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Diffraction mathematical model of a laser speckle interferometer of
transverse displacements of a scattering object
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On the basis of diffraction transformations of wave fields, a mathematical model of a speckle interferometer of
transverse displacements of a scattering object has been developed and numerical modeling of speckle-modulated
interference patterns and signals at the output of the interferometer has been performed. Numerical calculations
of the spatial distribution of complex amplitudes of wave fields in an interferometer were used for modeling
when the displaced scattering surface was illuminated by two obliquely incident laser Gaussian beams. A
statistical numerical experiment was performed to determine the measurement error of the scattering surface

displacement caused by the change of realizations of interfering speckle fields.

The simulation results are in

good agreement with the results of experimental studies of transverse displacements in the range up to 600

micrometers.
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Introduction

Interference patterns and signals generated at the output
of laser speckle interferometers have a stochastic speckle-
modulated character because almost all technical and biolog-
ical objects studies by means of such an interferometer have
a scattering surface. When reflected from such a surface, the
scattered laser wave field acquires speckle modulation [1-3],
which occurs because of the superposition and interference
of waves scattered by microscopic inhomogeneities of the
probed rough surface.

Methods of measurement and control based on the
interference of light scattered by inhomogeneous surfaces
allow investigating microdisplacements and microdeforma-
tions of technical and biological scattering objects [1-14]
and assessing the roughness degree of the scattering sur-
face [12,15]. In a number of practical problems of science,
technology, and biomedical research, there is a practical
need to measure the motion parameters of scattering
objects, i.e., microdisplacements, velocity, and acceleration.
A number of such problems are solved using speckle
interferometers, in which the controlled scattering surface
is illuminated by two laser beams incident at different
angles [16-19].

Mathematical modeling is a necessary tool for studying
the processes occurring in various measuring optical sys-
tems [20-23]. The development of a mathematical model
of a speckle interferometer makes it possible to establish
the limits of applicability of the method and estimate the
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measurement errors. It also allows optimizing the speckle
interferometer optical parameters [24,25]. The diffraction
processes that take place in speckle interferometers are
the basis for modeling complex measured signals in such
interference systems and obtaining accurate results for
system-level studies [12,26].

The purpose of this work was to develop a mathematical
model of the speckle-modulated interference pattern and
signal formation at the output of a speckle interferometer
upon transverse displacements of the scattering object.
The model makes it possible to reveal the properties and
quantitative parameters of interference measuring signals,
to analyze the reliability of experimental results and the
accuracy of measurements, to make a correct assessment
of possible measurement errors, and to identify their origin.
To test the proposed mathematical model, we simulated
the signals of the speckle interferometer by calculating nu-
merically the spatial distribution of the complex amplitudes
of diffractive wave fields, when the displaced scattering
surface is illuminated by obliquely incident Gaussian laser
beams, which are often used in practice. The devel-
opment of the diffraction theory of interferometer signal
formation is aimed at establishing the physical causes
of the occurrence of the interferometer measuring signal
upon a transverse displacement of the scattering surface,
associated with the phase modulation of scattered wave
fields, which does not require the use of Doppler effect
ideas [27-32].
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1. Diffraction interference patterns at the
output of speckle interferometer of
transverse displacement of the
scattering object surface illuminated
by Gaussian laser beams

To study the formation of the speckle-interferometer mea-
suring signal, numerical simulation of interference speckle-
modulated patterns at the output of the interferometer was
performed. In the considered speckle interferometer of
transverse displacements, the illuminating Gaussian laser
beams are incident symmetrically on the scattering surface
in the y, z plane at angles 6 and —6 (Fig. 1). The optical
axes of the beams do not cross at the surface, so that the
centers of the illuminated spots are separated by 2Ay in the
incidence plane of the beams.

Figure 2 presents samples of simulated speckle-modulated
interference patterns formed at the interferometer output
and images of laser beam illuminated areas on the scattering
surface.  The interference fringes in the speckles are
caused by the displacement of illuminated areas on the
scattering surface and their period is determined by the
equation A ~ Azg/2Ay =~ 1/a, where zg is the distance
from the scattering surface to the output plane of the
interferometer &, n (Fig. 1), @ is the angle of convergence
of interfering diffraction waves to the plane &, . The
transverse speckle size is €, ~ 1zg/d, where d is the size of
the illuminated area on the scattering surface. The fringes
become invisible (Fig. 2,c¢), if the speckle size is smaller
than the period of fringes, €, < A, which is equivalent
to d > 2Ay.

Figure 1.
two Gaussian laser beams and formation of a diffraction speckle-
modulated interference pattern at the output of the speckle inter-
ferometer of surface transverse displacements: /, 2 — illuminating
laser beams, 3 — object with a scattering surface, g(t) — vector
of the surface transverse displacement, 4 — scattered diffraction
wave fields at the output of the interferometer.

Scheme of illumination of a scattering surface by
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For the Gaussian beam incident at an angle 0, in order to
write the Gaussian beam complex amplitude distribution
in the plane of incidence, it is necessary to perform a
coordinate transformation, expressing coordinates Xo, Yo, Zo,
in which the beam incidence angle is 6 = 0, in terms of new
coordinates X, Y, z, in which 6 # 0:

Yo =Y cosO +zsinb,
Zop =2cos6 —ysinb,
Xo = X. (1)

According to Eq. (1), the complex amplitude distribution
for a Gaussian beam incident at an angle 0 on a scattering
surface can be written in the following form [33]:

(X2 + (ycos 0 + zsin6)?) }

wo
Ux,y,z) =A exp|—
(x.%.2) w(y. z) p{ w?(y, z)
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where 1 is the laser beam wavelength, A is the real-valued
amplitude assumed to be A= 1 for convenience, w(y, Z)
is the amplitude beam radius, wy is the beam waist radius,
R(y, z) is the wave front curvature radius.

To study the phase distribution in the wave field formed
in the interferometer, we determine the surface of equal
phase in the incident Gaussian beam @;(X,Y, z) = nz
from Eq. (2) at the incidence angle 6 = 0 for the initial
phase g =0

T (x24y?)tarct 2N\ 27,
AR1(2) y & aw} A7

(3)
Ri(z) = z<1 + (3—?)2)

n being the number of maximum or minimum.
From Eq. (3) we derive the equation of the equal phase
surface @y(X, Y, ) = nar for the nonzero incidence angle of

Q1(X,y,Z)=nm=

where
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a b c

Figure 2. Simulated diffraction speckle-modulated interference patterns and images of laser beams in the plane of the scattering surface.
The beam waist radius is wo = 3 um, the distance between centers of illuminating beams on the scattering surface is 2Ay = 40 um. The
incidence angles of the beams are £30°, the wavelength is 0.63 um. The size of fragments of speckle patterns is ~ 3 x 3 mm, the distance
from the scattering surface to the observation plane is 100 mm. Radius w of the wave surface of illuminating Gaussian beams on the

scattering surface is: a — 4.5, b — 10, ¢ — 20 um.

the Gaussian beam and the initial phase g = 0:

P2(X,Y,2) =nm = 2+ (ycosO + zsin6)?)

JT
ARy (Y, 2) (X
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According to formulas (3) and (4), the curves of equal
phase in the y, X =0, z plane are plotted when Gaussian
beams are incident at angles 6 = 0° and +30°, which are
shown in Fig. 3.

The complex amplitudes U;(X, Y, z) and Ux(X, Y, z) of

the wave fields of the Gaussian beams incident at angles 6
and —0 on the scattering surface of the object and shifted
by Ay and —Ay , respectively (Fig. 1), were calculated using
the following formulae:
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To form the random component of the wave
field, we specified the complex reflection coeffi-
cients of the scattering surface pi(X,Y) = p(X, y—Ay)

and p2(X,Y) = p(X, Yy + Ay), which determine the effect of
stochastic amplitude-phase modulation of illuminating laser
beams and, accordingly, the effect of scattering of laser

beams by a rough surface of an object:
P1(%,Y) = por(x, y) exp(iui(x, y)),

p2(%,Y) = poa(X, y) exp(iua(x, y)), (7)

Technical Physics, 2023, Vol. 68, No. 4
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Figure 3. Curves of equal phase in the plane y, z, x = 0, when Gaussian beams are incident at angles 6: / — —30°, 2 — 0°, 3 — 30°,

n~ 95, beam waist wo in ym: a — 3, b —

where uj(X,y) and uy(X,y) are numerical matrices of
random independent variables uniformly distributed in the
interval from 0 to 27. For simplicity, we can assume that
only random phase modulation occurs during reflection
from a rough surface, and the amplitude modulation is
absent, ie. po(X,y) = 1. Thus, the random components
of the wave fields arising due to scattering by the sur-
face inhomogeneities were formed as a discrete array
of independent circular Gaussian random values [34,35].
The pixel-wise field correlation allows considering such a
field actually d-correlated, which most often takes place
in real light scattering by rough surfaces with small-scale
inhomogeneities.

The wave fields of the Gaussian beams reflected by the
scattering surface in the immediate vicinity of the surface
(boundary wave fields) can be formally represented as

Ui (X, y)
U (X, y)

=p1(X, Y)Ui (X, y),
= p2(X, y)Ua(X, y). (8)

In the interference experiment aimed at a local control of
surface displacement they often use laser beams focused at
the surface or near the surface and the interference signal
is detected in the far-field diffraction zone of the scattered
wave field. Therefore, to determine the distribution of the
total wave field at the interferometer output it is possible
to use the Fourier transform of the boundary wave field

Technical Physics, 2023, Vol. 68, No. 4

2, the distance from the beam waist to the line of equal phase 30 um.

formed in the immediate vicinity of the scattering surface:

Ui2(&,n) = F{Ui2(X, y)} i: i (o1(x, y)U1(x. y)
x=0 y=0
+p02(X, Y)Ua (X, y)) exp [i 2 (x % +y %)} , 9)

where [M x N] is the dimension of the numerical matrix
representing the discrete distribution of complex amplitude
in the X, y plane.

To calculate numerically the complex amplitudes of
diffraction fields in the far-field zone of diffraction we
used the fast Fourier transform algorithm of the MATLAB
system [36]. Construction of full-frame images (Fig. 2),
with the aim of visualizing the processes at the output of
the speckle interferometer, was carried out using formulas
for diffraction transformations for the far-field diffraction
zone [37,38]. Simulation of speckle-modulated interference
patterns shown in Fig. 2 was performed using Egs. (1)—(9).

2. Modelling the measurement signals of
the laser speckle interferometer of
transverse displacements of the
scattering surface

The spatial intensity distribution of the total diffraction
wave field (£, 7n) at the interferometer output exhibits
spatial oscillations, i. e., interference fringes within individual
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Figure 4. Simulated time-dependent interferograms recorded in the far diffraction region when Gaussian illuminating beams with a beam
waist radius of 3um are incident on the studied scattering surface subjected to a harmonic displacement (a); the interferogram with
subtracted mean value (the variable signal component I(N)) (b); plots of the transverse periodic displacement of the scattering surface
g(t), given and restored from the interferogram I(N) (c); the laser radiation wavelength is 4 = 0.63 um.

speckles of the field (Fig. 2). When the transverse displace-
ment g is time-dependent, the intensity | (£, ,t) oscillates
at each point of the interference pattern; this oscillation
manifests itself in the directed shift of interference fringes
in the speckles. Calculating numerically the function I (t)
(temporal oscillogram) at a point with coordinates (&, 1),
we can extract the displacement g(t) from the number of
oscillations of this function.

Figures 4 and 5 present the temporal numerical inter-
ferograms (oscillograms), i.e., intensity curves | (t), formed
in the region of diffraction at the observation point with
coordinates £ =0, n =0, z=100mm under periodic
transverse displacement g(t) of the scattering surface with
the amplitude gy, substantially exceeding the size of laser-
illuminated areas on the surface, go > d. High-frequency
oscillations of |(t) in the plots of Fig. 4 cannot be resolved
(merge). We can see only low-frequency fluctuations of
I(t), caused by the change of realizations of the interfering
speckle fields at displacements g exceeding the size d of
areas on the surface illuminated by laser beams, g(t) > d.

When observing the interference at the output of the
interferometer in the near-field diffraction zone rather than
in the far-field zone, the complex field amplitude U (£, 1, Z)

is determined by the superposition of elementary spherical
waves, coming from elementary quasi-point sources — the
scattering surface inhomogeneities [37]. According to this
concept, it is possible to express the distribution of the total
field U (&, n, z) at the interferometer output as

U, n z,t) = ZZ (o1, Y, UL (X, y) + pa2(X, ¥, 1)

X=0 y=

R R VR
N e

Interference oscillations of 1(t) at the interferometer
output are due to the appearance of different phase
shifts ¢; and @, in two scattered wave fields upon the
displacement of the scattering surface in the direction
parallel to the plane of incidence of the laser beams.
The wave field formed by a light beam incident on the
scattering surface in a direction parallel to the beam
incidence plane has a spatial period Ay in the surface
plane, which depends on the beam incidence angle +0,
Ay = A/sin(£0). When the scattering surface is displaced
by g, phase shifts ¢ = 27(g9/Ay) = 279 sin(+0)/A appear

U, y) expli

Technical Physics, 2023, Vol. 68, No. 4
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Figure 5. Simulated temporal interferograms recorded in the far diffraction region when Gaussian illuminating beams with a beam waist
radius of 3 um are incident on the studied scattering surface subjected to a harmonic displacement (a); the interferogram with subtracted
mean value (the variable signal component [ (N)) (b); plots of the transverse periodic displacement of the scattering surface g(t), given
and restored from the interferogram I (N) (c); the laser radiation wavelength is A = 0, 63 ym.

in the waves scattered by the surface, so that a phase
difference A@(Q) = @1—¢@, = 2792sinH/1 arises in the
wave fields scattered from each laser beam incident on the
surface.

The phase difference Ap(Qg) in the interference experi-
ment is determined by the number of full oscillations or
half-oscillations of the field intensity at the interferometer
output arising at each change of the phase difference by
A@(g) by 2m or by s Thus, the phase shift Ap(g) =mm
corresponds to the displacement of the scattering surface by

g=m (10)

4sin6’
where m is the number of half-oscillations of the time-
dependent interferometer signal | (t) (Fig. 4,a and 5, b).

It is more convenient and precise to count the half-
oscillations of the signal | () using the oscillogram I (t) with
subtracted mean values, when the plot passes through zero
values (Figs. 4, b and 3, b).

In the numerical experiment, the results of which are
shown in Fig. 4, the displacement of the scattering surface
g(t) was set to follow the harmonic law (Fig. 4, ¢):

g(t) = gosin(27 tn/T), (11)

Technical Physics, 2023, Vol. 68, No. 4

where the amplitude of the object surface displacement
was go =30um, T is the displacement period, ty are
the moments of time corresponding to counts N, at
which the spatial interferograms (interference patterns) are
recorded | (£, n).

To simulate temporal interferograms shown in Fig. 5, the
value and the law of the transverse displacement g(t) of
the scattering surface were specified to fit those determined
from a natural experiment with heating and subsequent
cooling of the object studied [39]. The correctness of the
approach used in the numerical simulation is confirmed by
the agreement of the simulated and experimental results:
the displacement plots in Fig. 5,c obtained from the
natural experiment and from simulation coincide with high
accuracy.

In the numerical experiment, the values of tangen-
tial displacement of the scattering surface g;(tn) = g1(N)
and gx(tn) = g2(N), corresponding to the intervals of
heating and cooling of the object, were determined using
the equations based on the results of the natural experiment:

N(1—¢)

91N =2b e

(12)
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Figure 6. Examples of simulated interferograms of uniform transverse displacement of the scattering surface (a,b); a plot of

a given uniform transverse displacement and a plot of the scattering surface displacement restored from interferograms, averaged

over 50 realizations of surface scatterers (c).

The laser beam waist radius is 10um, the distance between centers of illuminating

beams on the scattering surface is 2Ay = 40 um, the beam incidence angles are +30°, the wavelength is 0.63 um, the distance from the

scattering surface to the observation area is 100 mm.

N—N2> < N—N2>
+aexp| —
tl t2

N - N,
o)
(13)

where N is the number of time count at which a successive
interference pattern is recorded. Function g;(N) describes a
part of the total plot of the scattering surface displacement
(Fig. 5,¢), as a result of its heating from the moment N; = 0
of switching the heater on to the moment N, of switching
the heater off. Function g,(N) describes the second, cooling
part of the plot, which begins with switching the heater off
at Np, and lasts till a certain moment N3, at which the
recording of interference pattern frames is terminated.

The fitting of functions g;(N) and g>(N) was imple-
mented in the OriginLab environment. An array of natural
experiment data on the tangential displacement of the
scattering surface of the object was loaded into the program
to be used for plotting the displacement magnitude. Then
analytical expressions (12) and (13) were chosen for g;(N)

gz(N) = aop + aj exp (—

+ aszexp (—

and g»(N). The functions with the highest determination
coefficient of 0.99, which allow reproducing the experimen-
tal data with maximum accuracy were used in modeling
interference patterns in the numerical experiment. The
coefficients in Egs. (12) and (13) were also chosen in the au-
tomated mode. In particular, for numerical modeling of the
interferometer signal the following coefficients wave been
obtained and used in Egs. (12) and (13): a = 601.52156;
b=7.06915-10"1% ¢ = —-1.90501; yo,= —45.98393;
a; = 1404.79866; t; = 6195.73625; a, = 1404.79866;
ty = 6195.73625; a3 = 1404.79866; t3 = 6195.73625;
Ny = 11645; N3 = 29 849.

The results of numerical simulation of the processes
of formation of speckle-modulated interference patterns
and signals at the output of the speckle interferometer
of transverse displacements of a scattering object show
good agreement with the results of experimental studies
of transverse temperature displacements in the range up
to 600um, as evidenced by the coincidence of plots
in Fig. 5, c.

Technical Physics, 2023, Vol. 68, No. 4
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3. Statistical numerical experiment to
determine the error in measuring the
displacements of a scattering surface

The mathematical model of the interferometer and its
signal simulation for known transverse displacements of the
scattering surface allow a numerical experiment to estimate
the displacement measurement error due to signal fluctua-
tions caused by a change in the realizations of interfering
speckle fields, which is practically impossible in a natural
experiment. Here, such a statistical numerical experiment
was carried out to determine the measurement error for a
uniform displacement of the scattering surface. Figure 6
shows interferograms of a uniform transverse displacement
of the surface upon various scatterer realizations and the
displacement plot averaged over 50 realizations.

In the numerical experiment, a uniform transverse dis-
placement of the scattering surface was specified, the plot
of which is shown in Fig. 6,c. Then, for a uniform
displacement of the scattering surface g(t) and for the far-
field diffraction region, temporal digital interferograms (os-
cillograms), i.e., the intensity curves I (t), were calculated.
Having determined the number of half-oscillations from the
plot I (t), using Eq. (10) we found the displacement of the
scattering surface for each moment of time ty and obtained
the maximum displacement gmax Of the scattering surface.
In this way, the random values for subsequent sampling
in the statistical experiment were determined. Sampling
of random variables was performed at various simulated
realizations of the surface scatterers.

The simulation was performed for four different distances
from the waists of the light beams to the scattering
surface, taken in the range of 45—-500um. A statistical
experiment to estimate the measurement errors for each
of the optical scheme parameters was performed with 50
realizations of scatterers, i.e. realizations of speckle fields.
The absolute error in measuring the maximum displace-
ment AQmax Was: AOQmax1 = 3.33um, AQmax2 = 1.75um,
AOmax3 = —1.4um, AQmaxsa = —0.14um. The average
absolute error in measuring the maximum displacement was
AOQmax = 0.89 um, which determines the relative measure-
ment error = 0.15%.

In the statistical experiment, two cases of surface illu-
mination are implemented: 1 — illuminated areas on the
surface coincide, 2 — illuminated areas on the surface do
not overlap. The results for these cases are almost the same.

The largest error in measuring the transverse displace-
ments of the scattering surface is due to fluctuations in
the random component of the interferograms, which arise
due to the change in the realizations of speckle fields
when the surface is displaced by a value exceeding the
size d of the illuminated area on the surface. If, for
example, the dimensions of the illumination region are
d ~ 7 um, then when the scattering surface is displaced by
approximately 7 um, there will be a complete change in the
realizations of diffraction speckle fields, which will entail

2 Technical Physics, 2023, Vol. 68, No. 4
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Figure 7. Histogram of the distribution of the values of the
maximum scattering surface displacement. The sample consists
of 900 realizations, the beam waist radius is 3 um, the distance
between centers of illuminating beams on the scattering surface
is 2Ay = 20um, the beam incidence angles are +30°, the
wavelength is 0.63 um, the maximum specified displacement of
the scattering surface is 80 um, the distance from the scattering
surface to the observation area is 100 mm.

a random change in amplitudes and phases of interfering
waves. The field phase difference will change with equal
probability by a random value in the interval [—uz, o).
Consequently, there will be a random change in both
the amplitude of the oscillations, and their shift on the
interferogram — not by a jump, but smoothly, as can be
seen from the amplitude of the oscillations in Fig. 6,a,b
If the total displacement is 80um, then there will
be approximately 80/7 ~ 11 of such random oscillation
displacements. According to Eq. (11), each displacement
gives an error ~ A1/2sin@ = 0.63um in the shift of the
scattering surface. From here we obtain a rough estimate
of the expected total maximum error 0.63 - 11 ~ 6.9 um.

For a more accurate estimate of the measurement error
resulting from a change in the realizations of speckle fields,
a sample of m= 900 oscillograms of uniform transverse
displacement of the surface was formed with different
realizations of surface scatterers. Figure 7 shows a histogram
of the distribution of the scattering surface maximum
displacements, based on a sample of 900 values.

In modeling based on m= 900 scatterer realizations,
the mean arithmetic value of the maximum displacement
determined from the oscillograms is (g) ~ 79.56 um. The
deviation of the average value of the maximum displacement
from that specified in the simulation is Ag ~ 0.44 um. The
best estimate of the average measurement deviation is the
average measurement error (Ag) [40].

(Ag) =—> " |gi — (9)]- (15)
i=1

In the numerical experiment performed with a sam-
ple of m= 900, the average measurement deviation was
(Ag) ~ 1.0um, which corresponds to an average relative
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measurement error of =~ 1.26%. The small relative mea-
surement error obtained in the experiment confirms the
validity of the approach used in modeling processes in the
interferometer of transverse displacement of the scattering
surface.

Conclusion

We report computer simulation of a speckle interfer-
ometer for measuring transverse microdisplacements of
the scattering object surface. Computer simulation is
implemented based on diffraction transformations of wave
fields in an optical interference system implying digital
recording of speckle-modulated spatiotemporal interference
pattern signals. Oscillograms of the transverse displacement
of the scattering surface are obtained for various laws of
motion, which are formed in the far-field diffraction region
when Gaussian laser beams are incident on the scattering
surface under study.

Numerical simulation of the speckle-modulated interfer-
ence patterns and signals at the output of a speckle inter-
ferometer of transverse displacement of a scattering object
illuminated by Gaussian laser beams allows revealing the
properties and quantitative parameters of the interference
measurement signals. The simulation results agree with
those of natural experiment, in which transverse surface
displacements of up to 600 um were induced by heating
and cooling the sample.

The mathematical model developed here makes allows
estimating the measurement errors associated with fluc-
tuations in the random component of time-dependent
interferograms caused by the change of realizations of the
interfering speckle fields. The processes of mutual decor-
relation of speckle-modulated diffraction wave fields, which
form the interference signal at the output of the speckle
interferometer during the object motion, are modeled, and
the influence of these processes on the occurrence of the
maximum possible measurement error is analyzed. The
statistical numerical experiment performed made it possible
to quantify the average measurement error of the transverse
displacement speckle interferometry method, which arises
due to the decorrelation of wave fields at the output of the
interferometer.

The mathematical model of the speckle interferometer
of transverse microdisplacements, based on diffraction
transformations of wave fields, shows that the measuring
signal at the output of the interferometer arises as a result
of a deterministic change in the phases of interfering wave
fields, which makes it possible not to use the concepts of the
Doppler effect to explain the principle of the interferometer
operation.

Numerical experiments on modeling the transverse-
displacement speckle interferometer are an effective tool
for developing optical interference methods for non-contact
analysis, measurement and control of microdeformations
and microdisplacements of objects.
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