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On the negative pressure of light in a dispersing medium
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Dispersing dissipative homogeneous isotropic local (without spatial dispersion) magnetodielectric media are
considered, for which, using Maxwell’s equations, balance relations for the momentum of the field-matter system
are obtained, momentum fluxes are determined, the pressure of a plane monochromatic wave on the medium layer
and the forces acting on small bodies in such a medium are determined. The possibility of negative pressure on
the layer in the limitless left medium, as well as on the layer in the limitless right medium with low losses in the
case when the electrical losses exceed the magnetic ones, is shown. The pressure on a half-plane or plate with any
type of dispersion when a plane monochromatic wave falls on them from a vacuum is always positive. Transparent
media and structures with different permeabilities do not experience pressure. A model of a hypothetical Veselago
medium in the form of a rarefied plasma of electric and magnetic charges is considered, the rate of energy and

momentum transfer in it is found.
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Introduction

The pressure of light in weak light fields has been
measured by PN. Lebedev back in 1899. With the advent
of high-power lasers, experiments on measurement of the
pressure of light on microparticles in relatively transparent
media (liquids and gases) have become feasible. The
indicated force may be significantly stronger than the
force of gravity. Regardless of the nature of dispersion
in a medium (see references in [1] and [2-8]), these
measurements yield positive results (i.e., the pressure is
directed away from the source). V.G. Veselago was the
first to suggest the possibility of negative pressure of light
in his study [9] into the properties of media with backward
waves (BWs). These media were called left-handed ones
in [9]. A negative pressure on particles (ie., attraction
toward the source) in left-handed media (LHM, media with
BWs) was assumed, and these media were considered to
be homogeneous and isotropic with local dielectric constant
(DC) € and magnetic permeability (MP) u. Locality implies
the lack of spatial dispersion (SD). Phase velocity (PV)
vector v, and wave vector k in such media are antiparallel
to Poynting vector S. The contrary case with these vectors
being parallel (or with an acute angle between them)
corresponds to right-handed media (RHM). Vectors E, H,
and k form a right-hand system in common homogeneous
and isotropic RHM; ie., power flux S = Re(R x H*)/2 is
directed along k. In LHM, a left-hand system is formed and
the power flux is directed opposite to the PV. Backward
waves are observed in such media, and the dispersion is
anomalous (negative) [10]. Negative refraction (NR) is
observed if a plane wave is incident onto the RHM-LHM
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boundary. Isotropic LHM are infeasible [11], and all known
media with BWs are anisotropic or bianisotropic (with a
marked SD). NR and BWs are different and independent
phenomena [12,13]. NR is observed in anisotropic media
and depends strongly on the orientation of the incident wave
vector with respect to the isofrequency surface of a crystal
or a photonic crystal (PC) [13]. Quasiphotons (polaritons)
are quasiparticles of the electromagnetic field in a dispersing
medium. Their energy is fiw; however, their momentum is,
in contrast to that of photons in vacuum, still a subject of
debate. The issues of energy density and the form of the
energy-momentum tensor (EMT) [1-8] are also debatable,
although the matter of energy density in certain simple
model media (e.g., cold plasma) has been settled [14].

The aim of the present study is to consider the possibility
of negative pressure of light on the basis of rigorous electro-
dynamic relations for the model of an isotropic dispersing
local medium (without SD) characterized by spectral DC
e(w)=¢(w) —ie’(w) and MP p(w) =y (0) — iy (w).
Even in this simple formulation, the problem is not an easy
one to solve. The results may be extended to anisotropic
media with SD, but this requires separate consideration.

V.G. Veselago has made a mistake in his proof of negative
pressure in [9]. He introduced negative refraction index
(RI) n= ,/ep < 0, having used the Minkowski expression
for the momentum density (g¥ = D x B = n?S/c?) without
any justification. He then introduced energy density w
in the Umov formulation (S= —wv,= —wck/|n|) and
defined the momentum of a ,photon® (polariton) as
p = fk. Here, |n| should be regarded as a retardation
coefficient. These relations were left unsubstantiated. It
is demonstrated below that the momentum in the medium
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considered by Veselago moves in the direction of energy
transfer (i.e., away from the source). No homogeneous
and isotropic media with the energy moving opposite to
the momentum or to the phase have been discovered or
produced since 1967, although a great number of studies
into NR, metamaterials with a ,negative RL“ etc., have
been published (see, e.g., [15-40] and references therein).
Several different designations for such hypothetical (as was
noted in [9]) media have been proposed. For example,
they were referred to as media with NR and media with
a negative group velocity (GV). This is incorrect. NR is
not characterized entirely by a medium and depends on the
medium from which a wave (ray) is incident and on the
incidence angle. Notably, NR is feasible even at u = 1 (ie,
without BWs). This is also incorrect in regard to a negative
GV: the GV does not characterize the rate of energy motion
in dissipative media and metamaterials. It has already been
established that media with BWs, NR, and a negative GV
and NR differ in nature and that these phenomena may exist
independently of each other [12,13]. A negative GV is true,
e.g., of plasmons (waves at the interfaces of media), and the
existence of BWs in this case is not the same as a negative
GV [41]. Media with ¢ and u being ,simultaneously” (at
one and the same frequency) negative may also be referred
to as media with BWs. The formal introduction of such
scalar parameters into Maxwell equations does indeed turn
a plane wave into a backward one. There is not need to
introduce an RI in this case. However, if infinitely small
losses are added to the DC and MP, the ambiguity of
the square root vanishes: n= /ey < 0. All metamaterials
fabricated to verify the results from [9] are anisotropic with
SD. It is impossible to fabricate isotropic metamaterials
without SD with the DC and MP being negative at one
and the same frequency (ie., with a negative RI) [11,38].
However, it is instructive to examine a plasma with electric
and magnetic monopoles (charges) that has been mentioned
in [9]. A medium with ¢ =u — 1 (anti-vacuum), which
is called the Veselago medium, has also been introduced
there. The aim of the present study is to examine waves
and pressure in such a medium, in a medium with ¢ < 0,
u > 0 (plasma), in a medium with ¢ > 0, u <0, and in a
common weakly dissipative medium.

Theorem on the momentum balance in a
monochromatic field

A homogeneous isotropic medium with a monochromatic

wave is characterized by Maxwell equations of the following
form:
1)

2)

V x Hw) = iwge(w)E(w) +
V x E(w) = —iwpou(w)H(w

Here, &(0) = &/(w) — 1e” () and (@) = '() — i1 (@),
and d1551pat10n imposes conditions ¢”(w) > 0, u” (w) > 0.
It follows from (1) that

J(), (
) (

i

iwepe(w)V - E(w) = =V - J(w) =iwp

or

V- E(w) = p/(e0e(w)).

Here, p is the density of foreign charges corresponding
to the sources of field J. In the electrodynamics of an
infinite medium, density J may also correspond to drains
(ie., characterize a certain particle that absorbs the field
energy). It is convenient in this case to consider field
sources as the ones positioned at infinity. One needs
to analyze the momentum conservation law in order to
determine forces and pressures. Let us use Egs. (1) and (2)
for this purpose. We multiply the first equation vectorially
on the left by uou*H*, multiply the complex conjugate of
Eq. (2) vectorially by &ycE, and combine them:

o™ H* X V x H+ gE x V x ¢*E*

=iwc™? (u*eH* x E + eu*E x H) + pou*H* x J.

(3)
The complex conjugate of Eq. (3) is

UouH X V x H* 4+ goE* x V x ¢E

= —iwc™? (ue"H x E* + e*uE* x H) + pouH x J*.
(4)
We then find the complex conjugate of Eq. (1) and multiply
it by pou* and vectorially on the left by H, multiply Eq. (2)
by o€ and vectorially by E*, and combine them:

poH X V x u*H* + E* x V x €E = —iwc™?

(u*e*H x E* + euE" x H) 4+ pou™H x J*. (5)
The complex conjugate of Eq. (5) is
UoH* X V x uH + &E x V x ¢*E*
=iwc? (ueH* x E+4 ¢*u*E x H*) + pouH* x J. (6)

Let us set yH=a, H* =b, ¢E =a, and E* = b in these
four relations and combine them all. The left-hand side of
the equality containing magnetic fields takes the form

2uRe(ax V xb+b xV x a)

= 2upRe{—uV - (IH> —2H ® H*) + 2uH (V - H*)}.

The following well-known vector-tensor identity was used
here:

axVxb+bxVxa-—V

x[[(a-b)—a®b—b—b®a]+a(V-b)+b(V-a).
(7)
The part containing electric fields is transformed in a
similar fashion. The right-hand side containing sources takes

the form

—2upRe (I x (u* + u)H") = —4uou'Re(J x H*).
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The remaining part of the right-hand side is written as
2w m((eu — *u*)E x H*)
= 2wc2(e'u” + "1/ )Re(E x HY).

It is equal to zero in a loss-free medium. In the context of
the nonstationary balance equation [1], this part is equal to
the time derivative of the period-average momentum density
(ie., the field momentum increment). The momentum is not
accumulated or spent in a monochromatic field in a loss-
free medium, and this quantity is zero. Let us introduce the
following notation for complex quantities:

S=Ex H*/2, FL = J x uou'H* /2,

gV = eE* x u*H*/(2¢?), p;=J-E*/2,

and real quantiles:

Ps = we”[E[/2, Py = wp"[H[?/2,

we = eoe’[E /4, W, = pou'[H|*/4,
with the application of (7) leading to tensor X:

> =Re (uou (I[H* — 2H ® H*)
+eoe (IE* = 2E® E¥)) /4. (8)

S has the meaning of a complex Poynting vector. It
features in the Poynting theorem on complex power [42].
Its real part is the period-average power flux density
S’ = Re(E x H*)/2. The complex balance equation for
power takes the form

—VS = PPy + 2iw(We — W) + Py 9)

Real and imaginary parts of this equation may be taken.
The physically relevant one is equation [42]

~V-S' =P + pu + P

Here, sum P, + P, characterizes the power of field losses
in a medium and P/} is the active power density of sources
focused on producing the field. It is spent on losses and
emission. The imaginary part is

—V -8 = 20w, —w,) + pj.

Reactive source power density P specifies the doubled
time derivative of the difference between electric and
magnetic field energy densities and the reactive power flux.
However, quantity w, + w, has the meaning of energy
density only in non-dispersing (and, consequently, loss-free)
media. It is impossible in the general case to determine
the energy density in a monochromatic field in dispersing
media. Nonstationary field production processes [39,40] are
then required, since one needs to find out how the energy
was accumulated. In a high-frequency monochromatic field,
the electric field energy is converted into the magnetic field
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energy (and vice versa), and the energies are not defined
exclusively by fields, the DC, and the MP. For example,
energy in plasma may be accumulated in the form of kinetic
energy of charge oscillations [14]. A theorem on oscillating
power [42] may be formulated in order to obtain additional
relations. Let us denote vector g™ as the Minkowski period-
average complex momentum density. Its real part charac-
terizes the period-average momentum density in a trans-
parent medium: g™ = Re(¢E x u*H*)/(2¢?) = &/u'S'/c%
Likewise, F| = uou'Re(J x H*)/2 -is the period-average
density of the Lorentz force with which the field acts on
sources (recoil force). Tensor X has the form of the period-
average Maxwell stress tensor and characterizes the fluxes
of momentum components. Dividing the obtained relation
by eight, we find the momentum conservation law in the
form

—V - + Re(egeE(V - E) + pouH)(V - H)/2

+wc 2 (e'y” +&"u)S' )2 = —F. (10)

The term at the left-hand side of (10) is equal to zero
wherever there are no sources. If a field is produced by a
point-like dipole, this is the entire space with the exception
of the dipole position (where the field is singular). If sources
are distributed, this term assumes the value of Re(pE)/2;
ie., this is the period-average density of the electric force
with which the field acts on sources. When source currents
are solenoidal, it is zero.

Let us examine a plane wave with dependence
exp(iwt — ikr). The divergence operation then corresponds
to scalar multiplication (e.g, V-E = —ik-E), while the
curl operation is vector multiplication (V x E = —ik x E).
In the case of a plane wave, there are no sources (they are
at infinity) and fields are solenoidal. The balance takes the
form

(11)

If a medium is non-dissipative, V-X =0. Only one
component X, is relevant to a plane wave moving along
axis z, and 9,%,, = 0; ie., 222(2) = const. If & and u’
change sign, it follows from (8) that 3,7 also changes sign.

Since the motion of a wave along z implies the motion
of phase, the sign changes with respect to the motion
of phase. The sign of the right term in Eq. (11) also
changes; therefore, the momentum transfer is codirectional
with the transfer of energy S’ regardless of the type of the
medium. If ¢ and ' are of different sign, the sign of
%, in (8) depends on which of the ,energies* is greater
and, with respect to S , on the relation between electric and
magnetic losses. This scenario is of little interest, since a
wave of this type always decays strongly. In the case of
a plane wave in electron plasma (u = 1), Hy = no/€Ey,
no = v/€o/1, and the sign in (8) changes at point ¢’ = —1
under weak dissipation; in addition, the right-hand side
of (11) is wc2¢”S'/2 and does not change sign. The
conditions in strongly dissipative media are more complex.
Although i]zz produces a momentum flux in direction z,

—V-Z+wc ey +e"u')S' /2 =0.
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one should not suppose that a force acting on a particle in
the field has the same direction. This is true only in a first
approximation with the particle being so small as to induce
a near-zero perturbation of the field. In order to characterize
the influence of a particle with DC &, one needs to present it
as polarization current J, = iwep(é€ — €)E in the right-hand
side of (1). We assume for simplicity that DC & remains
unchanged within the particle. At its boundary, the DC
»drops™ sharply to €. Thus,

V- ((—¢)E)=(E—e)V-E+E-V(—e).

Differentiating the jump from & to e, we obtain a delta
function: V(¢ —¢) = —v(é —¢)§(v). Here, v is the
outward normal to the particle surface and v is the
coordinate measured along the normal from the surface.
Since the field undergoes a jump EE; = ¢E), one may
introduce induced surface charge density

o =¢ee(Ef —E) = ¢geES (1 —¢/é).

14 14

The divergence is then
V- Jp=iwg|(é —e)V-E+E; (e —8&)8(v)].

If a body is inhomogeneous, &V - E is the density of
the volume charge interacting with the electric field. In the
present case, V - E =0 within the homogeneous particle,
and only the surface divergence and the surface charge
density remain: V -Jp = —iwad(v). It should be noted
that, in accordance with the properties of the delta function,
V - Jp = 0 outside the surface. Integrating over the particle
volume, we find, by virtue of the Gauss theorem, that the
integral of o over the particle surface (net surface charge)
is zero. To factor in the presence of a particle, one needs to
introduce current density J, into balance (11). The balance
then takes the form

~V-X = —Re(cEe/&)5(v)/2
—wc 2 (u’ +&"u)S' /2 — Fp. (12)

The first term on the right is the surface Coulomb force
density, the second term is the striction force density, and
the third term is the density of the volume magnetic Lorentz
force acting on the particle:

Fp = oc 2u'Re(i (¢ — ¢)8S)
) ) (13)
_ (A)C_Z‘u/\_(g‘” _ SI/)SI _ (5/ _ 8/)S”J.

The second term is zero in a non-dissipative medium.
Integrating over the particle volume, we obtain

! ~
—]{v 2d?r + %Rejé(a/s)Edzr + /de3r =0. (14)
S S \Y

Since the normal is an outward one, the first term on the left
is the field momentum inflowing into the particle. It is spent

on electric F, (surface integral in (14)) and magnetic F,
(volume integral) forces with which the field acts on the
particle. It is evident that volume density (13) may
change sign when the relation between real and imaginary
parts of the DC changes. It also changes sign when u’
undergoes sign reversal. However, this scenario is infeasible
in optics of common media and metamaterials characterized
by local DCs [35]. The electric force changes sign when &’
undergoes sign reversal, which may be observed in plasma.
Since the net charge at the particle is zero, the contribution
of the second term in (13) is, in a first approximation,
the force acting on a dipole. The dipole moment of a
unit volume is P = ¢y(¢ — ¢)E. The dipole moment for a
spherical particle with radius r is p = 4ar3ey(€ — &)E/3.
The particle alters the field; therefore, it is affected by local
field [14]
3(g/e)

b=+ (15)
The energy of the dipole in the field is Wy = —p - E|, and
the corresponding force is

_ 9.3 2 £(e/e—1)

Local force (16) estimates the second surface integral
in (14). We averaged it over a period. In a plane wave,

[E[* = [Ex|* exp(~2k;2),

and
V|E|? = —2K!|Ex|? exp(—2K)z).

The following relations hold true for a plane wave:

E = xoEx exp(—ik;2),

H = yonoEx exp(—ikzz),

kz == k()\/((: 3
S = |EX|2r,0r,7

where
K, = koy/2 = K, — iKZ,
n=+e/u=n'+in,
K. = +ko

y \/\/(SI;U/_3/IH/I)2+(‘€IH”+3/IMH)2+(SIH/I+81/HI/)2
2 9

K/ = +ko

" \/(Sl‘u/ _ ‘9”#”)2+(S/ﬂ//“"g”ﬂ”)z_(Slﬂ//+€//ﬂ//)
2
>0
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e"u')/lul =n"+in',

\/ V(€W +eu" 2+ (e/u " )2+ (' +£"u")
2ul? ’

e,u _|_€//‘u//) _|_|(£ u' —

(8/‘u/+8//‘u//)

2|ul?

The minus sign should be chosen for kj, when both DC and
MP have negative real parts. In the case of a plane wave in
a non-dissipative medium,

= tkor/'W,

n=n=¢e/w,

and the magnetic force is written as

2/.1/8// / Sld3l'.

\

\/\/ e/ e "2 (e'u" —e"u’ )2

S =0,

F, = wc (17)

Since V|E|? = 0, electric force (16) is zero. In a Veselago
medium, Kk, = —Kg; ie., there is no need to introduce a
negative RI, but the introduction of infinitely small losses is
required in order to determine the sign of wave admittance:

—i6; e + 8.6, —i(e'6y — Sep’)
= =iy w2+ 82

1468, 4 1(6y — Se)
N 14687 '

The complex number under the radical sign is in the
first quadrant if magnetic losses are greater than electric
ones (first case). In the contrary (second) case with
magnetic losses being smaller than electric ones, the point
is in the fourth quadrant. Physical considerations need to
be taken into account in order to resolve the ambiguity
of the square root. In the present case, this condition
is Im(n) < 0 (or Im(n~!) > 0 for impedance). Contrary
conditions correspond to an active medium. In the first case,
n should be located in the third quadrant of the complex
plane; at infinitely small losses, n = —1 (i.e., the force does
not change sign when magnetic losses exceed electric ones).
In the second case, n = 1. The force then does change sign.
The following holds true for a body in the form of a layer
with thickness t and a large area S

Fou = woc 2" SE / exp(—2k""z)dz ~ wc™*u/&"StE,

i.e., pressure F,,/Smay be defined. It is easy to demonstrate
that k, = —ko always holds at infinitely small losses and
Re(kz) > 0. It follows from (17) that the force for a small
spherical particle is

F, = +4ar’wc™2&" |Ex|[*no/3,
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where plus and minus signs correspond to the first and the
second cases, respectively. The force is undefined in a loss-
free medium.

Let us consider a possible approach to the problem
in anisotropic media. Any body (including bodies with
tensor DC and MP and even bianisotropic ones) may be
characterized by its polarization currents in vacuum. This
method is fairly efficient in terms of producing relations
based on the momentum balance theorem [1], since the
EMT for vacuum is known. The approach provides an
opportunity to determine the force acting on any small
body within a large one excited by certain specified sources
(including a plane wave incident from vacuum). However,
volume integral equations need to be solved in the case
of a body of an arbitrary shape. Formulating the theorem
for, e.g., a homogeneous layer thick along z and positioning
the sources at infinity, we obtain a model of motion of a
plane wave upon diffraction at the layer. Wave propagation
constant Kk, is derived from Fresnel equations of the fourth
order [37]. Setting ky =ky =0 (ie, a wave moving
normally to the boundary) and assuming for simplicity
that & = 1 (magnetic properties are lacking), we find two
solutions

k; = kovexx(w) and k; =Koy/eyy(w)
for two wave polarizations. It is also assumed for simplicity
here that the tensor is reduced to principal axes. The wave
acts on a medium with Lorentz force densities related to
polarization current densities. In the case of the considered
polarization, these are

Jpx = iweg(xx(®) — 1)Ex  and  Ei, = poRe(JoHy)/2.

Using the Maxwell equation, we find force density
F. = 50|Ex|2Re(ik; (exx(w) —1))/2.

The lack of dissipation translates into the lack of local
densities of such forces. A plane wave acts on the layer
and transfers momentum to it via reflection and via the
indicated local density. The total force is always directed
away from the source. If a small particle with DC &(w) is
located within the layer, the problem may be solved using
the perturbation method. It is evident that the nature of the
force is specified by the sign of

k(" (@) — gx(@)) = K{(&'(0) — £5¢()).

This force may be either attractive or repulsive. It acts
relative to the medium. If the medium is sufficiently
transparent and &' (w) ~ &, (w), repulsion is observed at
& (w) > e} (w) (a greater momentum is transferred to the
particle than to the corresponding volume of the medium),
while attraction is found at £’ (w) < &fyw.
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Model of a Veselago medium and plasma

A model of a Veselago medium should be examined in
order to analyze in more detail the wave electrodynamics
in it. The only legitimate model mentioned (but not
considered) in [1] is the model of a rarefied cold plasma
of electric and magnetic monopoles. A magnetic monopole,
which was characterized theoretically by Dirac in 1931, has
not been discovered yet, although attempts at detecting
it are still being made. For example, measurements at
collision energies of 8 and 13TeV have been performed
in 2012 and 2015, respectively, with the MoEDAL detector
at the Large Hadron Collider. The existence of magnetic
monopoles would introduce symmetry into electrodynamics.
It specifies the conditions of charge quantization: the
elementary (minimum) magnetic charge should be equal
to g, = fic/(2e) = 137e/2 in the Gaussian system where
charges have the same dimension. In the International
System of Units, e = 1.6 - 107K, g = h/e in the Weber
convention, and g, = 2whic’e in the Ampere-meter con-
vention. The existence of magnetic monopoles does not
contradict quantum mechanics and electrodynamics, since
all electric charges are quantized. Magnetic monopoles
interact with each other in accordance with the Coulomb
law. A moving monopole produces an electric field and
may interact with an electric charge. Hypothetical particles
with both electric and magnetic charges (Schwinger dyons)
are also subject to the quantization condition. If a dyon with
charges e, and g, is positioned at the origin of coordinates
and another dyon with mass m and charges €; and Q; is
moving at point r with velocity v (v < ¢), the force acting
on it is [43,44]

€€ +0192)r + (€192 — €91)v x r/C

(
F= =

(18)

This relation is written in the Gaussian
where charges have the same dimension. Since
F =mdv/dt, a conserved moment of momentum
L=rxmv— (€0, —eQg;)r/(cr) and its quantization
condition €;g; — €,g; = vhcC are obtained at v | r . Like-
wise, the equation of motion of a magnetic monopole in the
field of an electric charge is

system

AR TV

Fm— = VXT
dt c ric

(19)
The conserved moment of momentum for Eq. (19) takes
the form
L =r x mv + eygr/(cr),

and quantization yields €;9; = vhc. The Dirac quantization
for a monopole yields condition eg = vhic/2, where v is an
integer number.

A moving electric charge and a moving magnetic
monopole produce intrinsic magnetic and electric fields,
respectively [43,44]. At nonrelativistic velocities, these
fields are weak relative to the Coulomb one in (19). In
the International System of Units, the Lorentz force of

interaction of the field with monopoles e and g in the Weber
convention takes the form

FL:e(E+v><B)+g<B VXE)

/vl_o_ HoC?
=eE+vxB)+gH-vxD). (20)

This result follows from the momentum conservation
law with electric and magnetic sources.  Given that
E = eyr/(4meor?), FL = — 1% v x r for Lorentz force (19).
The dimension of a magnetic monopole here is V-s. In
the case of elementary charges, g/e = h/e? = 2.56 - 10* Q.
The field of a magnetic monopole moving with an arbitrary
velocity is defined in the same way as the field of a
moving electric charge [45]. Thus, the mentioned forces
may be generalized to arbitrary velocities. We consider a
plasma of electric and magnetic monopoles in the field of
a weak monochromatic electromagnetic wave. If a wave
is weak and its frequency is sufficiently high, charges are
first accelerated in a certain direction and then (when the
wave sign changes) in the opposite one. The maximum
velocity is well below the speed of light (especially at
higher frequencies). Therefore, the v < ¢ approximation
may be used. The following is true under this condition for
a common plasma of electric charges:

2
a%p

e(w)=1- (21)

0? — OWee
The plasma is considered to be electrically neutral (ie.,
consisting of heavy and light electric charges of different
signs). The plasma frequency is then governed by light
charges and takes the form ©2, ~ N.€%/(m.&o). Result (21)
was obtained without account for the force of interaction
between an oscillating charge and the magnetic field of a
wave (this force is weak relative to the electric Coulomb
one). If this interaction is taken into account, SD emerges.
Let us then assume that an electric plasma is combined
with a neutral magnetic plasma. A similar equation may be

written: 5
%)
Hup (22)

Hiw) 0? — iwwye

Here, a)ﬁo ~ N,g?/(muo). The motion of monopoles
under the influence of a wave produces additional contri-
butions to polarization that induce SD. These contributions
are neglected due to the fact that a plasma is strongly
rarefied and particle velocities are low. Collision rates w,c
and w, may also be neglected in this case. The period-
average energy density of the field-matter system may be
determined in a closed form for the considered cold rarefied
plasma without SD (just as for a rarefied gas of Lorentz
oscillators). The energy of oscillations of charges should
be taken into account here, and the formula takes the form
w = w, + wy, where [14]
©Fp £0|Eo|*
w, = ll + ( T

w? + w%)
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to|Hol?

2

w
1 up
+ 4

(0? + @f;)

(23)

wy =

Squared absolute amplitudes of fields of a plane wave are
given here. Since Hy = n+v/e/uEp in a plane wave,

HolHo* _ &|Eof |&
4 4  |ul|’

However, relations (23) in a plane wave hold true at a fixed
point. If the wave decay is to be taken into account, factor
exp(—2k}/z) should be introduced into the squared absolute
amplitudes. Since

S, = mo|Bol* exp(=2k;Z)Re(+/¢/u)/2,
the energy transfer rate may be determined:
</ R /&7
Ve = W =2c clver) (24)

£
u

[+ wteg) + [T+ wip

Let particle concentrations N, and N, be such that
the plasma frequencies match. The collision rates
are also assumed to be equal. Then, €=y and
ve =C/(1 + w}/(w? + @Z)). The energy transfer rate is
fairly low at low frequencies, is approximately equal to c/2
around the plasma frequency, and tends to C at high frequen-
cies. Let us consider a Veselago medium with e = u = —1.
It is modeled by a cold collisionless dimonopole plasma
at frequency w = a)p/\/z. An intriguing result is obtained:
Ve = C/3. It may be interpreted in the following way: the
energy of the field-—matter system is distributed completely
between the kinetic energy of oscillations of electric and
magnetic particles and the electromagnetic field energy, but
only the third part is carried by the field. As for the Maxwell
tensor,

. IH?
Y = —Re </,t0

ie., it does indeed change sign in a left-handed medium,
although with respect to the direction of phase motion. In a
plane wave,

—2H @ H* IE?
7 + &

—2E ® E*
4 9

222 = _50E3Re(3/‘u + 1)/4-

It is assumed here that the initial phase of the electric field
amplitude is zero. 222 = —eoEg /2 for a Veselago medium.
This holds true in an infinite medium. The momentum
transfer rate may be determined if the momentum density
is known. In a Veselago medium, the momentum should
not be transferred from the field to matter. The Poynting
vector has component é; = 770E02 /2. Since the momentum
is not transferred to the medium, it may be contained only
in the field; ie.,

g=g; =n’S/c’ =nkg/(2c?).

In order to identify the direction of momentum motion,
one needs to examine the momentum balance in the case
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of incidence of a plane wave from vacuum onto an ideal
medium layer. Since nothing is reflected off it and the
momentum is not transferred to the medium, vacuum den-
sity noE2/(2¢?) enters the layer. The same density emerges
from it. Although fluxes change sign at the boundaries, the
sign of normals also changes. Thus, the rate of momentum
motion i8S Vmom= C. Just as the energy transfer, it is
driven exclusively by field polaritons. The phase of these
polaritons moves in an opposite way, thus distinguishing
them from photons in vacuum. Significant differences
emerge upon diffraction of strongly nonstationary short
wave packets by an arbitrary dispersing medium layer. Any
medium is characterized by a certain polarization settling
time. In plasma, this is the time needed to accumulate the
energy of kinetic oscillations, and the duration of a quasi-
monochromatic wave packet should be considerably longer.

Let us examine a more familiar medium: neutral cold
electron—ion plasma. It has u = 1. The electric field acceler-
ates electrons, and the magnetic field transfers momentum
to them. In a dissipative plasma, electrons transfer this
momentum to heavy ions. The transfer of momentum from
the field to matter is observed, and the latter starts moving.
The contribution of the momentum transfer by matter in
common relatively weak fields is negligible compared to
the rate of momentum transfer by the field. It is often
assumed that matter is stationary. In a collisionless plasma,
a wave transfers momentum to electrons within one half-
period and takes this momentum away within the other
half-period. Therefore, the momentum is not accumulated in
matter, and it does not move. The momentum density may
then be determined in the Abraham form. E,, = ¢’ Eg in
plasma; ie., the sign changes approximately at the plasma
frequency. The flux is negative below it; this is observed,
e.g., when plasmons move along the metal surface with an
energy flux into the bulk of a metal. This is relating to the
Poynting vector component directed toward the interface:
its flux in a metal is opposite to the flux in vacuum, and
all fluxes are directed toward the interface [46]. The fluxes
along the boundary are always unidirectional, and a plasmon
is always a forward one. A metal layer with the flux in it
being opposite to the flux in vacuum is needed to support
a backward plasmon [46]. In the case of electron plasma,

2

w = SOEO 1+ e + ﬁ (25)
S, = wEjRe(Ve)/2. (26)

Let us examine the correlation between these formulae and
the Brillouin formula [14,47]. Thus,

wp(1+iwc/w)?

E)w(a)e(w)) =1 + m,

2 waZ

Re(d,, (we(w))) = 1+ o wi(1 +pw§/w2>2’
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(02 +wd)  o*(1+w2/0?)?

2,2
w 2050¢

O (we' (w)) =1+

At wc/w < 1, two formulae yield results that are different,
but similar to (25) within w. (i.e., at sufficiently high fre-
quencies) and match in loss-free conditions. With weak dis-
sipation, /£ = v/&/(1 —ie” /2¢') at frequencies significantly
higher and lower than the plasma one. In the first case,
Re(y/€) ~ €”/(2+/]¢']). In the second case, Re(y/e) ~ /¢'.
A fairly low energy transfer rate corresponds to the first
case. The momentum flux is given by ﬁ]z ;= &&’ E02 /2. This
quantity changes sign when &’ undergoes sign reversal. If
one assumes that gM = noe’E2/(2c?), a momentum transfer
rate of vmpm= C is obtained. For the Abraham momentum,
we find vmom= ce’. This rate goes to zero at frequency

o = \/w} — @ and changes sign at the same frequency.

At high frequencies, it approaches the speed of light from
below. At ultralow frequencies, ¢ =~ — — wf,/wg assumes
a large negative value, and the rate may be substantially
greater in magnitude than the speed of light. It should be
noted here that losses cannot be neglected at frequencies
this low (since |e”| > |¢’|); therefore, the Abraham formula
is inapplicable. While the oscillatory energy of electrons
may be accumulated in the w¢ < @ < wp plasmonics
region, it is not accumulated (ie., is dissipated only) at
® < we. Since the momentum is not transferred by a
stationary medium, g™ = noe’|E|?/(2¢?) should be set for
its density, and the transfer rate should be assumed equal to
the speed of light A phase shift exists between the electric
and magnetic fields in plasma; there is no power flux at
Re(v/€) = 0 and no flux and momentum at &’ = 0.

Backward fluxes and negative pressure

It is of interest to note that backward power and
momentum fluxes in a monochromatic wave are observed
not only in media (existing and hypothetical), but also
in vacuum. A nonplane wave is needed for this. More
specifically, a wave beam should be transversally bounded
(or even unbounded, but decaying strongly in the transverse
direction). The Poynting vector then does not form a
laminar flow; instead, it swirls in a manner similar to flow
lines in a turbulent jet. A large number of studies intro wave
beams (including optical laser vortex wave beams) with
backward energy fluxes (even in vacuum) have recently
been published [48-99]. The Poynting vector in such wave
beams is swirling in nature, allowing for backward energy
transfer. The transfer of energy and momentum to the
source, including the action of forces of ,attraction” to the
source or ,negative pressure“ on a nanoparticle in such a
flux, and the potential to construct ,optical tweezers” are
considered. In contrast to a hypothetical infinite plane elec-
tromagnetic wave, these wave beams may have a moment
of momentum of the field and flux singularities S. A
negative force acting on a nanoparticle does not necessarily
correspond to a negative flux. The inverse is also true:

a negative flux does not always yield a negative force.
Negative fluxes have been observed in acoustic beams [100].
They are feasible even in X-ray beams [101]. The following
types of monochromatic beams with different transverse
field distributions (unbounded ones included) are being
examined at present: Gaussian, Bessel, Hermite—Gaussian,
and Laguerre—Gaussian beams. A transverse confinement
or a field intensity reduction necessitates the emergence of
backward fluxes, since solenoidal lines of flux are closed.
Monochromatic waves are examined in the majority of
studies. Such a wave implies infinite operation of sources
with a harmonic dependence on time. The transition to
it from the nonstationary case is not a trivial one. The
transition from dynamics to statics is also challenging. An
example here is provided by the endless discussion on the
possible existence of electromagnetic energy, momentum,
and moment of momentum fluxes in static fields (including
fluxes circulating along closed trajectories) that has been
ongoing since the days of Poynting. All processes in nature
are nonstationary to a certain extent, and all of them had
their beginning. In quasistatics, the energies of quanta are
fairly low, but the number of these quanta needed to obtain
the final energy is fairly high. The impact of a wave packet
is substantially nonstationary at the initial moment, and the
fluxes are then positive on the average. Negative fluxes
may emerge with quasi-monochromatic processes. It is of
interest that such fluxes also exist in the near field of a
point-like dipole in the vicinity of the field singularity if
one considers the real Poynting vector S = Re(E) x Re(H);
notably, they oscillate in time. Let p, be the dipole current
moment. We then obtain [102]

_ P cos(6) {ko cos(kor) sin(kor)} ’

E/
2nwey r2 r3

T

e _ P sin(6) [ko cos(kor)  sin(kor)(1 — k%rz)}
0 pum— - 9

drweg r2 r3

/

Hy draweg

In addition, S = EéH(’p and § = —F/ H(’p. The period-
average flux is zero: S| = 0. The front flattens progressively
in the far field, and negative fluxes gradually vanish. All
fields may be expanded in plane waves. The fluxes in a
solitary plane wave are always forward ones. However, it is
interesting to note that back in 1997 B.Z. Katsenelenbaum
has discovered a backward Poynting vector flux in several
plane waves moving at an angle in different directions [103].

pzsin(@) [cos(ko,r)  Kosin(kor)
- r2 - r3 :

Conclusion

The issue of ,negative pressure” was highlighted in the
title of the paper. However, while the term ,pressure”
is well-established, ,.force” is a word more fitting to the
examination of the influence of the field on a particle.
LPressure“ is an apt term for analyzing the impact of a
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plane wave on an interface or striction distributed pressure
on a plane matter layer; it is also applicable when the wave
front and the surface on which it acts are locally planar.
The force acting on a particle in a dispersing medium
depends essentially on the relation between dissipation in
the medium and in the particle. Dissipation in the medium
leads to the transfer of momentum to it and to a local force
density. The force acting on a particle is negative when a
smaller momentum is transferred to the particle than to the
corresponding volume of the medium. Thus, it is a force
relative to the medium. In loss-free conditions, this force is
always positive (ie., directed away from the source) for a
plane wave.

The issues examined above are related to a more
than 110-year-long discussion regarding the EMT form in
electrodynamics of continuous media for the field—matter
system [1-8,104-114]. The Abraham and Minkowski EMT
forms corresponding to non-dispersing media are not the
only ones available; other known forms include those
proposed by Polevoi and Rytov [115] and Pitaevskii [116],
the canonical EMT, etc. Several forms have been examined
in [108,109,112-114].  Forces in dispersing but non-
dissipative media have been analyzed in [113]. The EMT in
moving media has been considered in [109].

We will not dwell here upon the issue of correctness
or incorrectness of certain EMT forms. Note only that a
classical field acts on a dispersing medium in such a way
that the medium gets accelerated; the EMT of the closed
field-matter system should then be symmetrical and factor
in the transfer of energy and momentum by both subsystems
(field and matter) and their interaction [117,118]. The field
momentum in weak fields is tiny, and the medium and the
process are often considered to be stationary. In the general
case, one should turn to nonstationary electrodynamics of
moving dispersing media.

The Minkowski relations [41,47] without dispersion are
still being used in the electrodynamics of moving media. A
system may be closed only if sources producing the field
are taken into account. Free waves in a medium without
sources are considered most often. Nonstationary field-
producing processes [39,40] need to be examined in order to
determine the energy density of the field-matter system and
the momentum density; heating and acceleration of matter,
which complicate the analysis, are possible in this case.

We have examined weak monochromatic fields that do
not accelerate matter and do not raise its temperature. A
rigorous determination of the energy and momentum den-
sity in this approximation necessarily involves analyzing the
transient process of production of a quasi-monochromatic
field in a dispersing dissipative medium with this process
reaching the set monochromatic field amplitudes [39]. As
oscillations settle, such a wave packet eventually acquires a
narrow instantaneous spectrum Aw < wp. The commonly
used Brillouin formula for the approximate energy density
of a narrow wave packet in a non-dissipative medium was
derived by expanding the quasi-stationary quadratic integral
asymptotically to the first order in Awy [47]. The group
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velocity for a narrow wave packet is determined in a similar
fashion. In loss-free conditions, the omission of all other
orders actually implies the lack of dispersion. This may
be illustrated using the example of the Lorentz dispersion
formula with several resonance frequencies: an infinite
separation of frequencies in needed to achieve zero losses.
Note that forces under the impact of wave packets have
been considered in [113]. It was demonstrated there that,
depending on the parameters of LHM-RHM interfaces,
both ,light pressure” and ,light attraction are possible at
such interfaces. As for the assertion regarding the negative
pressure on a particle in a left-handed medium made in [9],
it is erroneous: the pressure in a plane wave is always
directed away from the field source. Note also that the
impact of the field on a medium may be analyzed rigorously
if the latter is characterized by its polarization with respect
to vacuum. The Maxwell equations are then considered
in vacuum, and the medium is characterized as secondary
field sources in the form of polarization currents [1]. This
approach leads to the Einstein—Laub force [119]. Tt is
applied most easily to bodies of a finite volume.

The approach used above is applicable to anisotropic
media and media with SD, but requires a separate intricate
analysis. As for a hypothetical Veselago medium, its
existence would be problematic even if magnetic charges
do exist. Rarefaction and the lack of SD require low
concentrations and plasma frequencies (i.e., low frequencies
at which the effect could be manifested).

Funding

This study was supported by the Ministry of Education
and Science of the Russian Federation under the state
assignment (project No. FSRR-2023-0008).

Conflict of interest

The authors declare that they have no conflict of interest.

References

[1] M.V. Davidovich. Phys. Usp., 53, 595—609 (2010).
DOL: 10.3367/UFNe.0180.201006¢.0623.

[2] RN.C. Pfeifer, TA. Nieminen, N.R. Heckenberg, H. Rubin-
sztein-Dunlop. Phys. Rev. A, 79 (2), 023813 (2009). DOL
10.1103/PhysRevA.79.023813

[3] H. Rubinsztein-Dunlop, TA. Nieminen, M.E.J. Friese,
N.R. Heckenberg. Advances in Quantum Chemistry, 30,
469—492 (1998). DOL 10.1016/S0065-3276(08)60523-7

[4] H.H. Brito. AIP Conference Proceedings, 458, 994—1004
(1999). DOLI: 10.1063/1.57710

[5] N.R. Heckenberg, M.EJ. Friese, T.A. Nieminen, H. Rubin-
sztein-Dunlop. In: Optical Vortices (Horizons in World
Physics 228), ed. by M. Vasnetsov and K. Staliunas
(Nova Science Publishers, Commack, New York, 1999)
pp. 75—105. DOL: 10.48550/arXiv.physics/0312007

[6] S. Antoci, L. Mihich. Nuovo Cim., B 115, 77—88 (2000).
DOI: 10.48550/arXiv.physics/9912010



1172

M.V. Davidovich

7l
(8]
9l
(10]
(11]
(12]
(13]

(14]

(18]

(19]

[20]

(21]

(22]

23]

24]

25]

YN. Obukhov, EW. Hehl. Phys. Rev, A, 311, 277-284
(2003). DOL: 10.1016/S0375-9601(03)00503-6

V.P. Makarov, A.A. Rukhadze. Phys. Usp., 52, 937—-943
(2009). DOL: 10.3367/UFNe.0179.200909¢.0995.

V.G. Veselago. Sov. Phys. Usp., 10, 509—514 (1968).

DOI: 10.1070/PU1968v010n04ABEH003699.

R.A. Silin. Periodicheskie volnovody (Fazis, M., 2002) (in
Russian).

M.V. Davidovich. JETP, 132 (2), 159—176 (2021).

DOI: 10.1134/S1063776121020102.

P.A. Belov, VN. Vasil’ev, K.R. Simovskii. Nauchno-Tekh.
Vestn. ITMO, 4 (16) 141—145 (2004) (in Russian).

P.A. Belov. K. Simovski, S.A. Tretyakov. J. Communications
Technology and Electronics, 49 (11), 1199—1207 (2004).
Al Akhiezer, LA. Akhiezer. Elektromagnetizm i elektro-
magnitnye volny (Vysshaya Shkola, M., 1985) (in Russian).
PN. Prasad. Nanophotonics (John Wiley and Sons, Hobo-
ken, New Jersey, 2004).

PW. Milonni. Fast light, slow light and left-handed light
(CRC Press, Boca Raton, 2004).

G.V. Eleftheriades, K.G. Balmain (Ed.). Negative-refraction
metamaterials: Fundamental Principles and Applications
(IEEE Press, John Wiley & Sons, Inc., Hoboken, New
Jersey, 2005).

C. Wenshan, V. Shalaev. Optical Metamaterials: Funda-
mentals and Applications (Springer, Dordrecht, Heidelberg,
London, New York, 2009).

Y. Hao. FDTD Modeling of Metamaterials: Theory and
Applications (Artech, 2008).

J-M. Lourtioz, H. Benistry, V. Berger, J-M. Gerard,
D. Maystre, A. Tchelnokov. Photonic Crystals. Towards
Nanoscale Photonic Devices (Springer, 2005).

N. Engheta, R-W. Ziolkowski (Ed.). Metamaterials: Physics
and Engineering Explorations (IEEE Press, A John Wiley
& Sons, Inc., 2006).

Z. Jaksic, N. Dalarsson, M. Maksimovic. Microwave Review,
6, 36—49 (2006).

C. Caloz, T. Itoh. Electromagnetic Metamaterials: Trans-
mission Line Theory and Microwave Applications (John
Wiley & Sons, Inc., N.Y., 2006).

C. Caloz. In: Microstrip and Printed Antennas: New
Trends, Techniques and Applications, ed. by D. Guha,
YM.M. Antar (John Wiley & Sons, 2011), pp. 345—386.

P. Markos, CM. Soukoulis. Wave Propagation: From
Electrons to Photonic Crystals and Left-Handed Materials
(Princeton University Press, 2008).

A K. Sarychev, V.A. Shalaev. Electrodynamics of Metamate-
rials (World Scientivic Publishers Co. Pte. Ltd., Singapore,
2007).

R. Marques, F. Martin, M. Sorolla. Metamaterials with
Negative Parameters: Theory, Design and Microwave
Applications (Hoboken, New Jersey: John Wiley & Sons,
Inc., 2008).

L. Solymar, E. Shamonina. Waves in Metamaterials (Oxford
University Press, 2009).

25. P. Markos, C.M. Soukoulis. Wave Propagation: From
Electrons to Photonic Crystals and Lefi-Handed Materials
(Princeton University Press, 2008).

F. Capolino (Ed.). Theory and Phenomena of Metamate-
rials (CRC Press, Boca Raton, 2009).

F. Capolino (Ed.). Applications of Metamaterials (CRC
Press, Boca Raton, 2009).

32]

[33]

[34]

35]
[36]
[37]
[38]

[39]

[40]

[41]
[42]
[43]
[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

S. Zouhdi, A. Sihvola, A.P. Vinogradov. Metamaterials
and Plasmonics: Fundamentals, Modelling, Applications
(Springer, Dordrech, 2009).
B.A. Munlc. Metamaterials:
(John Wiley, Hoboken, 2009).
A.P. Vinogradov, A.V. Dorofeenko, S. Zouhdi. Phys. Usp.,
51, 485—492 (2008).

DOI: 10.1070/PU2008v051n0SABEH006533.

CR. Simovski. Opt. Spectrosc. 107, 726—753 (2009).

DOI: 10.1134/S0030400X09110101.

M.V. Rybin, M.F. Limonov. Phys. Usp., 62, 823—838 (2019).
DOI: 10.3367/UFNr.2019.03.038543.

M.V. Davidovich. Phys. Usp., 62, 1173—1207 (2019).

DOI: 10.3367/UFNe.2019.08.038643.

M.V. Davidovich. Izv. Sarat. Univ. Ser. Fiz.,, 11 (1), 42—47
(2011) (in Russian).

M.V. Davidovich. Zakony sokhraneniya i plotnosti energii
i impulsa elektromagnitnogo polya v dispergiruyushchei
srede (Izd. Sarat. Univ., Saratov, 2012) (in Russian).

M.V. Davidovich. Zakony sokhraneniya i plotnosti energii-
impulsa elektromagnitnogo polya. Energiya, impul’s i sko-
rosti ikh perenosa kvazifotonov v dispergiruyushchei srede:
Abragama-Minkovskogo kontroversiva (LAP LAMBERT
Academic Publishing, Saarbruken, Germany, 2012) (in
Russian).

M.V. Davidovich. Quantum Electronics, 47 (6), 567—579
(2017). DOL: 10.1070/QEL16272.

L.A. Vainshtein. Elektromagnitnye volny (Radio i Svyaz’,
M., 1988) (in Russian).

J. Sjchwinger. Science, 165 (3895), 757—761 (1969).

DOI: 10.1126/science.165.3895.757

DJ. Griffiths. Introduction to electrodynamics (Prentice
Hall, Upper Saddle River, New Jersey, 1999).

R.P. Feynman, R.B. Lrigton, M.-W. Sands. The Feynman
Lectures on Physics (Addison-Wesley Publishing Comp.
Inc., Reading, Massachusetts, Palo Alto, London, 1964).
D.G. Baranov, A.P. Vinogradov, K.R. Simovskii, I. Nefe-
dov, SA. Tret’yakov. JETP, 114 (4), 568 (2012). DOL
10.1134/5106377611202001X.

L.D. Landau, EM. Lifshitz. Electrodynamics of Continuous
Media (Butterworth-Heinemann, 1984).

V.V. Kotlyarl, SS. Stafeev, A.G. Nalimov, A.A. Kovalev.
Computer Optics, 43 (5) 714—722 (2019).

DOI: 10.18287/2412-6179-2019-43-5-714-722.

JE. Nye, M.V. Berry. Proc. Royal Soc. London A: Math-
ematical, Physical and Engineering Sciences, 336 (1605),
165—190 (1974). DOL: 10.1098/rspa.1974.0012

K.T. Gahagan, G.A. Swartzlander. Opt. Lett., 21 (11),
827—829 (1996). DOL: 10.1364/01.21.000827

M. Gecevicius, R. Drevinskas, M. Beresna, P.G. Kazansky.
Appl. Phys. Lett., 104 (23) 231110 (2014).

DOI: 10.1063/1.4882418

N.B. Simpson, K. Dholakia, L. Allen, M.J. Padgett. Opt. Lett.,
22 (1), 52—54 (1997). DOL: 10.1364/0L.22.000052

K. Volke-Sepulveda, V. GarcésChvez, S. Chavez-Cerda,
J. Arlt, K. Dholakia. J. Optics B: Quantum and Semiclassical
Optics, 4 (2), S82—S89 (2002).

B. Thidé, H. Then, J. Sjoholm, K. Palmer, J. Bergman,
T.D. Carozzi, YN. Istomin, N.H. Ibragimov, R. Khamitova.
Phys. Rev. Lett., 99 (8), 087701 (2007).

DOI: 10.1103/PhysRevLett.99.087701

Critigue and Alternatives

Optics and Spectroscopy, 2023, Vol. 131, No. 9



On the negative pressure of light in a dispersing medium

1173

(55]

(56]

57)

(58]

A. Bandyopadhyay, R.P. Singh. Opt. Commun., 284 (1),
256—261 (2011). DOIL 10.1063/1.3635861

A. Bandyopadhyay, S. Prabhakar, R.P. Singh. Phys. Lett., A
375 (19), 1926—1929 (2011).

DOI: 10.1016/j.physleta.2011.03.044

BJ. McMorran, A. Agrawal, LM. Anderson, A.A. Herzing,
H.J. Lezec, JJ. McClelland, J. Unguris. Science, 331 (6014),
192—195 (2011). DOL 10.1126/science.1198804

V.V. Kotlyar, A.A. Kovalev, A.G. Nalimov. Opt. Lett., 43
(12), 2921—-2924 (2018). DOL 10.1364/0L.43.002921

V.V. Kotlyar, A.G. Nalimov, A.A. Kovalev. J. Optics, 20 (9),
095603 (2018). DOI: 10.1088/2040-8986/aad606

V.V. Kotlyar, A.G. Nalimov, S.S. Stafeev. Laser Physics, 28
(12), 126203 (2018). DOL 10.1088/1555-6611/aac02f

V.V. Kotlyar, A.G. Nalimov. J. Optics, 20 (7), 075101 (2018).
DOI 10.1088/2040-8986/aac4b3

B. Richards, E. Wolf. Proc. R. Soc., A 253 (1274) 358—379
(1959). DOIL:10.1098/rspa.1959.0200

G.P. Karman, M.W. Beijersbergen, A. van Duijl, J.P. Woerd-
man. Opt. Lett.,, 22 (9), 1503—1505 (1997).

DOI 10.1364/0L.22.001503

M.V. Berry. J. Mod. Opt., 45 (9), 1845—1858 (1998).

DOI: 10.1080/09500349808231706

A.V. Volyar. Tech. Phys. Lett., 26 (7) 573—575 (2000).

6] A.V. Volyar, V.G. Shvedov, TA. Fadeeva. Opt. Spectrosc., 90

(1), 93—100 (2001).

M.V. Vasnetsov, VN. Gorshkov, I1G. Marienko,
M.S. Soskin. Opt. Spectrosc., 88 (2) 260—265 (2000).
DOL: 10.1134/1.626789.

A.V. Novitsky, D.V. Novitsky. J. Opt. Soc. Am., A 24 (9),
2844—-2849 (2007). DOL 10.1364/JOSAA.24.002844

S. Sukhov, A. Dogariu. Opt. Lett., 35 (22), 3847—3849
(2010). DOL: 10.1364/01.35.003847

CW. Qiu, D. Palima, A. Novitsky, D. Gao, W. Ding,
S.V. Zhukovsky, J. Gluckstad. Nanophotonics, 3 (3),
181-201 (2014). DOL 10.1515/nanoph-2013-0055

FG. Mitri. J. Opt. Soc. Am., A 33 (9), 1661—-1667 (2016).
DOL 10.1364/JOSAA.33.001661

P. Vaveliuk, O. Martinez-Matos. Opt. Express, 20 (24),
26913-26921 (2012). DOI: 10.1364/0E.20.026913

I. Ronon-Ojeda, F. Soto-Eguibar. Wave Motion, 78,
176—184 (2018). DOIL:10.1016/J.WAVEMOTI1.2018.02.003
M.V. Berry. J. Phys. A: Math. Theor, 43 (41), 415302
(2010). DOL: 10.1088/1751-8113/43/41/415302

V.V. Kotlyar, A.A. Kovalev, A.G. Nalimov. Computer Optics,
42 (3), 408—413 (2018).

DOL: 10.18287/2412-6179-2018-42-3-408-413.

V.V. Kotlyar, A.A. Kovalev. Computer Optics, 43 (1), 54—62
(2019).

DOL 10.18287/2412-6179-2019-43-1-54-62.

SH. Tao, WM. Lee, X.C. Yuan. Opt. Lett., 28, 1867—1869
(2003). DOL: 10.1364/01.28.001867

A. Mair, A. Vaziri, G. Weihs, A. Zeilinger. Nature, 412,
313—-316 (2001). DOI: 10.1038/35085529

L. Chen, J. Lei, J. Romero. Light Sci. Appl,, 3, e153 (2014).
DOL 10.1038/1sa.2014.34

J.C. Gutierrez-Vega, C. Lopez-Mariscal. J. Opt, A, 10,
015009 (2008). DOL: 10.1088/1464-4258/10/01/015009
FEG. Mitri. Opt. Lett., 36, 606—608 (2011).

DOLI: 10.1364/0L.36.000606

F.G. Mitri. Optik, 124, 1469—1471 (2013).

DOI: 10.1016/j.ijle0.2012.04.024

Optics and Spectroscopy, 2023, Vol. 131, No. 9

83
84
85
86
87
88
89
90]

[91]
[92]

(93]

[94]

[95]

[96]

[97]

[98]

[99]
[100]
[101]
[102]
[103]
[104]
[105]
[106]
107]
[108]
109]
[110]
111

[112)

F.G. Mitri. Phys. Rev.,, A, 88, 035804 (2013).

DOI: 10.1103/PhysRevA.88.035804

F.G. Mitri. IEEE Trans., AP, 59, 4375—4379 (2011).

DOL: 10.1109/TAP.2011.2164228

FG. Mitri. J. Quant. Spectr. Rad. Transfer, 182, 172—179
(2016). DOI: 10.1016/j.jqsrt.2016.05.033

F.G. Mitri. Phys. Rev,, A, 85, 025801 (2012).

DOI: 10.1103/PhysRevA.85.025801

F.G. Mitri. Eur. Phys. J., D, 67, 1-9 (2013).

DOI: 10.1140/epjd/e2013-40035-4

SR. Mishra. Opt. Commun., 85, 159—161 (1991).

DOIL: 10.1016/0030-4018(91)90386-r

F.G. Mitri. Opt. Lett., 36, 766—768 (2011).

DOL: 10.1364/0L.36.000766

SM. Block. Nature, 360, 493—495 (1992).

DOLI: 10.1038/360493a0

SR. Wilk. Opt. Photon. News, 20 (11) 12—13 (2009).

S. Sukhov, A. Dogariu. Opt. Lett., 35, 3847—3849 (2010).
DOL: 10.1364/0L.35.003847

SM. Barnett. J. Opt., B, 4 (7) (2002).

DOL: 10.1088/1464-4266/4/2/361

C. Lopez-Mariscal, D. Burnham, D. Rudd, D. McGloin,
J.C. Gutierrez-Vega. Opt. Express, 16, 1141111422 (2008).
DOLI: 10.1364/0E.16.011411

T. Cizmar, M. Siler, P. Zemanek. Appl. Phys., B, 84,
197—-203 (2006). DOL 10.1007/s00340-006-2221-2

I. Mokhun, R. Khrobatin, A. Mokhun, J. Viktorovskaya. Opt.
Appl, 37, 261—-277 (2007). DOL: 10.1117/12.679903

A.V. Novitsky, L.M. Barkovsky. Phys. Rev., A, 79, 033821
(2009). DOL: 10.1103/PhysRevA.79.033821

J. Chen, J. Ng, K. Ding, K.H. Fung, Z. Lin, C.T. Chan. Sci.
Rep., 4, 6386 (2014). DOL: 10.1038/srep06386

B.A. Knyazev, V.G. Serbo. Phys. Usp., 61, 449—479 (2018).
DOLI: 10.3367/UFNe.2018.02.038306.

G.T. Silva, TP. Lobo, F.G. Mitri. Europhys. Lett., 97, 54003
(2012). 10.1209/0295-5075/97/54003

M.A. Salem, H. Bagcl. Opt. Express, 19 (9), 8526—8532
(2011). DOLI: 10.1364/0E.19.008526

G.T. Markov, A.F. Chaplin. Vozbuzhdenie elektromagnit-
nykh voln (Radio i Svyaz’, M., 1983) (in Russian).

B.Z. Katsenelenbaum. J. Commun. Technol. Electron., 42
(2), 119—120 (1997).

V.L. Ginzburg. Sov. Phys. Usp., 16 434—439 (1973).

DOLI: 10.1070/PU1973v016n03ABEH005193.

D.V. Skobel’tsyn. Sov. Phys. Usp., 16 38—401 (1973).

DOLI: 10.1070/PU1973v016n03ABEH005188.

V.L. Ginzburg, V.A. Ugarov. Sov. Phys. Usp., 19, 94—101
(1976). DOL: 10.1070/PU1976v019n01ABEH005127.

VI. Pavlov. Sov. Phys. Usp,, 21 (2), 171—173 (1978).

DOL: 10.1070/PU1978v021n02ABEH005521.

YN. Obukhov. Phys. Lett., A, 311, 277—284 (2003).
DOI:10.1016/S0375-9601(03)00503-6

YN. Obukhov. Ann. Phys. (Berlin), 17 (9—10), 830—851
(2008). DOL: 10.1002/andp.200852009-1012

V. Yannopapas, P.G. Galiatsatos. Phys. Rev,, A, 77, 043819
(2008). DOL: 10.1103/PhysRevA.77.043819

V.P. Makarov, A.A. Rukhadze. Phys. Usp., 54, 1285—1296
(2011). DOI: 10.3367/UFNe.0181.201112n.1357.

A. Shevchenko, M. Kaivola. J. Phys. B: At. Mol. Opt. Phys.
44, 175401(1-7) (2011).

DOL: 10.1088/0953-4075/44/17/175401



1174

M.V. Davidovich

[113]
[114]
[115]

[116]
1

LN. Toptygin, K. Levina. Phys. Usp., 59, 141—152 (2016).
DOI: 10.3367/UFNe.0186.201602¢.0146.

Yu.A. Spirichev. Phys. Usp., 61, 303—306 (2018).

DOL: 10.3367/UFNe.2017.11.038255.

V.G. Polevoi, SM. Rytov. Sov. Phys. Usp., 21 630—638
(1978). DOL: 10.1070/PU1978v021n07ABEH005668.

L.P. Pitaevskii. Sov. Phys. JETP, 12, 1008—1013 (1961).

17] Valer Novacu. [Introducere in electrodinamica. Teoriile

[118]

[119]

Microscopica si Relativista (Editura Academiei Republicii
Populare Romine, 1955).

C. Mdller. The theory of relativity (Clarendon Press, Oxford,
1972).

A. Einstein, J. Laub. Ann. Phys. (Leipzig), 26, 541—550
(1908). DOI: 10.1002/andp.19083310807

Translated by D.Safin

Optics and Spectroscopy, 2023, Vol. 131, No. 9



