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Influence of spatial dispersion on plasmons along graphene sheets
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Taking into account the spatial dispersion and tensor conductivity of graphene, the dispersion equations of
plasmons along single sheets of graphene and two sheets, including those located on a substrate, are obtained.
A method for determining the dispersion equation for an arbitrary number of sheets and layers is proposed. For
slow plasmons with a large distance between the sheets, the equations split into two for single sheets. When
the conduction tensor is reduced to a diagonal form, the equations are simplified, and when the plasmon moves
along one of the axes, the equations for E-plasmons and H-plasmons that coincide with those known for scalar
conductivity decay. Plasmons up to optical and near UV frequencies are considered and numerically investigated,
the influence of spatial dispersion is revealed. Plasmons with a deceleration of more than 106 were found.
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Introduction

Surface plasmons (SP) or plasmon polaritons along single
graphene sheets were studied in works [1,2], as well as along
two graphene sheets in [3], and then in [4]. At the same
time, graphene was considered, neglecting spatial dispersion
(SD), as an 2D material with scalar surface conductivity,
which is true at not very large decelerations (wave vector
components) and also at sufficiently low frequencies.
Typically, SP are considered up to the THz range inclusive.
However, in the IR, optical and especially in the UV ranges,
the SD should be taken into account, and accordingly the
tensor conductivity of graphene, which depends on the
wave vector, should be taken into account. In strong fields,
one should take into account the nonlinear properties of
graphene and plasmon polaritons in it [5]. There are reviews
on SP in graphene [6-8|, in which graphene is described
by scalar conductivity. A number of works have considered
multilayer structures with graphene and metasurfaces [7—
12]. The influence of a weak SD on the SP in graphene was
considered in the work [13] based on the method of dyadic
Green’s functions (GF) and Sommerfeld-type integrals. It
has been shown that SD are significant above the THz range.

In this work, we generalize the approach of work [13]
to multilayer structures with graphene sheets in several
planes, considering the linear conductivity of graphene
as a linear response to a tangential electric field, and
accordingly looking for linear electromagnetic waves (SP)
along the surfaces by solving dispersion equations (DE). In
this case, we neglect Van der Waals and other interactions
between graphene sheets and substrates, ie., we use the
conductivity model of suspended graphene in a vacuum.
In the absence of substrates, this model is valid for

365

distances between graphene sheets that significantly exceed
the characteristic size of 0.335 nm for a graphene bilayer and
a-graphite. Otherwise, the dispersion in graphene changes
significantly [14,15]. Among the SP, slow waves that are
attenuated from surfaces, i.e., having a surface character,
are important. In addition to them, fast leaky (antisurface
according to the classification of the work [16]) waves
are potential, which are emitted at an angle of leakage to
the surface [17]. Dissipation leads to a change from a
non-dissipative surface wave to a dissipative surface leaky
wave, and strictly at the cutoff frequency, at which the
wave travels at the speed of light and without dissipation,
and all its energy propagates in a vacuum. Meanwhile,
the inflowing wave above the cutoff becomes outflowing
below it [16,17]. In an infinite waveguide structure, the
fields of such waves would increase with distance from
the surface [16]. The conductivity of graphene is complex,
therefore SP are complex dissipative. For such waves, it is
interesting the opportunity of the existence of branches with
reverse SP, which are not determined by negative anomalous
dispersion, ie. the presence of a falling section on the
dispersion branchw = w(k’): dw (k') < 0, where k' — any
real part of the components (ky, ky) of the wave vector
k =k'—ik” [17]. Tt is the inverse SP that are determined
by the negative sign of the value k'(w)k”(w), which is
equivalent to the movement of energy (decay) opposite to
the movement of the phase. A more complex way of de-
termining the inverse SP — defining the Poynting vector S.
The condition Sk < 0 is equivalent to k'(w)k” () < 0. The
slow surface SP, which weakly decay along the motion along
the surface are of great interest. They can be excited by
laser beams and electron flows, and in the latter case, based
on the interaction of the SP with the beam, it is possible
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to create traveling wave amplifiers of the TWT [18§] type,
starting from the THz range, where the deceleration of the
SP is already significant. Additional amplification in the
THz range can be provided by laser pumping, creating a
negative differential conductivity of graphene by irradiation
with a laser at the optical pumping frequency [9,19]. Thus,
the structures with SP studied in this work are important
for a number of applications. In particular, optically active
(pumped) structures can be used as antennas (emitters) of
leaking waves and elements of active devices for generating
and amplifying waves. In the works [7-12,19-28] and a
number of others, SP in heterostructures and metasurfaces
with graphene, including hyperbolic metamaterials and
metasurfaces [29-34], are reviewed. It is important to take
into account dissipation [35-42], since it determines the
maximum deceleration. For graphene, the most rigorous
account of SD requires integration over the entire Brillouin
zone [24]. This, in particular, leads to a significant change
in the dielectric permittivity (DP) and dispersion of bulk SP
in multilayer graphene [23,24], as well as in graphene-based
metamaterials.

1. Problem statement and model

We consider a single graphene sheet and a double
graphene sheet with a distance d > 0.335nm between
them. At a smaller distance, there is Van der Waals interac-
tion, the band structure of graphene changes, a small energy
slit appears, and the graphene bilayer should be described
by surface conductivity corresponding to the changed band
structure [14,15). For generality, we review sheets in an
infinite ideal transparent medium with DP &, and then
the case € =1 corresponds to vacuum. Another case
under consideration — sheets are located on a substrate of
thickness d. A thin substrate of thicknessd < 1/,/gq can
be approximately taken into account based on two-sided
boundary conditions by introducing surface conductivity
04 = iweg(E—1)d = ag = ikedng(e—1), Mo = \/€o/Ho.
Indeed, the substrate is described by the volume
polarization current density j(r) = iweg(e—1)[xoEx(r)
+ YoEy(r) + zoE;(r)]. By neglecting the E,(r) component
and averaging, the surface conductivity of the thin dielectric
layer og4(w) =iégno can be introduced. This allows to
simplify the problem using the Green’s function (GF)
G(r) = (4ar) Vexp(—ikor), 1 =|r| = /X2 +y2+22
For homogeneous substrates and multilayer structures,
the transfer matrix method can be used. Accounting for
SD requires the use of fourth-order transfer matrices.
In the work in the general case of multilayer structures
with homogeneous layers, such an approach based
on fourth-order transfer matrices has been developed.
The model consists of expressing the surface current
density of each layer through the tangential electric field
Jn(w, k) = 6 (w, K)E; (0, k, zn) and matching the fields at
the interfaces. The wave is assumed to be flat, the structures
are infinite in X,y, so spectral amplitudes are used

everywhere. DE take the form of nonlinear transcendental
equations, the search for roots of which is performed
iteratively and leads to the dependencies k = f(w).

2. Intraband conductivity of graphene

The crystal structure of graphene is determined by the
translation vectors e; = (v/3a/2, —a/2), e; = (0,a) and
the corresponding reciprocal lattice vectors g; (471/ (v3a), ),
g = (Zﬂ/(\/ga), 27/a). The band structure of graphene
was obtained by diagonalization of the Hamiltonian in
the tight-binding approximation and is presented in a
number of works [43-51]. The tensor dynamic surface
conductivity of graphene relates the surface current
density J(w, k) to the tangential (index 7) electric field
of the plane wave E(t, r) = E(w, k) exp(i ot—ikr; —ik,z):
J(w, k) = 6 (w, K)E; (w, k). It is the sum of the
intraband and interband parts: & (w, k) = 6" (w, k) +
+oe(w, K), r: = XXo + YYo, k = kxxo + kyyo,

k=,/kZ+ k)z, [1,43,44]. Here E,(w,r;) = 20E(w, r)zo,
z =0 — tangential electric field. It can also be found
as E;(w,r) =E(w, r)—z)(z0E(w, r)). Dependence
on k means spatial dispersion, and on frequency w —
frequency (time) dispersion. For plane wave diffraction
ki=w?/c>=k>+ k%, and the value of k?=k><k3
is limited. =~ When the SP propagates, the problem of
eigenvalues arises, and due to dissipation its solution has
the form k(w) =n'——in" =k'(0)—ik"(w), and it is
possible to introduce a complex vector refraction index
n(w) =n'(w)—in"(w) = k(w)/ko, and the deceleration
coefficient n= |n’(w)| can be either greater than unity
(slow SP) or less than unity (fast SP). In this case, the
propagation of the SP is significantly (especially in the
region of large decelerations) influenced by the dissipation
n” =k’ (w)/ko, which can be directed both in the
direction of the propagation of the SP, and in the opposite
direction [17,33,34]. With a very decelerated SP In’ > 1,
the role of SP dispersion is significant. To determine the
intraband surface conductivity, we will use the relation [51]:

e e
S0 =25 (v (e ) ~ v Tp(a.E)da

(2m) )
(3)

In it, the signs + and — indicate the values for the upper
(electron) and lower (hole) subbands conjugated at the
Dirac points, the two corresponds to the factor g, the
Fermi—Diracf %5 (q, E;) distribution densities are used,
perturbed by a plane wave of the electric field. The
tangential electric field E;(w, k) interacts with graphene,

which is associated with the mnormal component
E: = 20E(w. k. k) = [E(0, k, kz)|\/1-K2/K5, K =K,

k = Xx¢ + Yyo — -dimensional wave vector in the graphene
plane, k3 = k? + k2. In the general case, the connection (3)
with the field E; (w, k) is nonlinear [5]. In weak fields, the

disturbances are small, and, according to the Kubo model,
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there is a linear relationship between the current and field
components. Expressions for the perturbed PD distributions
are obtained from the RTA (relaxation-time approximation)
approximation, or in the Bhatnagar—Gross—Crook
(BGC) approximation of the solution to the kinetic
equation. The latter is more preferable since it
satisfies charge conservation. In this approximation
6" (w, k) = 6%(w, k) + 6"(w, k), and the space-time
spectral functions have the following representations [51]:

o (@, k) =
B &M, k) + Ky (oﬁ&h(a) k)de h_ O'th (w, k)dS h)
o-fyh(w k) =

65" (@, K) +ky (65" (@, K)dE" — 65" (0, k)dg")
1+ Kyd§" + kydg"

k]

O'th (w,k) =

G, k) + k(G eh(w k)deh 5&“(@, k)de)

k]

O'fyh (w,k) =

eh(w k)—i—k ( eh(w k)deh
1+ kydf" + kydy"

O'fyh (w, k)d )

b}

(4)
These relations include components of tensors 65", vectors
d®" and scalars Fep, defined as [51]:

5% ko ) =
@) = QT2
y / “ (@) ® vi(q)d’q
+(q)—uE . ’
g coshz(%) (0 — o — kvi(q))
—iw
Mo, k,u) = c
CRY wFeh(w, k)

where the integrals use integration over the upper subband
(electron conduction band) and over the lower subband
(for holes). In these integrals the following is denoted:
vi(q) = hm'V4E*(q) — velocities of charge carriers in
subbands, q = QxXo + Qyyo — two-dimensional vector asso-
ciated with the p = hq pulse, w; — collision frequency. As
for the latter, it is usually considered small and is required
for the correct calculation of integrals (bypassing the poles).
However, in reality in graphene, especially with doping,
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electron-hole scattering, it can be significant, while depend-
ing on frequency (photon energy), temperature, and can be
different in subbands. For the velocity components we have

2\/§va0 sin<3qxa) cos <—\/§;ya> )

vie(@) = F = @ 5

veyo . (V3
(@) = 7 gy (37

X [cos(mzxa) +ZCos<\/§;ya>}

In the center of the Brillouin zone v (0) = v (0) =0,
while  E*(0) = +3yy. At the Dirac point
K’ =2n(1,1/V/3)/(3a) (Fig. 1) we have E*(K)=0,
and for the velocity components we obtain an uncertainty
of 0/0. The same occurs at point K = 277(1, —1/+/3)/(3a).
The uncertainty is revealed by expanding the energy in the
vicinity of the Dirac points [51] E*(q) = +hve|q — q¢),
where ve = +/3ppa/(2h) — Fermi velocity. Thus,
Ur = €/300 — maximum media velocity.

Numerical calculation of integrals (5) when iteratively
determining the roots of the differential equation requires
large computational costs. Integrals (5) can be calculated
by expanding in terms of the small parameter kvg/(cky),
the smallness of which is achieved with decelerations
n=k/ko < c/ve = 300. In this case, relations (5) can be
transformed. For example, for scalar values we have

1 / dqxdqy
—iwc J cosh’ ((E*(q)—u)/ (2kT))

Fe,h((l), kX, 0, ‘U) = w

S [kxvic (@) + kyvy (@)]dgxday
(@ ~iwe)* ) cosh®((E*(q) — )/ (2KsT))’

For tensor components in the numerators, additional
factors appear viv;t, and for vector components vi,
a,f =X,Yy. A more rigorous approach requires numerical
integration [24]. People are often interested in the movement
of the SP along one of the coordinate axes, for example,
with ky = 0. In this case the relations are simplified. Let us
review the first zone in Fig. 1. We will integrate over the
upper right triangle. The integral over the first variable is
taken within the limits of 0 < gx < qox = 27/(3a). The
integral over the second variable is taken within the
limits of 0 < gy < QxCoy/Gox = Gx/(v/3). Taking the limits
—0x/(V3) < gy < gx/(V/3), we obtain the integral over the
upper and lower right-angled triangles, ie. over the right
equilateral triangle. The integral over the left of such a
triangle is obtained by changing the signs of the variables
and the limits, so the result should be doubled. Thus, the
result of integration over two triangles is

27/(3a) o /V3
/ (doydqy) = 2 / doe [ (day).
i 0 i
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Figure 1. First Brillouin zone, isoenergy lines and integration

over triangles (a) and density of states in graphene per lattice cell
depending on the normalized energy E = e* (k)/yo at y§ = 0 (b).

Due to the symmetry of the Brillouin zone (Fig. 1), we
can write

27/(3a) o/V3
/ (doydlgy) = 6 / day / (dgy).  (6)
BZ 0 _QX/\/§

The specified result can be obtained by replacing variables
by rotating the coordinate system by angle z/3. It
is convenient to perform numerical integration based on
such a formula. Another potential way of integrating —
over energy and one of the momentum components. In pure
graphene at zero temperature, the one-electron density of
states per cell at the Fermi level is zero, and its dependence
on energy is plotted in Fig. 2 (see [47]). It was obtained by
calculating the spectral integral over the Brillouin zone for
a finite lifetime of quasiparticles (excitations) 7 = 1/w:

2Im dkydky
po(@h 4712/271(1)—8 (kx, ky) +

+ihwe

1070 F

107!
3
<
1072
1073
0 10 20 , 30 40 50
n
Figure 2. E-SP dispersion (dependence of wf, eV, on the

deceleration n’ = kj/ko) taking into account SD for different
values of the chemical potential yc (shown in eV), wc = 10'> GHz.

Let us find the local density of states in k-space. We then
obtain [47,48]:

_49s T /
56 = Gy /qqu @n/ar /dks

4r/(3v3a)—ax/V/3
IR
’ (2n/a)*V/3

QX/2)

k]

0

or G(gx) = (7723712/6)qxa(87—30xa). Here we took
Os = 2, went to the integral over the quarter zone and
quadrupled the result. Full density is G = 2/ (3\/5) Since
the size of the hexagon edge of the zone is 4m/(3v/3a),
and the total area of the zone is 87%/(3v/3a?), taking into
account the area per state (27/a)? and the factor gs = 2,
we obtain the same result for G. The local density of states
is

_ 49y (477/(35‘) - QX)
(2n/a)*V/3

g(ax) = (d/dax)G(ax)

Here 0 < ky < 27/(3a). Approximating p based on the
graph in Fig. 2, we can write

E
=2 | p(E)dE. (7)
/

B (6) we count the energy from the bottom of the
valence band (Fermi level). Linear approximation allows
you to calculate the integral and express the energy as
the root of the quadratic equation explicitly through g(gx),
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i.e. obtain the function E = ®(dx). Le. it can be considered
independent variables E and qy. Similarly, E and gx can be
taken as independent variables. In this case,

3 27/ (3a)
/(dqxdqy>:—/<>/
BZ 23 2x/(3a)

dEdqX

4\/—aE\/1 Y2(Ge. B)y/oos? (3axa/2) + B2 — 1

_ —cos(30xa/2) + \/cos2(3qxa/2) +E2-1
Y(Qx, E) = 2 s

ay = é arccos (Y (G, E)) (8)

When w is squared, the number of roots doubles,
so in (8) one sign of the root is taken. Indeed,
with gx =0, w =3 we get the correct result gy = 0.
At the point K we have w =0, and accordingly
ay = —27/(3v/3a). At the point (0, 47/(3v/3a)) there are
w =0 and gy = 47/(3v/3a) again. It should be noted
that the density of states at nonzero chemical potentials
for epitaxial graphene can differ significantly, therefore
integration (6) is preferable to (8).

3. Interband conductivity of graphene

Interband conductivity is associated with the absorption
(or emission) of an 2fiw energy quantum carrier and its
symmetrical transition to another subband. For example,
an electron in the valence band with energy —hw (relative
to UV) goes to the conduction band with energy fiw
Interband conductivity is determined by the expression [1]

ner (4 _ —ieln fep(Eq) — fro(Eqr)
O
o S (HZ#,, — Egr — h(w — i)

(4, valq, 1) (q, I"|vglq, 1)
X Ey — g . 9)

Here frp(Eq) — PD distribution, vq = V6, — velocity
operator, ¥ = |q,|1) — wave function, 6, — Pauli ma-
trix, | = 1,2 corresponds to the lower (hole) and upper
(electronic) subbands ( ie. | =2 — electron conduc-

tion band), @, =X,y, Eq = (—1)'hveq, g =/} + &,
H(p) = vFGaPws S=3a3/4 = a%/(4V/3) = 0.0524 nm>.
The result (9) corresponds to the normal wave inci-
dence k = 0.

In the work [43], based on the temperature
GF method, a representation of the conductivity
Oup(@, k) =09 (S (0, k) + Sif" (w, k)) (the sign of the
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imaginary unit is changed) was obtained in the form

4
t _ } :
Slrl ra a) k 2

[ linlatn) tenlatr]_g
lei(p+) — & (p )][ o—e(ps)talp-)]

. 8w
S’a’ger(a), k) = -

vivh [feo(e1(p-)) — fro(e2(p+))]
12Y21 2
. / [e2(p+) — e1(p-){w? — [e2(p+) — &1(p-)]*} “p

Init, | =1, 2 corresponds to the conduction band of elec-
trons and the valence band, respectively, i.e. £;(p) = €™ (p),
e(p) =& (p), a1(p+) = & (p) £ pkw/2, where px = hk —
photon momentum, p = hq, v* — matrix element of the
carrier velocity operator between states in one zone, v{, —
matrix element of the carrier velocity operator between
states in different zones. Further, the result in [43] was ob-
tained for the dispersion €;(p;.) = ve|p £ hk/2|. For strong
SD wh < kvg and wh < kgT we found 0'lnter = “‘mer and

2w

S (@, k) = —i8 =

il
« KpTKop 1n(4kBT/(hkUF)),
(ka)il,
In fact, summation in (9) is integration over two sub-

bands. In the limit K — 0 and taking into account the main
linear contribution to the dispersion E*(q) ~ +hvg|q — q|

w < kvg < kgT/h,
w < T < Kkvg.

in the vicinity of the Dirac points (or E*(q') = +hveq’),
integrals of type (6) are reduced to expressions
- ie?
intra T) = i
O ((l), We, lJC7 ) ﬂhz((,()— |(,4)C)
X / 8 fFD —8sf|:D(—€))8d8, (10)
0
inter _ _iez(w — iwc)
o ((1)9 (l)c, k, ,Uc, T) - ﬂhz
7|: f|:D £—|—khv|:/2) fFD(S—kﬁUF/Z)
J w—iwc—kvg/2)2— (w—iwc+kvg/2)2— 482
(11)
in which fep(e) = [exp((e—pc)/(ksT)) + 1]7! — equilib-

rium function PD. In the works [2,44,51] these integrals
are given at k=0 in (11), ie. without taking into
account SD. Integral (10) at temperatures on the order
of room temperature and below is calculated with good
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accuracy in the form [2,44]

ks T (€%/h)@ ke, T)
mhoe(1 4+ iw/we)

_ 4ookeTo(uc, T)
ahoe(1 +iw/we)’

o, T) _1n<2cosh<2kBT>> (13)

As for the integral (11), then for kgT < p¢, kpT < fiw,
k = 0 it was calculated in the work [44]
—iwe)h
iwc)hi )

—ioy 1n(2|Mc| — (@
(14)

7\ 2wl + (@ —

In this case, in the integral (11) we can replace
all functions fgp by units at the lower limit |uc| of
the integral, from which we obtain formula (14). For
Uc =0, (14) implies 6™ = gy = €?/(4h), and (24) —
o — (.  The dimensionless quantum conductivity of
graphene &y = opno = map = 0.0229 can be expressed
through the fine structure constant cg = 1/137. These for-
mulas are valid up to frequencies that satisfy the condition
hw < 3eV. Higher in the UV, photoionization of carbon
atoms occurs first with the breaking of & bonds, and then
other bonds, and then for conductivity the plasma quantum
model of 2D electron gas should be used.

Formula (14) is not accurate even at room temperature
at low electrochemical potentials and low frequencies even
at k=0. The most effective way is to numerically
calculate the integral (11). Since the dispersion equa-
tion (DE) for the SP should be solved iteratively, the
numerical calculation of the integrals is inconvenient, and
it is desirable to have analytical expressions taking into
account the SD. Let us introduce for further purposes
the dimensionless chemical potential @ = ¢/ (kgT) and the
complex frequency S = h(w—iwc)/(2kgT). If @~ 1 or
more, then @(uc, T) ~ a/2. In the work [51] based on
formulas (4) and (5) in the first approximation, the form
of tensor conductivity of graphene was obtained taking into
account the SD for intraband conductivity:

5 .
__ . intra VF — 2 %
oxx (@, wc, k) =0 [1 + 4w — iwe)? (3 w/wc>kx

U|2: k2 mter(k)
4w —iwe)r Y ’

o

intra (

W, W¢, Ue, T) =

(12)

o inter (

W, Wc, e, T) &

2
oxy (@, wc, K) = Gintra {2(1)7””) kxky} (16)

_ 2 2i
k) = intra 1 vF_ — k2
oyy(w, wc, k) =0 { + 4w —iwc)? 3 w/og) Y

U2 inter
+4(w_7ﬁwc)2k§} + oMt (k). (17)

The frequency dependence of scalar values has been
omitted for brevity. The formulas are correct for relatively
small k, corresponding to decelerations significantly less
than 300, i.e. the additions to the units in square brackets are
small. These additions for (15) at w. = 0 can be represented
in the form §o™™™@ = (3/4)(ny/300)? + (ny/300)%/4 < 1.
Here n =k/ky — vector deceleration coefficient. For-
mula (15) is deficient and the next term should be (§5™)2,
According to (15) — (17), SD increases the components of
intraband conductivity, which leads to a limitation of the
deceleration of the slow E-SP and to a slight increase in the
deceleration of the H-DP. SD for interband conductivity was
not reviewed in [51]. Let us calculate (11) by expanding in
terms of the small parameter kvg/f, taking into account
only the linear term:

oM (B, a, k) = e (B, @, 0) + oV (B, a)kve /(w—iwc).

We consider khvg/2 < pe, ie. @ > kvg/w. This al-
lows us to believe in the functions of the PD k =0.
However, we will also take these linear terms into ac-
count. With linear dispersion used, the right-hand sides
in (15) and (17) are isotropic. Interband conductivity with
E*(q') = £hveq dispersion is also isotropic. In the low
SD approximation, integral (11) can be transformed using
fFD(:IZé‘ + kth/2) ~ fFD(:IZé‘) + khvp/28chD(ie) and
the relations

/ fFD(:IZé‘) de
(@ — iwe F kvg/2)? — 4¢2
0
_L]o fro(de) g
T4 —iwe Fkug/2) —2¢ ¢
0
_i/ fFD :|:8) de
4h —iwe Fkug) +2¢ P
0
/°° fep(e) de 7 feo(Le)
w—iwc. Fkug/2 —2¢/h ¢ —lwe — 2¢e/h)
0 0
kvg/2 de
. [li (w—iwc—2s/h)}?'

The logarithmic singularities at zero of the set of
integrals are eliminated. Let us first review the
term Giyer(@, e, 0) = —i€?(w—iwe)(I _—1)/(7h?), rep-
resented by formula (11) at k = 0. Let us consider y¢ > 0.
Since exp(—(e +uc)/(ksT)) < 1, in the first integral the
expansion can be carried out in a small parameter and one
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term can be left:

W 1—exp(—(e+ pe)/ (kaT))

L:Z [ —iw)/2]? — €2
0

de

wT
-7 [ 16

0

— e /2] — g2

B2 [ exp(—(e + )/ (ksT))

~ 7 Thie —iwjr— 2 %
0

The first integral on the right is equal to s/ [h(w—iwc)],
ie. its contribution to the conductivity is op. We replace
X = (¢ + uc)/(kgT) in the second one and integrate part by
part:

/ exp(—x) dx — h?
4kgT ﬂz — (X + a)2 4kgT

exp(—a) 2 exp(—Xx)
<[Pt [t

When discarding the integral on the right, this formula
already has good accuracy if pc > kgT. Further refinement
comes down to integration by parts. Re-integration gives

h? exp(—a) 2a T2 exp(—X)
4kBT<ﬁ2—4a2><”ﬁ2—4az> */m

2x2
<(1+ e
T 2 exp(—X) _ 2aexp(—a)
|t

/ wzzexiw VP (” w2—<2xxz+a>2]2)dx’

where the contribution from the integral on the right has the
form 5

2zexp( Q) {14_ 22a }

(B* —4a?)? (B* —4a?)?
and can be discarded along with the remaining integral as
small. We will take it into account. Therefore:

h? [exp(—a) : 20@+1)
- 4kgT [[32 — 4a? ( + B2 — 402
402 i
T 4a2>2> ) %}' o)

For the second integral, we divide the integration do-
main into two: 0 < & < 2uc and 2uc < € < oo, replacing

(@, ) ~

—6" Technical Physics, 2024, Vol. 69, No. 3

X = (e—uc)/(KgT). This results in

= dx
T 4keT J B2 — (x+a)?](1 +exp(x))

2T exp(—x) — exp(—2x) — exp(—3x) —
T IkpT / B~ (x+ap
' (19)

Omitting intermediate calculations, we present the final
result:

~ dx.

inter i oo 4[3 eXp( ) 3a +1
o' ((1), We, O) =00+ — ,32 o) 1 ,32 a2
2a? exp(—2a) 1
+ - +
(B? — 4a?)? 4 1+ exp(a/2)

Xln<,32+a,8—2a2>+ 1 ln<[3—a) .
B% —aff — 2a? 1 +exp(—a/2) "\ B+a
(20)
This formula has significantly better accuracy than (14).
At low temperatures kT < yc the values of @ and S8
are large, with @/ =2uc/h(w—iw:), and depending
on the frequency this ratio can be either large or
small. We have O'imer(a), ¢, 0) ~ 0y at high frequencies
(@ > 2uc/h). At low frequencies (but at kKT < fiw < 2u)
we have o™ (w, wc, 0) = —2ioyB/(na), ie. this part
of the conductivity is small in magnitude and is
inductive. In this case, the real part due to interband
transitions can be small negative. The effect of
pumping with population inversion but at high optical

frequencies is considered in works [9-12,20-22]. Now
o™ (B, a, K) = ¢ ™ (B, a, 0) + 0 (,B Ol)ka/( —iwg),
while the value oW(8,a)=0"(B, ) +0\"(B,a) is

divided into two parts: the first part includes the linear term
in the expansion of the PD functions in the numerator,
and the second contains the corresponding term in the
expansion of the denominators. The first one is calculated
simply and is equal to

ieZﬁZ

1) _
o (B.a) = —rmr oy

The second one has the form

. . ;
05”(& o) = 4|0'0(hwﬂ i hawe)
T feo(—¢) + frp(e)
- de. (21
X/ how — 1 hoe — 2¢)?(ho — 1ho + 2¢)? e (21
0
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It is convenient to write (21) as follows

 26VB.a) [ fep(—e) + fen(e)
! e/

ioo(hw — ihwe)? €

1 1
(hw — ihwe —2¢)2 (hw — i hwe + 2¢)2

de.

Obviously, now

| = —87i (ke T)%6," (B, @)/ (00B?)

and
I(ﬁ? (X,T) = IT(B? a?T) - I;(ﬁ7 a?T)’

where 17 (8,a,T) =1, (-, T). Although the 1 inte-
grals have a logarithmic singularity at zero, this singularity
is eliminated in the full integral. The integral is calculated
under the assumption kT < ¢, which is usually done at
room temperature. To calculate the integral, we divide the
integration interval into two: (0, 2uc), (2uc, 00), we denote
Q = hw—ihwe and use the identity

1 1
e £ Q)2 Q2

4e + 49
(2e = Q)22

It follows the division into simple fractions:

1 1 2 2
e — Q)2 £2e+Q)2 (26-9Q)2Q (26— Q)Q2
+ 2 + 2
2 +Q)Q2 " (26 +Q)2Q

For the second interval, the sum of the PD functions is
equal to unity with high accuracy, so the result for it has
the form

—il 4uc+Q 1 8uc

Q2 4u—-Q ' Q 16u2 —
_ 1 In 20+ 1 a
T (2kgTB)? 2a—p  (ksT)?B 42 — B2

At high frequencies it is small. We calculate the first
integral using the mean value theorem, taking the value at
the midpoint ¢ = uc for the sum of the PD functions:

e—Q

2uc
e+ Q de
— Q222 :

(“)0/<(g+ Q2207 (e

Here ¢(a)=1/2+1/(1+exp(—2a)) ~3/2 — the
value of the sum of the PD functions at the midpoint. The
result has the form

— BB ) |

. 1 B+ 2a a
@) < (2kpT)2p2 m(,B - 2a> " (ke T)2(4?

<

At high frequencies it is also small. Thus, we obtain the
value of the integral

gb(a)—1< 1 | ([3+2a) a/B >
T keT)? \ 482 \p-2a) 4?2 p?

and have the final result

I(a, B)

n(j;izao_ﬁiz) + iGO(d)(y(:) =

1 B+ 2a 2a
=1 — . 22
% <2 n(ﬂ—Za) 4a2—[32> (22)
At high frequencies 8 > a , the contribution of the SD
to the conductivity is inductive: 1) (8, @) = —4ioy/m. The
maximum contribution from SD to conductivity will be at

B ~ 2a. Assuming 8 = 2a—if" and considering a and '
to be large values, and 8" to be small, we obtain

16i00a2+i001n 4a " 1+ a
37 47\ B N8 " ap )

At low losses, this part of the conductivity may have
a large negative real part, which indicates the occur-
rence of non-equilibrium due to interband transitions.
Its imaginary part can be either capacitive or induc-
tive. The last case corresponds to very small losses.
The contribution of SD to conductivity has the form
2hkvekpgTo (D (B, a)/B.

(1)( ,a) = —

oV(B,a) = -

4. Dispersion equation based on the
Green’s function method

The vector potential created by the current densities of
two graphene sheets on a thin substrate has the form

Ay, 2 // (0~ 0Ji(p') +Glp . d)
x Jo(p') +Glp —p', d/z)Jd(p')] dx'dy’.  (23)

We denote the two-dimensional vector p = XoX + YoY.-
Determining the electric field

E(r) = (iko) ™!

we impose boundary conditions:

n0(V ® V + Tko)A(r),

Jlx(X, y> UxxEx(X Y, )+0'xyEy(X Y, O)’
le(X, y) = nyEx(X y, 0) + oyy y(X Yy, 0),
Jox(X,¥) = oxxEx(X, y, d) + oxyEy (X, y, d),
Joy (X, ¥) = oxyEx(X, Yy, d) + oy Ey (X, y, d),

Jax (X, Y) = oaEx(X, y, d/2),
Jay(X,y) = ouEy(X, Y, d/2). (24)
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Here 19 = +/uo/eo =376.732, we consider the
conductivity of graphene sheets to be identical and
tensor, the sheets located at z=0 (first) and z=d

(second), and the scalar surface conductivity of the
substrate o0q = iweg(e—1)d  — located at z =d/2.
The tensor differential operator has components

(V@V)u =&d, k.l =x,y,z. We express the field
components through a tensor GF of the all-electric type
G®(r) = (—ikol +iky 'V ® V)noG(r). Next, we move
from all coordinate relations in transverse coordinates to
their spatial Fourier transforms, which allows to obtain
algebraic relations. Therefore

Gﬂﬂ—ﬁ%]ifwakﬁ

x exp(—ikex—ikyy —ik|z)dkedky,  (25)

] 1Rk —keky
keo Ky) = ————
9k k) = =508 [—kxky k2 — k2

Here k, = (/kj —kZ —kZ. 1If the SP is slow, then

Ky = \/KE + K — k3 =ik, should be taken. Therefore, it

is convenient to introduce the function ¥ = exp(—«,d/2).
sWe will denote the field components as Enx(Ky, Ky),
Eny (Kx, Ky), where n = 1, 2 correspond to graphene sheets,
and n=3 — to the substrate. It is possible to obtain
a system of six algebraic equations for the components
of the electric field or six components of the surface
current densities. It is more convenient to write them
through the surface current density components. In addition,
it is convenient to introduce dimensionless (normalized)
conductivities: é = o619, &g = ogio. The first equation in (3)
corresponds to the equation

[1 = &xxOxx () — &y Gy (K)] j1x (k)

— [ExxOxy (K) + &y Qyy (K)] j1y (k)

— P [ExGux (K) + ExyGxy (K)]jox (k)

— P?[Ex Oy (K) + xyQyy (K)] 2y (K)

— Y& Gxx (k) + &xyGxy (k)] ax (k)

— P[ExOxy (k) + &y Gy (K)]jay (k) = 0. (27)

To get the second equation, it is required to make the
replacement X < Y. To get the third equation, it is required
to make the replacement 1 < 2. The fourth equation can
be obtained by appropriate replacements from the first or
from the second. To obtain it from the second equation, we
make the replacement 1 «<» 2 in it. The fifth equation has
the form

- 2€d¢gxx (k)l 1x (k) - 2€dngy (k)l ly (k)
- Zédngx (k)jZX (k) - Zédngy(k)ij (k)
+ Jax(K)[1 — &agxx (k)] — jay (k)éaOxy (k) = 0. (28)

(26)

Technical Physics, 2024, Vol. 69, No. 3

The sixth equation is obtained from the fifth by replace-
ment X < Y. Here k = xoky + yoky. The DE of free waves
(SP) is obtained by setting the determinant of the resulting
system of linear homogeneous equations to zero. It is
quite bulky. Simplification is obtained for slow SP and
large d, when 2 can be neglected in comparison with. In
this case, we obtain the DE in the form that the fourth-
order determinant is equal to zero. Strict consideration
of a homogeneous substrate requires the use of a cross-
linking method. For scalar conductivity it is quite simple [3].
For tensor conductivity of graphene, it is convenient to use
fourth-order transfer matrices. Such matrices in optics are
known as Berreman matrices [52]. When matching the
components of four u = (Ex, noHy, —Ey, noHx) vectors, the
normalized matrix for graphene has the form

1 0 0 0
=&y 1 =4y O
To = 0O o0 1 0 (29)
&x 0 _éxy 1
and the matrix for the substrate is formed as
- o as(d) + é\h(d) 0
T(@) = [ 0 as(d) +ah(d)| - (30)
In it 0 — zero two-dimensional matrix, and two-

dimensional matrices are designated

ae,h(d) _ COS(dzd) ipe,h Sin(de)
~ |iyensin(k,d) cos(kd) |’
In  them  pen=Yoh =Zen/Mo,  pe = Ke/(Kot),

on = Ko/ Re normalized characteristic impedances

of E-waves and H-waves, k, = \/k§e—ki—kJ. The DE

is obtained by the method described in [17], in which the
condition of either wave inflow (for a slow surface SP) or
wave outflow (for a fast antisurface SP) is used. Such a DE
has the form of a fourth-order determinant equal to zero. It
can be reduced to a second-order determinant [17]. Next,
for simplicity, we consider graphene sheets in an infinite
dielectric. This case is obtained by replacing ko — ko+/€ in
all proportions, while k, — RZ, and Jg should be omitted.
In this case, the DE takes the form

get | 1T AN _l?z(kA)A(k) =0, (31)
- (KAk) T —AK)
A(k) _ ExxOxx + gxygxy éxxgxy + éxygyy . (32)
EyyOxy + ExyOxx  EyyQyy + ExyOxy

The determinant of the block matrix in (31) is equal to
det’ (I-A(k)) —1*(k)det* (A(k)). Le us write matrix (32) in
the form A = a(k), Ap = b(k), Ay = C(k), Ay = d(k)
Then we have DE.

2
[(1 - a(l0) (1 - d(19) — b{k)c(k)]

— P (k) — bc(k) 0. (33)
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If we are interested in very slow SP, then with
a sufficiently large distance d between the sheets
[p*(K)| = | exp(—2«.d)| < 1, and DE breaks down into two
identical equations:

(1-a(k) (1 - d(k) — bkjc(k) =0.  (34)
They become different with b(k)=0 or c(k)=0:
1—a(k)=0, (35)

1—c(k) =0. (36)

Let us review the opportunity of obtaining them.
Let the plasmon move along one of the axes. Then
Oxy = 0. For certainty, let this be the axis X Then ky =0,

Oxx = \/K3—k3/(2Ko), Gyy =ko/(24/k3—K3), meanwhile

b(k) = &yQyy, C(k) = &xyOxx, therefore, from DE (34) we
2

have  (1—&u(K)gx (k) (1—&y (K)gyy (k)" + &2, (k)/4 = 0.
This equation splits into (35) and (36) if the conductiv-
ity tensor is reduced to the principal axes, ie. &y = 0.
Ex(k)kz(K) =2ko and &y (k)k% = 2Kokz (k). Squaring
them, we have k2 = k3—4k3/£2, (k), k2 = k3—&2 (k)/4K3.
Taking square roots, we obtain two solutions

e = tkoy/1 - 4/g5 (0. K Toe), (37)

o = ko /1 &y (0, K, T p1c) /4. (38)

These are actually implicit equations. The roots with
different signs produce waves in two directions. Here
we have denoted the dependence of conductivity on all
parameters, including chemical potential .. We denote
the normalized complex components as &xx = &, + 1&4x,
&y = &), +i&y. Equation (37) takes the form

kx = £Kko

o 485 — &&) n 8i Exxéix .
(E& =6k ) +4(8xd)? (G —68 ) +4(6x5%)°

It shows that for a slow E-SP to exist there should be
2 < &2, For a very slow plasmon, &2 < &2 < 1 is

required, and then

4i & " -8 / " \2
kx ~ :|:k0 /1 _|_4/£>g<2<1 + ‘gxx/gxx)élxz +(ixx/€xx) >
(39)
The signs + correspond to waves in two opposite

directions. For slow H-SP there should be &, < |&]{],
|&py| > 1. In this case,

o = thoy/1+ (&7 — &5 — 21&,47,)/4

~ ko (14 (& — &y — 2i&),40)/8). (40)

At low frequencies this SP is almost not decelerated. A
stronger deceleration is possible in the 8 ~ 2a region when
taking into account SD. From DE (39) it follows that the
SP is inverse if the conductivity component is capacitive,
ie. & > 0, and direct if it is inductive. From DE (40) it
follows that the SP is inverse if & < 0, ie. the conductivity
component is inductive, and forward — if it is capacitive.
Let us review the DE for bonded SP. Let ky = 0 again. Let

us denote X = y/k3 —k%/kg =1 —n2 As it is easy to

see, X* —2BX +C =0, whence vV1 —n2 =B +vB2—-C,
and, squaring, we have a remote control for deceleration

P=1- (B(n) +,/B(n) —C(n))z. (41)
In it
B = 1/& + &yy —&y/ (460) £ 17 (K)\ /by /x— &8/ 53/ 2,

C= gyy/fxx-

The signs should be taken independently. When squaring,
extra roots could be obtained, which should be taken into
account when extracting the root from (41). For 3 =0
and &y = 0, (41) naturally implies (37) and (38). DE (41)
is implicit, due to the dependence of conductivity on SD
and frequency. For such equations, the work [53] proposed
an iteration method with correction of the iteration step,
based on the implementation of the principle of contraction
mappings.

For arbitrary multilayer plane-layered structures, the
general method for constructing DE is to match the fields
at the boundaries while satisfying the fields in the layers
to the wave equations. For homogeneous dielectric layers
these are the Helmholtz equations. The fields in them
can be represented as a combination of E-waves and H-
waves. There may be graphene sheets at the interfaces,
which provide a break in the magnetic field components.
When taking into account the SD, the sheets are described
by a fourth-order matrix T, of type (29). The layer is
also described by a fourth-order matrix T (dy)of type (30).
The algorithm consists of calculating the complete structure
matrix in the form of a product of 'IA'(dn)'IA'(m matrices and
imposing radiation conditions.

5. Numerical results and conclusions

First, we obtain approximate analytical solutions of the
DE. We are looking for the roots of equations (37), (38)
and (41). We always have the right to choose the x axis
along the propagation of the SP. DE (37) and (38) take place
only if it coincides with the crystalline axis of graphene.
Then it is convenient to write these equations in the form

n=ky/ko = /1~ 4/83 (@, N, T. o).

N = ky/ko = /1 = & (@, 0. T, c) /4,
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in this case oxy=0 and

(o, wc, k) = fmtra (@, w¢ {1 +3( n/6OO

(1-32) | vem. @

— gintra(w’ wc) [1 + (n/600)2] + éinter(k).
(43)

In these formulas, the deceleration is n < 300. At
n = 300, the increase in conductivity reaches 75%, which
is no longer a small value and lies beyond the accuracy
of these formulas. In reality, for good accuracy, the upper
limit of n= 100 should be taken. At room temperature
and ue > 0.1eV the value &M% = —i&a/(nB) is very
accurate. At @ > wc it has a small real part, ie. in this
case at N’ < 100 the left parts (42) and (43) — small imag-
inary negative and decreasing with increasing frequency,
therefore the main contribution is at high frequencies gives
ginter (k). At optical and UV frequencies, according to
formula (14) and its refinements, £M° (k) ~ & < 1, and
at normal incidence of a plane wave (k; =ko, kx =0),
graphene is transparent, and its transmission coefficient
T=1/(1+&/2) =0.9887 is close to one.

To obtain the DE in the case of two graphene sheets on
both sides of the substrate, it is convenient to use symmetry.
The SP in such a structure can be symmetrical or anti-
symmetrical. Symmetry can be introduced with respect to
any of their field components. Typically, for E-SP, a single
transverse magnetic component is taken. We will classify by
the magnetic and electric wall in the center of the substrate,
which is more convenient. Let us review another conclusion
of DE (41). For a magnetic wall, the conductivity is zero.
The E-wave of the substrate has a normalized conductivity

kie—Kk3.

yy(w, we, k)

of y® =koe/ Transforming it to the graphene

plane, we have Yin+ &x = iy®tan(y/kie—k3d/2) + &«
We added the conductivity of graphene itself to this. To ob-
tain the DE, we assume Yin + &x = —Y§ = —Ko/4/k3—k2,
ie. we equate its vacuum conductivity with a minus sign
in accordance with the above remark. Let us review
the frequency region where the E-SP is very deceler-

ated (' >> n?) with inductive conduction &y = &j, —i&0,

o >0, with a not too large DP &€ ~ 1 and with weak

dissipation: &;, < &}. For a thick substrate we assume

tan(y/kje — k2d/2) = —i tanh(x) =

=vn? —¢ekod/2 ~nkod/2 > 1, § =2 > < 1.
We have the DE
_et+1+ (2 -1)/2m
T g
and its  approximate
—1&x/8)  with

—i(1-),

(1-196) (44)

solution n= (24 ¢&)(1/&%—
"~ (2+4+e)/&>1 decelerated
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since &, < 1. DE (44) and its solution were obtained by
neglecting terms of the second order of smallness. Let us
estimate the maximum deceleration at ¢ = 3, @ = v/2f’ and
at zero K. We have n = 80. Substituting it into (44), we see
that the correction is small and equal to 5/(4n?) ~2- 104,
In reality, it may be somewhat less due to the influence
of losses. Calculating the correction for SD, we see that it
is also small. The solution can be refined by substituting
it into (44). From (44) it can be seen that with capacitive
conduction the SP — is inverse. Conductivity can become
capacitive at high frequencies due to interband contribution.
In the absence of a conductive sheet, the method leads
to the Zenneck DE n=./¢/(1 +¢€). Another limiting
case of a very small substrate thickness, when X < 1 and
tanh(x) = X, reduces to DE

xx — Kxed/2 — &4y

n—-1= .
 + (& — koed/2)?

(45)

If at some frequency the resonance condition
(@, wc) = koed/2 is met, then n = —i/1/&,,—1, ie. E-
SP — is highly dissipative. If there is a detuning o:
o —koed/2 = 8€},, then with §2 > 1 we obtain a deceler-
ated E-SP n =~ 1/(£,,8)—i/(£},8°), provided that £,,8 < 1,
and the deceleration depends on d. For characteristic
frequencies, koed/2 ~ 0.02 should be satisfied, ie. at
d = 2nm, ¢ = 3 we have wavelengths 4 ~ 830 nm. Below
the frequency of the E-SP transition is direct, and above—
reverse. Here there is an analogy with the SP in a thin
metal film [17]. For an electric wall, replace the tangent with
minus cotangent. For a thick substrate, this practically does
not change the DE. For a thin substrate, the SP deceleration
is small. In this case we have DE

v —1=

(8 — nz)kod/Z
€ +iéx(e — n?)kod/2’

and n" ~ 1 with n” < 1. Substituting these estimates into
the DE, we have a refinement
=1+ i&x(1 — 1/6)% (kod)2/4]°,
(46)
ie. the maximum and very small potential deceleration
of " =1+Kkod/4 will be at a large DP. Both cases are
realized when the conductivity transforms from the right
to the left graphene sheet. In this case, the resulting
differential equation coincides with (41), while by trans-
forming the tangent to the tangent of the half argument,
it is transformed to a quadratic equation, both roots of
which give two DE for the electric and magnetic walls. For
metal film ¢ =~ —¢’, therefore the deceleration is greater,
the smaller d. The absence of graphene sheets leads to
the DE [17] n = Ve202 — ¢/Ve202 — 1,0 = kodV2 — ¢/2,
which at &y = 0 coincides with (45). In a metal film,
the maximum deceleration is achieved at Re(e26%) = 1 and

is approximately equal to n’ = \/1/(k(2)d28’8”) — &7/ (4e"),

while & = wi/(0? + 0?) —eL, €' = wiws/(w® + ww?),

[(1—1/€)kod/2 —
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&L~ 10, w > we. For SP in graphene sheets on a
conductive substrate, there should be |e|kod/2 < £/ ] in
the region where &, < |£/

If we review an asymmetric structure with one graphene
sheet, then, transforming from the vacuum conductivity
y§ = i/v/n>—1 to the sheet and further equating the vacuum
conductivities with a negative sign, we obtain for E-SP

o Y6 +yetanh(dvn? —¢)
Y ye +y§ tanh(dvn? — ¢)

where y® =ieg/v/n2 —¢e. For a slow SP with inductive
conductivity and a large substrate thickness, we replace the
hyperbolic tangent with 1—§ and obtain in the first order of
smallness in § and for N2 >> ¢ the following DE:

+ gxx = _y(e),

e+1
n= " i £ " e e—1 241
xx(1 + |$xx/£xx) +5 e+l 6 — 2n3
e+1 .
~ " (1 - Ig)ix/é)g()'

XX

In the case of a very small thickness of the substrate, the
DE can be written in the form

1+e¢ 14 ¢2 .
\/nz—lz( L )kod+é;’x<1+|é;x/$;’x>

> >
x {” 1. n 8\/n2—1k0d].

2 2e

Assuming d = 0, we obtain

Vi =1 = (2/65)(1 — & /&)

which corresponds to (37). For H-SP on a thin substrate,
the DE differs little from (38). For an electrically thick
substrate, it is easiest to obtain the DE in the 6§ =0
approximation, i.e. for graphene on a dielectric half-space.
In this case it looks like y" + &, = —y¥, or

N =e— (e~ 1+&5)%/(4&),).
If the conductivity is highly reactive, then
N~ e+ (e —1— & 1)%/ (414, ),

and SP is low at & > 1+ |§7,|. At e = 1 we obtain DE (38).
If deceleration is large:

n= (e — 1)/ /&7 - &5 (1 - 15,8,/ (&7 —&))/2.

In the region of low losses n' ~ +(e—1)/(2&) ), i, using
a thick substrate with a large DP can lead to a slow H-
SP. At € =3, a=p" we have & = &a/(ap’) = 0.007,
n’ = 143. With such a deceleration, the influence of SD
is still small. However, changing the parameters can lead to
an increase in é;’y, ie. to a limitation of deceleration, as for
the E-SP. For H-SP on a very thin substrate, the DE differs

100 |
i 0.1
50: \’Y/
= 0f S
i \
r 0.01
0.001
=50 i
100
0 0 0.1 10
ho
Figure 3. Dependence of losses n” =ky/ko on wh (eV)

for E-plasmon at different values of chemical potential (eV),
wc = 10" GHz.
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Figure 4. H-plasmon dispersion (dependence of wh, eV,

on deceleration) at different values of the chemical potential
(shown in eV), we = 10" GHz

little from (38), ie. N~ 1. The effect of a thin substrate
can be considered by introducing its normalized surface
conductivity & = ikod(e—1). It works if kody/e < 1. In
this case, & + &y = —Yh, i.e., the capacitive conductivity of
the substrate reduces the inductive conductivity of the sheet
and the deceleration.

The dependences of the normalized conductivity on
the deceleration, calculated using various formulas, are
given in the table. Figures 2 and 3 show the results of
iterative calculation of the E-SP dispersion (37) for different
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Dependence of conductivity &x on deceleration n'’: according to formulas (15), (20) and (22); based on formula (15) in the numerical

calculation of integral (11); based on the calculation of integrals (5) and (11).0c = 10> Hz, n =n

/

a=5p =5
Deceleration n’ (15), (20) (15), (11) (5), (11)
& & & & & &
1 0.022580 —0.027792 0.02286 —0.027706 0.02891 —0.027678
10 0.022567 —0.027679 0.02528 —0.028094 0.02552 —0.027819
100 0.021202 —0.027681 0.02809 —0.050388 0.02864 —0.048015
=54 =10
1 0.0478122 1126550 0.085391 11.302668 0.085382 11.30263
10 0.0478190 11.26551 0.492861 11.634970 0.025527 11.63484
100 0.0485013 11.26552 11.42283 10.409300 0.028646 10.40812
=10, =5
1 0.028555 —0.017617 0.028902 —0.017858 0.028382 —0.017809
10 0.028531 —0.017618 0.028613 —0.018908 0.030873 —0.018418
100 0.026191 —0.017764 0.025701 —0.477282 0.026671 —0.043502
600 3 verged well enough that no special methods for improving
E convergence had to be applied [53]. It should be noted
400 E that for dissipative plasmons, the decreasing portion of the
dispersion characteristic (negative group velocity) does not
0.001 mean that the SP is inverse. In both the decreasing and
200 F increasing sections of the dispersion curves, a transition

nn
S
—
J
AN
=)
S
—_
\O
S
W

I | /7 "o
F 0.0001 /
—200 £
400 F
—600E TR RS A FTY RS S 1 E A S ) M
0.001 0.01 0.1 1.0
ho
Figure 5. Losses n” =k /ko of H-plasmon depending

on wh (eV) at different values of the chemical potential (eV),
we = 10" GHz.

values of the chemical potential up to the optical range,
and Figs4,5 — show similar results for H-SP (38). All the
figures are constructed in such a way that Re(n) =n' > 0
(the direction of phase motion is taken everywhere as the
positive direction), therefore negative losses n” = —Im(n)
mean reverse SP. In Figs. 3 and 5, the losses change
sign on the spectral lines, and several such changes are
possible (Fig. 5). The iterations for all the results con-

Technical Physics, 2024, Vol. 69, No. 3

from direct to reverse SP is possible. H-SP does not
interact with electron beams in the direction of motion,
therefore E-SP [18] are promising for THC electronics. In
the optical and near-UV ranges, E-SP are highly dissipative,
which is associated with almost real conductivity, but
decelerated. A slow plasmon is a quantum quasiparticle
with a fairly large momentum p = hikon' compared to the
momentum of a photon. Therefore, for a SP it is more
likely to observe the Compton effect of electron scattering
on it. The given formulas work up to photon energies
how = y9 = 2.8 eV, when the & bonds are broken. Above,
the 2D plasma conductivity model can be applied. An
increase in SP deceleration is associated with a decrease
in losses. In this regard, the application of cryogenic
temperatures for graphene is inappropriate. More promising
is the application of optical pumping [9-12].
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