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Double Compton scattering of a photon by an atomic ion
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Introduction

Scattering of a photon by an electron with the emission

of two photons (double Compton scattering) is one of the

fundamental processes in the microcosm. A large number of

experimental [1–5] and theoretical [6–10] papers are devoted
to his research. In the present work, we carry out the first

theoretical study of this process in the scattering of a photon

by an atomic ion. In this case, the photon absorbed by the

atomic ion gives rise to a virtual electron of a continuous

energy spectrum, and the probability amplitudes of the

double nonlocal (radiation at different space-time points

(Fig. 1, a)) and local (radiation at one spatiotemporal point

(Fig. 1, b)) Compton scattering arise as substructures of the

full amplitude of the scattering probability. Such studies

are in great demand, in particular, for the interpretation of

the background (continuum) structures of the observed X-

ray emission spectra of multiply charged atomic ions in

laboratory and astrophysical plasma [11,12]. A helium-

like ion of a neon atom (Ne8+, nuclear charge Z = 10,

configuration and term of the ground state [0] = 1s2[1S0])
was taken as the object of study. The choice is due to

the spherical symmetry of the ground state of the Ne8+

ion, its accessibility in the gas phase during high-precision

experiments, for example, with an X-ray free electron

laser [13], and the pronounced presence of its (r, i, f ) -

triplet of Kα- lines in observed X-ray emission spectra from

hot astrophysical objects [14,15].

Method theory

Let us overview the processes of nonresonant inelastic

scattering of a photon by a helium-like atomic ion:

ω + [0] → X →
{

Ks

Kd

}

→ W, (1)

X = 1sx p(1P1), (2)

{

Ks

Kd

}

=

{

1sys(1S0)

1syd(1D2)

}

+ ωn, n = 1, 2, (3)

W = 1sεp(1P1) + ω1 + ω2, (4)

ω + [0] → X → W. (5)

In (1), (3), (4), (5) and further, the atomic system of

units (e = ~ = me = 1), ω (ωn) — energy of the incident

(scattered) photon, x(ε) — electron energy of the contin-

uous spectrum of the intermediate (final) scattering state,

x ∈ [0;∞), ε = ω − I1s − ω1 − ω2, I1s — shell ionization

threshold energy 1s2 . Scattering along the channel (1) cor-

responds to nonlocal double Compton scattering (Fig. 1, a)
along the radiative transition operator:

R̂ = −1

c

N
∑

n=1

(p̂nÂ), (6)

where p̂n — the momentum operatorn- of the electron,

Ân — the electromagnetic field operator in the second

quantization representation, c — the speed of light in

vacuum, N — the number of electrons in the ion. Scattering

along channel (5) corresponds to local Compton scattering

(Fig. 1, b) according to the contact interaction operator:

Q̂ =
1

2c2

N
∑

n=1

(ÂnÂn). (7)

When constructing the scattering probability amplitudes,

the third order (in terms of the fine structure constant)
of the quantum-mechanical perturbation theory is taken.

Meanwhile, the probability amplitudes of spontaneous pro-

duction
”
of particles“ (photons, electrons, vacancies) before

the moment of photon absorption (Fig. 1, c, d) are discarded

(Tamm−Dankov approximation [16]).
Analytical structures of four times differential scattering

cross sections for channels (1) and (5) were obtained by

methods of the algebra of photon creation (destruction)
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Figure 1. Probability amplitudes of inelastic photon scattering by a helium-like atomic ion (Ne8+) in the representation of Feynman

diagrams: (a) nonlocal double Compton scattering, (b) local double Compton scattering, (c, d) scattering
”
over − time − ago“. Right

arrow — electron, left arrow — vacancy. Double line — the state was obtained in the Hartree-Fock field of the 1s --vacancy. Black (light)
circle — top of radiative (contact) transition, ω(ωn) — incident (scattered) photon. Time direction — left to right (t1 < t2 < t3).
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Figure 2. Partial quadruple differential cross sections for inelastic photon scattering by a Ne8+ ion for the ⊥ - experimental scheme:

cross section of (a) nonlocal (ρ⊥ = 1) and (b) local (µ⊥ = 1) double Compton scattering. Angle of scattering θ = 90◦. Incident photon

energy ~ω = 6.40 keV, ~ωn — scattered photon energy (n = 1, 2).

operators, the theory of irreducible tensor operators, and the

theory of non-orthogonal orbitals [17] in the approximation

of zero natural disintegration width 1s -vacancies. For

the cross section of nonlocal double Compton scattering

(NDCS, Fig. 1, a, 2, a) in the dipole approximation for the

R̂- operator, taking into account the quantum interference of

virtual scattering states Ks and Kd we have

d4σN

dω1dω2d�1d�2

≡ σ
(4)
N = r20

ω1ω2

ω
βρN2, (8)

N =

√
6

5

ε(ε + I1s)

ω1ω2

〈1s+/1s0〉〈1s0|r̂ |εp+〉, (9)

where �n — spatial angle of departure of the scattered ωn-

photon, r0 — classical electron radius, β = αr0 ∈0 /(a0π
2),

α — fine structure constant, ∈0= 27.21 and a0 — Bohr

radius. In (9), the indices
”
0“ and

”
+“ correspond to

the radial parts of the electron wave functions obtained by

solving the equations of the self-consistent Hartree−Fock

field for the configurations initial ([0]) and final ([1s+] )

states of the ion. In (8) the polarization factor ρ determines

the effect of the angular anisotropy of the NDCS cross

section of the - process. It is specified according to the three

schemes of the supposed coplanar [k, kn ∈ P; k (kn) —
wave vector of the incident (scattered) photon, P — scatter-

ing plane] and axisymmetric (with respect to the vector k)
experiment. The first scheme — photon polarization vectors

are perpendicular to the scattering plane (e, en ⊥ P). The

second scheme — photon polarization vectors are parallel

to the scattering plane (e, en ‖ P). The third scheme —
scheme with unpolarized (UP) photons. This results in

ρ⊥ = 1, (10)

ρ‖ = cos2 θ +
1

12π
sin4 θ + f sin2(2θ), (11)

ρNP =
1

2
(ρ⊥ + ρ‖), (12)

f =
1

4π

(

1 +
1

16π

)

− 1

9

(ω1 + 2ω2)(ω2 + 2ω1)

(ω1 + ω2)2
, (13)
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where θ — scattering angle (angle between the vec-

tors k and kn). Singular one-electron amplitudes of the

emission probability during the transition from continuum

to continuum (Fig. 1, a) are obtained in the form of

velocity in the plane wave approximation for the radial

parts of the wave functions of the continuous spectrum,

|x〉 ∼=
(

2
π2x

)1/4
sin(r

√
2x):

(x − y)〈x p+|r̂ |y(s, d)〉 ∼= i
√
2xδ(x − y), (14)

(y − ε)〈y(s, d)+|r̂ |εp+〉 ∼= i
√

2yδ(y − ε), (15)

where δ — delta- Dirac function. The analytical structure

of the section (8) qualitatively reproduces the results for

single Compton scattering [18]. Namely, the occurrence
”
of

the infrared divergence“ of the cross section at ω1,2 → 0 is

reproduced:

lim
ω1,2→0

σ
(4)
N = ∞, (16)

becoming zero of the section at ε → 0 (Fig. 2, a: line

ω1 + ω2 = ω − I1s on the plane (ω1, ω2)):

lim
ε→0

σ
(4)
N = 0, (17)

and implementation of the asymptotic condition at ω → ∞:

lim
ω→∞

σ
(4)
N = 0. (18)

For the cross section of local double Compton scattering

(LDCS; Fig. 1, b, 2, b) outside the framework of the dipole

approximation for the operator Q̂ we have [19,20]

σ
(4)
L = r20

ω1ω2

ω
βµL2, (19)

L =
1√
6

(

1− ω

ω1 + ω2

)

〈1s+|1s0〉〈1s0|r̂ ĵ0(qr)|εp+〉,
(20)

where ĵ0(qr) = (1/qr) · sin(qr), q = |k + k2| and polariza-

tion factor

µ⊥ = 1, (21)

µ‖ = cos2(2θ), (22)

µNP =
1

2
(µ⊥ + µ‖), (23)

determines the effect of angular anisotropy of the LDCS

process cross section. Let us note that (20) takes into

account the factor 1
√
6, which was lost in [19,20]. This

adjustment does not change the physical results of the

papers [19,20]. For the section (19)
”
there is no infrared

divergence“, at ε → 0 a break occurs and the asymptotic

condition is satisfied.

Restricting to the mathematically simplest ⊥ - scheme

of the proposed experiment, for the total cross section of

double Compton scattering, taking into account the quantum

interference of the probability amplitudes of the NDCS (1)
process and the LDCS (5) process, we have

σ
(4)
⊥ = χ2σ

(4)
L,T , (24)

χ =
6

5
ε

(

1

ω1

+
1

ω2

)

− 1, (25)

where σ
(4)
L,T is determined by expression (19) at µ⊥ = 1. As

expected, at ε → 0 σ
(4)
N,⊥ → 0 and σ

(4)
⊥ → σ

(4)
L,⊥ .

Results and discussion

The calculation results are presented in Fig. 2−4. For

the parameters of the sections (8) and (19) the values

I1s = 1.195 keV [19] and ω = 6.400 keV (energy Kα- of

the emission line of the iron atom [21]) are taken. In this

case, the criterion of applicability of the dipole approxi-

mation [exp(ik · rn) ∼= 1] for the R̂- operator is complied

with: λω/〈r1s 〉 ≫ 1,where the average shell radius 1s2 of

the Ne8+ 〈r1s 〉 = 0.08 Å ion and the wavelength of the

radiation incident on the λω = 1.94 Åion.

The result in Fig. 2, a demonstrates the leading role of

the NDCS -process at ε → ω − I1s (tendency to
”
infrared

divergence“ (16)). Meanwhile, taking into account the

quantum interference of the scattering channels Ks and Kd

from (3) almost doubles the theoretical values of the

cross section NDCS- of the process, obtained taking into

account only the channel Ks . At I ε → 0, the LDCS-

process becomes leading (Fig. 2, b). The result in Fig. 3

demonstrates the effect of the angular anisotropy of the

cross sections of the NDCS- process (Fig. 3, a; predominant

scattering in the direction of the angles θ = 0◦, 180◦) and

the LDCS- process (Fig. 3, b; predominant scattering in

the direction of the angles θ = 0◦, ±90◦, 180◦) for ‖ -

experimental scheme and the experiment with unpolarized

photons. The results in Fig. 3, a qualitatively reproduce

those for single Compton scattering [18,22]. However, these
results acquire the following feature — the polarization fac-

tors ρ‖ and ρNP formally become mathematically dependent

(through the f - function from (13)) on the energies ωn-

of photons. Comparison of the results in Fig. 4, a and

Fig. 4, b demonstrates the effect of destructive (quenching)
quantum interference of the probability amplitudes NDCS-

and LDCS- of processes entering with different signs into

the full amplitude of the scattering probability. Meanwhile,

the scattering probability is redistributed into the area of

dominance of the NDCS- process.

Conclusions

A nonrelativistic version of the quantum theory of the

process of double Compton scattering of an X-ray photon

by a multiply charged helium-like atomic ion is formulated.

(a) energy domains of dominance, (b) effects of angular

anisotropy (in the corresponding schemes of the proposed

experiment), and (c) effect of destructive quantum inter-

ference of nonlocal and local double Compton scattering

processes are specified. The results obtained are predictive.

The theory can be modified, in particular, by replacing the

Optics and Spectroscopy, 2023, Vol. 131, No. 4



526 A.N. Hopersky, A.M. Nadolinsky

0 0

2
0.2

4

0.4

4

0.4

2
0.2(4

)
1
0

2
–
2

–
2

σ
·1

0
, 
r

(e
V

)
(s

r)
N

0

(4
)

1
0

2
–
2

–
2

σ
·1

0
, 
r

(e
V

)
(s

r)
L

0180 180

150 150

120 120

90 90
60 60

30 30

0 0

330 330

300 300
270 270

210 210

240 240

a b

Figure 3. The indicatrices of (a) nonlocal (Fig. 2, a) and (b) local (Fig. 2, b) of double Compton scattering of a photon by Ne8+ ion with

a polar radius σ (4) and a polar angle θ at fixed energies of the incident (~ω = 6.40 keV) and scattered (~ω1 = ~ω2 = 1.50 keV) photons.

Experiment setup: ⊥ (solid green curve), ‖ (dashed-dotted blue curve), unpolarized photons (dashed red curve).
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Figure 4. The total quadruple differential cross sections for inelastic photon scattering by a Ne8+ ion for the ⊥ - experimental scheme:

(a) excluding (sum (8) and (19) at ρ⊥ = µ = 1) and (b) taking (24) quantum interference of probability amplitudes of processes of

nonlocal and local double Compton scattering. Angle of scattering θ = 90◦. Incident photon energy ~ω = 6.40 keV, ~ωn — scattered

photon energy (n = 1, 2).

δ- Dirac function in the
”
golden rule“ Fermi [23] with the

spectral Gaussian− Laplace function:

δ(ε − ε0) → G =
1

γb
√
π

exp

{

−
(

ε − ε0

γb

)2
}

,

γb =
1

2
√
ln 2

Ŵbeam,

to take into account the non-zero width of the spec-

tral resolution of modern experiments (for example,

Ŵbeam = 0.50 eV in experiments with X-ray free-electron

lasers [24] and Ŵbeam = 5 eV in astrophysics [25]). Finally,

let us add the following. It can be assumed that the

experimental detection of the process of double Compton

scattering of a photon by an atomic ion is possible, in

particular, by the methods of papers [1–5]. In this case,

the estimate of the value of the expected double differential

cross section for double Compton scattering of a photon

by Ne8+ [σ (2) ∼ 10−8(r20eV−1sr−1)] into two− three or-

ders of magnitude smaller than the value of the doubly

differential cross section of single Compton scattering of a

photon by a helium-like (and
”
close“ to the Ne8+ ion) Si12+

ion [26].
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E.P. Kanter, B. Krässig, M. Kuebel, M. Messerschmidt,

G.G. Paulus, D.A. Reis, N. Rohringer, L. Young, P. Agostini,

L.F. DiMauro. Phys. Rev. Lett., 106 (08), 3002 (2011).
DOI: 10.1103/PhysRevLett.106.083002

[14] Y. Tanaka, H. Uchida, T. Tanaka, Y. Amano, Y. Koshiba,

T. Go Tsuru, H. Sano, Y. Fukui. Astrophys. J., 933, 101 (2022).
DOI: 2205.10038

[15] G. Rauw, Y. Naze, C. Motch, M.A. Smith, J.G. Flŏ,

R. Lopes deOliveira. Astron. Astrophys., 664, A 184 (2022).

DOI: 10.1051/0004-6361/202243679

[16] A.L. Fetter, J.D. Waleska. Quantum Theory of Many-Particle

System (McGraw-Hill, N. Y., 1971). DOI: 10.1063/1.3071096
[17] A.N. Hopersky, A.M. Nadolinsky, S.A. Novikov. Phys. Rev. A,

98 (6), 3424 (2018). DOI: 10.1103/PhysRevA.98.063424
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