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Anisotropic
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The relationship between the anisotropic dimensions of powder crystallites obtained by X-ray diffraction (Di XRD),
and their linear dimensions (Li) has been investigated by numerical calculations. The following analytical expression
is found for the orthorhombic lattice of ellipsoidal LiFePO4 crystallites with their lognormal size distribution:
Di XRD = (3/4 + 0.38W 2

i )L̄i , where L̄i and Wi — the mean value of the size and the variance of this distribution
along the i-th crystallographic axis. The use of the obtained expression allows increasing the accuracy of
complementary X-ray and electron-microscopic measurements for the purpose of experimental determination of
parameters of projections of the function of (marginal) distributions on axes and correlation coefficients between
them.
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For a hypothetical powder of identical crystallites, the
value of their

”
X-ray diffraction“ size (the size obtained

using the X-ray diffraction method) DXRD is equal to the
volume-averaged column length of the crystallite [1,2]. For
example, Fig. 1 shows an anisotropic crystallite and an
M1 column along the 1st crystallographic direction, whose
averaging is described by equation

D1 XRD = D̄1(M1) =
1
V

∫

M1dV

=
1
V

x
M2

1dx2dx3 =
3
4

L̄1, (1)

where V — the volume of the crystallite. The last equality
is valid for ellipsoidal crystallites with orthogonal axes [3,4].
Variations of non-orthogonal axes are described in [5]
detail. This result for an ellipsoid can be obtained from
its canonical equation

x2
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(
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)2 = 1, (2)

in which x1 =
M1
2 . Hence, we obtain

M1 = L1
(

1− ((2x2)/L2
)2

−
(

(2x3)/L3)
2
)1/2

. (3)

In (1), the double integration is performed over the area
Reg of the central section of the ellipsoid perpendicular to
the 1st axis:

Reg =
(

(2x2)/L2
)2

+
(

(2x3)/L3
)2

6 1. (4)

For real samples, their size distribution must be consid-
ered, and for LiFePO4 powder particles, it is lognormal [6,7],
i.e., Gaussian along the logarithmic x-axis. In [8] it has
been shown that the crushing of rocks results in just such
a distribution of products, which is due to the multifactorial
nature of the crushing process itself. For spherical particles
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Figure 1. Ellipsoidal crystallite model with dimensions L1, L2

and L3 along the [010], [100] and [001] axes, respectively. M1 —
length of column with cross section dx2dx3 .
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Figure 2. a — Simulation of the histogram of the marginal size distribution along the [010] axis and its approximation (dashed curve) by
a lognormal distribution with parameters L̄1 = 160 nm, W1 = 0.5, r = 0.5. The right axis corresponds to the column averaging calculations
corresponding to each value of L1 .b — dependence of D1 XRD on the correlation coefficient r .

of diameter L, we use the following expression for this
distribution:

f 1(L) =
A

√
2πW L

exp

(

−
(lnL/L̄)2

2W 2

)

, (5)

where L̄ — the mean of the lognormal distribution, W — its
variance. For dispersed powders of crystallites LiFePO4 [7],
their distribution is described by the three-dimensional
function f (L1, L2, L3) in the form of

f (L̄) =
1

L1L2L3

√

(2π)3detK

× exp

[

−
1
2

(

ln L̄ − ln ¯̄L
)T
3̄−1

(

ln L̄ − ln ¯̄L
)

]

,

(6)

where

L̄ =





L1

L2

L3





— crystallite sizes,

¯̄L =





L̄1

L̄2

L̄3





— their averages,

3̄ =





W 2
1 r12W1W2 r13W1W3

r21W2W1 W 2
2 r23W2W3

r31W3W1 r32W3W2 W 2
3





— matrix of correlation moments, and the non-diagonal
elements — the covariance between the marginal distri-
butions (e.g., Cov12 — the covariance between the first
and second marginal distributions), r12 — the correlation
coefficient between them. The possible values of r12
are between zero and one. It is further shown that the

computational results depend weakly on the coefficient r
when its values are less than 0.8, and therefore we consider
that r12 = r13 = r23 = r .
We make the assumption that the

”
X-ray diffraction“

dimensions of ¯̄D1(M1) are the arithmetic mean averaging
of D̄1(M1) by the function f (L̄). To do this, we use the
Mathematica 12 operator of matrix element multiplication
and summation in the following form:

¯̄D1(M1) = Total
[

f̄ ◦ D̄1(M1)
]

, (7)

where Lin, L jn and Lkn are used instead of L1,2,3 from
equations (2)−(4) — crystallite dimensions along the [010],
[100] and [001] axes, respectively, the index n varies from 1
to N, and instead of V , the three-dimensional N-digit matrix
of crystallite volumes v̄ = π

6 LinL jnLkn is used from equation
(1), each element of which is the volume of an ellipsoid,
f̄ — discretization of the function (6) normalized by one
in the form of a matrix, each element of which is the
probability of presence in the powder of an ellipsoid with
the corresponding size.
To carry out calculations, let us consider that for industrial

quality LiFePO4 powders the parameters of the f (L̄)
function are in the following ranges: L̄1,2,3 ∼ 40−200 nm,
W1,2,3 ∼ 0.3−0.6, r12,13,23 ∼ 0.3−0.8 [7]. Figure 2, a shows
a simulation of a 20-bit histogram of the size distribution
along the [010] axis (e.g., for 5000 digitized crystallites [6]).
It has been verified that the number of digits should be at
least 12 for small sampling error.
In Appendix, there are the numerical values of three-

dimensional 5-digit matrices, the contents of which were
used to control the steps of the calculation. The dependence
of D1 XRD on L1 is exactly the same as the last equality
in equation (1) and, as can be seen in Fig. 2, a, is linear.
Figure 2, b shows a very weak dependence of D1 XRD on r at
r < 0.8, i.e., in the region of values observed for high quality
samples LiFePO4, but the effect of correlation coefficients
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Electrochemical characteristics and particle sizes LiFePO4

Ref.

X-ray diffraction

link

characteristics
Electrochemical characteristics at speed

of discharge1mA·h/g
Crystallite size, nm

Diffusion constant, cm2/s
Capacity ,(XRD, SEM, TEM)
mA· h/g

[9] 200−800 1.057 · 10−14 149.3
[10] 50−100 9.21 · 10−13 115
[11] 300−400 3.4 · 10−14 151.3
[12] ∼ 1000 10−10

−10−16

(simulation results)
[13] 50−300 − 127
[14] ∼ 100 − 115
[15] 300−700 1.1 · 10−14 90 (50%)

[16] 50−100 0.12 · 10−14 140
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Figure 3. a — marginal distribution of
”
X-ray diffraction“ sizes

over discrete values of L1 and their sum according to equation (7)
for dispersion W = 0.5 and L̄1 = 160 nm.b — normalized to L̄1

dependence of the correlation coefficient between Di XRD and L̄i

on the W 2
1 variance and its approximation (dashed line). The point

marked with a cross corresponds to the histogram shown in part
a. The inset — is an example of a region of double integration of
(1) over the section of an ellipsoid.

on the magnitude of the electrochemical capacitance of
powders [7] is quite significant.
Fig. 3, a shows the histogram of the

”
distribution of X-ray

diffraction“ sizes. A shift to the larger size region can
be seen, which is an indication of an increase in their
averaging degree. The question arises as to the validity of
the summation procedure for obtaining the desired result —
the value of the

”
of the X-ray diffraction“ size of the powder

as a whole. In fact, this summation has the same basis as the
standard procedure of using integration in equation (1). The
dependence of this sum normalized by L̄1, on the variance
is shown in Fig. 3, b. It turned out to be described by a
straight line in the range of actual W values (up to 0.6). If
we use the well-known estimating equation

D1 XRD =
3
4

L̄V ≈
3
4
6N

i=1L4
i pi(Li)

6N
i=1L3

i pi(Li)
≈

3
4

L̄1 exp

(

7
2

W 2

)

, (8)

where the last equality corresponds to the case of lognormal
size distribution, the appearance of W 2 arises naturally as a
result of the exponent decomposing into a series for small
W 2. However, in this case, the coefficient at this summand
will be almost 10 times larger compared to the obtained
value of 0.38.
Thus, the relation between the anisotropic

”
X-ray diffrac-

tion“ dimensions of Di XRD powder crystallites and their
linear dimensions Li in the following analytical form is
obtained:

Di XRD =
(

3/4 + 0.38W 2
i

)

L̄i . (9)

The approximation using this relation is represented by the
dashed line in Fig. 3, b. Noticeable deviations from equation
(9) are observed in the region of dispersions W > 0.6
and correlation coefficients r > 0.8, which is beyond the
values of these parameters in high quality powders LiFePO4.
Using equation (9), the error in the agreement of

”
of X-ray

diffraction“ and linear dimensions can be reduced from 2%
at W ∼ 0.2 and to 15% at W ∼ 0.6. The table presents
literature data for electrochemical performance as a function
of particle size.
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Appendix. Illustration of numerical values of three-
dimensional 5-digit matrices

L1,2,3 values for a 5-bit matrix

19 867
4

829
2

2449
4 810

9 211
2 202 597

2 395

9 211
2 202 597

2 395

Correlation matrix

0.25 0.125 0.125
0.125 0.25 0.125
0.125 0.125 0.25

Here W 2
1 = W 2

2 = W 2
3 = 0.25, r12 = r13 = r32 = 0.5.

The third and fourth rows of the 5-digit matrix of the
lognormal distribution function f (L̄) normalized to one:

4.74·10−11 7.22·10−9 8.54·10−11 1.82·10−12 6.7·10−14

7.22·10−9 0.071 0.0162 0.00205 0.000271
8.54 · 10−11 0.0162 0.00814 0.00166 0.000308
1.82 · 10−12 0.00205 0.00166 0.000452 0.000103
6.7 · 10−14 0.000271 0.000308 0.000103 0.0000272

1.06 · 10−13 9.59 · 10−11 1.82 · 10−12 5.19 · 10−14 2.34 · 10−15

9.59 · 10−11 0.0056 0.00205 0.000347 0.0000561
1.82 · 10−12 0.00205 0.00166 0.000452 0.000103
5.19 · 10−14 0.000347 0.000452 0.000163 0.0000457
2.34 · 10−15 0.0000561 0.000103 0.0000457 0.0000148

The third and fourth rows of the 5-digit matrix D̄1(M1)
of column averaging over crystallite volumes are given
next. For example, we can see that for an ellipsoid with
L1 = 414.5 for D1 we obtain D1 = 0.75(829/2) ≈ 310.9.
This value is independent of L2 and L3:

310.9 310.9 310.9 310.9 310.9
310.9 310.9 310.9 310.9 310.9
310.9 310.9 310.9 310.9 310.9
310.9 310.9 310.9 310.9 310.9
310.9 310.9 310.9 310.9 310.9
459.2 459.2 459.2 459.2 459.2
459.2 459.2 459.2 459.2 459.2
459.2 459.2 459.2 459.2 459.2
459.2 459.2 459.2 459.2 459.2
459.2 459.2 459.2 459.2 459.2

For the third and fourth rows of the 5-bit piecewise
product matrix ( f̄ ◦ D̄1(M1)), the sum of all elements of
the matrix f̄ is normalized to one:

1.47 · 10−8 2.25 · 10−6 2.66 · 10−8 5.67 · 10−10 2.08 · 10−11

2.25 · 10−6 22.1 5.03 0.638 0.0842
2.66 · 10−8 5.03 2.53 0.517 0.0958
5.67 · 10−10 0.638 0.517 0.14 0.032
2.08 · 10−11 0.0842 0.0958 0.032 0.00845
4.86 · 10−11 4.4 · 10−8 8.38 · 10−10 2.38 · 10−11 1.08 · 10−12

4.4 · 10−8 2.57 0.943 0.159 0.0258
8.38 · 10−10 0.943 0.763 0.207 0.0472
2.38 · 10−11 0.159 0.207 0.075 0.021
1.08 · 10−12 0.0258 0.0472 0.021 0.00681
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