Lti are the values of the normalized

transmission logarithm determined experimentally.

A statistical study of errors was carried out using Eq. (4)
in 20 parallel computational experiments using Student’s t-
test. Table 1 shows the data for aqueous dispersions of

purified SWCNTs. In Table 1 the average values are βav
eff and

Uav
thr; β

−

eff, β
+
eff, U−

thr and U+
thr denote the lower and upper limits

of the confidence interval for these values with a significance

level of 0.01.

2.2. Open aperture Z-scan method

Similarly, using the least squares method, one can

determine the optical parameters and beam waist radius

from the data of Z-scanning with open aperture. In this

case, when the sample is displaced by z relative to the lens

Technical Physics, 2023, Vol. 68, No. 4
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Table 1. Statistical results of data analysis by the method of fixed material location

Sample λ, nm d, cm β−

eff, cm · GW−1 βav
eff, cm · GW−1 β+

eff, cm · GW−1 U−

thr , µJ U av
thr, µJ U+

thr, µJ

SWCNTs/water 532 0.3 98.3 101.1 103.9 15.8 16.2 16.6

SWCNTs/water 355 0.3 190.8 196.2 201.6 4.8 4.9 5.0

Table 2. Statistical results of data analysis by the Z-scan method

Sample λ, nm β−

eff, cm · GW−1 βav
eff, cm · GW−1 β+

eff, cm · GW−1 U−

thr, µJ U av
thr, µJ U+

thr, µJ w−

0 , µm wav
0 , µm w+

0 , µm

SWCNTs/water 532 95.6 99.6 103.6 15.8 16.2 16.6 85.4 86.7 88.0

SWCNTs/water 355 185.8 193.6 201.3 4.8 4.9 5.0 71.7 72.8 73.9
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Figure 3. Optical scheme for measurements by the method of

fixed sample location. Explanations are given in the text.

focus, the beam radius will change. Such a change leads to

a variation in the energy flux density, and to describe this

effect, the normalized beam radius is used:

wn =

√

1 +
z 2

z 2
0

, (5)

where z 0 is the Rayleigh length; for the method of fixed

material position wn = 1.

For open aperture Z-scan, considering Eq. (5), we get the
dependence of the normalized transmission logarithm in the

following form:

LtN = βeff
2

π3/2τ w2
0

(

Uthr −U0

1

w2
n

)

d, (6)

where w0 is the beam waist radius.

Based on Eq. (6), we introduce a function of three

variables for the case of Z-scanning with open aperture:

S(βeff,Uthr, w0)=
N

∑

i=1

[

Lti+βeff
2

π3/2τ w2
0

(

Uthr−U0

1

w2
n

)

d

]2

.

(7)

The results of a statistical study using Eq. (7) and

Student’s t-test are shown in Table 2 for aqueous dispersions

of purified SWCNTs. In the case of Z-scanning with open

aperture, experimental data can be used to determine the

average radius of the beam in the waist wav
0 and the

corresponding upper w+
0 and lower w−

0 boundaries of the

confidence interval with the significance level 0.01.

3. Approbation of the threshold model
for a flattop beam

Investigations by the method of fixed sample position

were carried out using the setup schematically shown in

Fig. 3. In the studies using pulsed radiation of the Gaussian

shape, only focusing of the laser radiation is required

for the correct tuning of the device. To obtain a single

flattop pulse from a Gaussian beam, the use of a beam

shaper FπS is necessary. In the optical scheme in Fig. 3,

such profile is achieved at the focus position of lenses L1
and L2 (F being the focal length), where the sample S is

fixed.

According to the fixed position technique (Fig. 3), a

Nd : YAG laser (Lotis Tii) at the wavelength of the second

and third harmonics was used as a laser source (LS) of

radiation. The laser single pulse energy was varied by a

polarization-type power control device (PCD), and the input

and output energies were measured by the energy detectors

ED1 and ED2, respectively. To measure the input energy,

part of the radiation was diverted using the beam splitter BS.

3.1. Normalized transmittance measurements
using the fixed material position method

The dependences of the normalized transmission on

the incident pulse total energy were determined for the

dispersions of the initial SWCNTs (Fig. 4, a) and purified

SWCNTs (Fig. 4, b) in water using SDS. The measurements

were carried out in a quartz cell with a thickness of 3mm.

The radius of the beam incident on the sample was

measured using a CCD camera with the position of the

Technical Physics, 2023, Vol. 68, No. 4
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Figure 4. Dependence of the normalized transmission on the incident total pulse energy at wavelengths of 532 and 355 nm for initial

ISWCNTs (a) and purified PSWCNTs (b).
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Figure 5. Dependence of the normalized transmission on the displacement of the sample relative to the lens focus at wavelengths of 532

and 355 nm for the initial ISWCNTs (a) SWCNTs and the purified PSWCNTs (b) SWCNTs.

sensitive matrix taken into account. The measurements were

carried out in the range of the input single pulse total energy

0.5−300µJ at a wavelength of 532 nm and 0.5−100µJ at

a wavelength of 355 nm, respectively, for all samples . The

maximum energy corresponded to the destruction threshold

of the quartz cell.

3.2. Measurements of the normalized
transmission using the Z-scan method with

an open aperture

When performing measurements using the Z-scan
method with an open aperture, the scheme described

earlier [3,31] was used. The dispersions of the original

SWCNTs (Fig. 5, a) and purified SWCNTs (Fig. 5, b) in

water using SDS were studied. The measurements were

performed at a fixed input single pulse total energy of 300

and 100µJ at wavelengths of 532 and 355 nm, respectively,

with a sample displacement step of 0.5mm for all samples.

3.3. Results

The discrepancy between the parameters was determined

by the two described methods, which shows the possibil-

ity of using these measurement techniques using a new

threshold model for the case of a beam with a flat top

Technical Physics, 2023, Vol. 68, No. 4
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Table 3. Comparison of the parameter values of different dispersions at two wavelengths by two methods

Value of parameters for method Value of parameters Discrepancy

Sample(λ) Parameters of fixed location for method of values

of sample and CCD camera of Z-scan of parameters

Initial SWCNTs/water (532 nm)

βeff, cm · GW−1 78.3 78.1 0.2

Uthr, µJ 16.3 16.5 0.2

w0, µm 82.0 81.6 0.4

DR, a.u. 18.4 18.2 0.2

CA, a.u. 8.3 8.1 0.2

Initial SWCNTs/water (355 nm)

βeff, cm · GW−1 152.1 151.7 0.4

Uthr, µJ 5.1 5.0 0.1

w0, µm 69.1 68.5 0.6

DR, a.u. 19.6 20.0 0.4

CA, a.u. 5.7 5.4 0.3

Purified SWCNTs/water (532 nm)

βeff, cm · GW−1 99.2 98.9 0.3

Uthr, µJ 16.2 16.5 0.3

w0, µm 86.0 85.7 0.3

DR, a.u. 18.5 18.2 0.3

CA, a.u. 11.1 10.9 0.2

Purified SWCNTs/water (355 nm)

βeff, cm · GW−1 196.0 192.9 3.1

Uthr, µJ 4.9 5.0 0.1

w0, µm 72.6 72.4 0.2

DR, a.u. 20.4 20.0 0.4

CA, a.u. 6.6 6.4 0.2

(Table 3). The linear absorption coefficient for all samples

was 1.46 cm−1 at a wavelength of 532 nm and 1.87 cm−1

at 355 nm. Also presented in Table 3 are the values of

the dynamic range DR, which is a ratio of maximum and

threshold total energy values of a single pulse, and the

attenuation coefficient CA, which characterizes the maximal

attenuation as compared to the initial transmission.

Conclusion

The threshold model for the case of a beam with a flat

top makes it possible to determine the optical parameters

and the radius of the beam using the fixed sample location

methods and the Z-scan method with an open aperture. The

beam shaper scheme ensures a flattop beam profile. Deter-

mination of optical parameters using a threshold model in

the case of a flattop beam allows measurements of SWCNT

dispersions and can be used to study samples with unknown

optical properties. For a flattop beam, a new exact analytical

solution in elementary functions is derived, which cannot

be obtained for the general case of a Gaussian beam. The

new approach makes it possible to describe the nonlinear

interaction of laser radiation with a material at a uniform

intensity distribution over the cross section, which was

achieved by means of a beam shaper. At the same time, the

exact solution in elementary functions reduces the number

of arithmetic and logical operations in numerical methods

and reduces the requirements for computing speed. The

possibility of constructing a theoretical curve for the case of

Z-scanning with an open aperture is shown by introducing

the normalized transmission, which characterizes the change

in the beam radius behind the lens for a variable position of

the sample relative to the focus.

Measurements at wavelengths of 355 and 532 nm show

the possibility of using SWCNT dispersions to attenuate

laser radiation due to nonlinear effects. The use of purified

SWCNTs allows achieving high values of the effective

nonlinear absorption coefficient, while the use of SDS

1 Technical Physics, 2023, Vol. 68, No. 4
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reduces the SWCNT aggregation (twisting into bundles).
Dispersions of purified SWCNTs are better suited for

creating nonlinear optical elements for passive limiters of

laser radiation with a confocal sample arrangement. Such

materials attenuate laser radiation from a source with a pulse

duration of 20 ns and a response time less than the duration

of the pulses themselves. The corresponding rate exceeds

the speed of any active device for protection against high

power laser radiation.
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