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The conclusions of a theoretical study of the joint propagation in a resonant medium of two laser pulses with
the same input intensity and envelope shape are reported. The resonant medium is modeled by the A-scheme of
inhomogeneously broadened quantum transitions between degenerate levels *Py, *PY and *P; of the ®Pb isotope.
Cases of opposite and identical directions of circular polarizations of input fields are considered. It is shown that
the process of pulse propaga-tion is accompanied by a transfer of energy from the high-frequency component
of the radiation, resonant with the transition between the lower and upper energy levels of the A- scheme, into
the low-frequency component, resonant with the transition between excited levels and of the A- scheme. The
high-frequency component in the case of different directions of circular polarizations of the input pulses propagates
in the medium over a much greater distance than in the case of identical directions of circular polarizations of
these pulses. During propagation, the pulse intensity envelopes are distorted, and in the case of opposite circular
polarizations of the input pulses, the deformation of the envelopes is noticeably less than in the case of the same
polarization directions of these pulses. In all cases, when pulses propagate, trains of short subpulses of significant
intensity appear at their trailing edges. In the case of opposite directions of circular polarizations of the input
fields, both radiations retain the original circular polarization in the medium and are devoid of phase modulation.
However, in the case of identical directions of circular polarization of the input pulses, their radiation in the medium
represents elliptically polarized waves with a variable eccentricity of the polarization ellipse and the presence of

phase modulation.
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Introduction

Double resonance, ie. resonant interaction of a two-
frequency laser field with two quantum transitions having
a common energy level, is the object of numerous studies
due to the possibilities of its practical use and its importance
for understanding the processes of interaction of radiation
with matter. One of the first practical results of applying the
findings of these studies was the double resonance method
in spectroscopy [1]. The study of the phenomenon of coher-
ent population trapping [2,3] and the resulting electromag-
netically induced transparency (EIT) [4-6] effect (a special
case of double resonance) has led to the development of
optical memory [5], quantum communication [5,7,8], and
quantum information systems [4-6], precision magnetic field
measurement devices [9], and precision time measurement
instruments [10]. The EIT phenomenon allows one to create
large optical nonlinearities [6,11] and to implement radiation
amplification without population inversion [12]. The features
of this phenomenon have been studied in strongly correlated
quantum gases [13], in the radio range [14], on impurities
in photonic crystals [15], near nanofibers [16], and in a test
field with orbital angular momentum [17].

In the theoretical study of double resonance, new pulse
structures have been described, such as simultons [18], Ra-
man solitons [19], adiabatons [20], and matched pulses [21].
The theory of the last three pulse structures was based
on the schemes of non-degenerate uniformly broadened
quantum transitions, whereas the simulton theory included
also the transitions between degenerate energy levels [22];
in [23], the inhomogeneous broadening of quantum transi-
tion lines was also taken into account. The experimental
observation of these pulse structures required such condi-
tions that are difficult to implement in practice. For example,
simultons, adiabatons, and Raman solitons may be produced
only at equal strengths of oscillators of quantum transitions.
Matched pulses were obtained under the assumption of
zero inhomogeneous broadening of quantum transition lines.
Therefore, the focus of attention in the study of double
resonance has shifted to the region of the EIT phenomenon
under the adiabatic approximation conditions [24].

In the case of degeneracy of quantum transition levels,
the EIT effect demonstrates new features related to polar-
izations of interacting waves. In [25,26], the rotation of
the plane of polarization of probe radiation with changing
intensity of the control radiation field was studied theoreti-
cally and experimentally. Linear and circular birefringence
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of a probe field under EIT was studied theoretically and
experimentally in [27]. The possibility of propagation of
a probe field in the form of two modes with different
polarization states was predicted theoretically in [28] .

The use of the adiabatic approximation implies rather
slow changes in the parameters of interacting pulses and is
unable to describe their fast oscillations, which, as numerical
analysis [29] shows, can occur in this case. Notably, it was
assumed in [29] that the levels of quantum transitions are
not degenerate and there is no inhomogeneous broadening
of quantum transition lines.

The present study reports the results of numerical analysis
of the double resonance process in the A scheme formed by
levels 3Py, 3P,, and *PY of a 2%8Pb isotope. EIT of circularly
polarized laser fields [30,31] was observed experimentally
in this scheme. It is assumed that interacting pulses have
the same peak intensities on entry to the medium and the
duration of the input high-frequency (RF) pulse is equal
to or twice the duration of the input low-frequency (LF)
pulse. The degeneracy of energy levels and the presence of
inhomogeneous broadening of spectral lines are taken into
account. Note that the results of numerical analysis of the
double resonance process in the considered A scheme in the
case when the input RF pulse is significantly shorter than
the input LF pulse were presented in [32].

Basic concepts

The A scheme under study consists of a simple lower >Pg
level, a fivefold degenerate middle 3P, level, and a threefold
degenerate upper 3PY level. ~We choose orthonormal
basis ¢ (K =1,2,...,9) of common eigenfunctions of the
Hamiltonian, the square of the angular momentum, and its
projection on axis z. Function ¢, corresponds to level *Py;
functions ¢ (K=15,6,...,9), to the states of level 3P,
(M=-2,-1,0,1,2); functions ¢« (k=2,3,4), to the
states of level *PY. Let Dy and D; be the reduced dipole
moments of RF transition 3Py — *PY and LF transition
3P, — 3PY and w; and w, (w1 > w,) be the frequencies
of these transitions for an atom at rest. We take into
account the heterogeneous broadening of spectral lines by
introducing Gaussian density g(w{) of the distribution of
frequencies @] of transitions *Py — 3PY of moving atoms:

g(w)) = (Ti/ V) exp[~Ti (@] — @1)?].

Let us write the electric field strength in the medium as
E=E +E,,

E=u [exEx| COS(a)|t—k|Z+5x|)+eyEy| COS(w|t—k|Z+5y|)] s

| =1,2. (1)

Here, E; and w; are the electric field strength and the
carrier frequency of radiation; ey, ey are unit vectors
of axes X, Y, Ex, Eyi; 8w, 0y (=7 < 8y, 6y < o) are the
amplitudes and are the phase additions of X and y
components of fields describing their phase modulation

(PM); w = hV20 + 1/(|D||T1); and k| =wj/c. At |l =1,
formula (1) describes RF radiation resonant with transition
3Py — *PY between the ground and upper levels. At | = 2,
formula (1) describes LF radiation resonant with transition
3Py — 3P(1) between the middle and upper levels.
Let us introduce new independent variables S and w:
s=12z/zp, w=(t-2z/c)/Ty,

where zg = 3hc/(22N|D;|*Tiw;) and N is the concentra-
tion of atoms. Let f; and g be the complex amplitudes
of circular components of fields. Using Maxwell and
Schrodinger equations, we obtain the following system of
equations in the first approximation of the slow envelope
method:

+00
s VR / C1C; exp(—e7)dey,

+00
af2 I * *
Y T /(c409 +¢3¢7) exp(—ef)dey,

+00
0 [
g _ ciC; exp(—e&?)dey,

s 7

“+oo
892 I * *
5 =5t /(c205 + cjcy) exp(—¢7)dey,

dCq .
et B _
Jw i(fic2 —gica),

802 . I * * *
E +igCcy = ~7 (fici +g3¢s — fic7) —yca,

0Cy4 . |
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o Tieice =g
0Cs

— i — &)Cs5 = —iQgyCy,
aw+(€1 2)Cs 02C2

0 . i
8_Z+I(£1_82)C7:I6

giC1 — 95C7 + f3C9) — yCa,

(f2C2 — g2C4),

dCy . .
w —+ 1 (81 - 82)C9 =if,cy. (2)

The following notation was used in Egs. (2):

& = (0] —w1)T1/2, & = Pe,

B=wy/w;, &=0.68D2/Dyf,

Cl=|D1|C_1, Cy=Cj, C4=_C4,
2D;

oy Dilo o VEIDal

5 D, 5 O 7 D, "

Ck, k=1,2,4,5,7,9 — amplitude of the probability of
populating state k. (Due to the AM = £1 selection rules,
amplitudes Cy, K = 3, 6, 8 are not included into system (2).)
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Terms —pC;, —pC4, where py =T;/(27) and 7 is the
radiation lifetime of level 3P(l), are phenomenologically
introduced into the equations to account for spontaneous
decay of this level.

Usually, equations for the density operator are used to
describe the response of the medium to resonant radiation.
In the case of the A scheme under consideration, this means
that there are 45 independent elements of the density matrix
and the same number of differential equations for them.
In connection with this, we use a less cumbersome system
of equations derived from the Schrodinger equation. In this
case, relaxation processes are accounted for phenomenolog-
ically by introducing terms describing the relaxation decay
of the upper energy states of the A scheme. Note that such
a consideration of relaxation processes leads to a decrease
with time of the total number of atoms at levels of the
A scheme. This is motivated physically. In the considered
A scheme, the actual existing degenerate 3P; energy level
lying between the lower and middle levels of the A scheme
is not taken into account. The transition between this level
and the levels accounted for in our theory is not subject to
the resonance influence of electromagnetic fields. However,
it is coupled to the upper level of the A scheme by rather
intense relaxation transitions. This leads to the fact that a
certain number of atoms actually leave the levels of the A
scheme, moving to level >P;. Note that relaxation processes
at double resonance have been taken into account in a
similar way in a considerable number of studies into double
resonance (see, for example, [33,34]).

The following parameters of the polarization ellipse (PE)
of RF (I = 1) and LF (I = 2) fields are used below: a, is the
semi-major axis of the PE in units of uj, ¢ (0 < < ) is
the angle between it and axis X, and 7 is the compression
parameter (—1 <y < 1). The modulus of y, is equal to
the ratio of the minor PE axis to the major one; y < 0
(1 > 0) if the polarization is right (left) elliptical. For
circular polarization, y; = +1, and ¢ is undefined and
conventionally assumed to be equal to —0.1 . Dimensionless
intensities || of RF (I = 1) and LF (I = 2) fields measured
in units of cu?/(8x) will also be used.

When solving system (2), we assume that only the lower
level 3Py of A-scheme is populated at the initial moment of
time (w = 0). The boundary conditions are formulated by
specifying quantities ay, aj, 1, 6x as functions of variable w
on the input surface of the medium (s = 0):

a;(0, w) = ajpsech[(w — 1000)/7], (0, w) = —0.1,
710, w) =y, (0, w)=0; (3)

a(0, w) = azosech[(w — 1000)/100], (0, w) = —0.1,
120, w) =1, 6&(0,w)=0. (4)

Here, ajg = 2.828, az) = 4.910, and ;¢ will be assumed
to be equal to £1.

Formulae (3) describe an RF pulse with an intensity
envelope in the form of an inverse hyperbolic cosine with
parameter 7y determining the duration of this pulse. Below,
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the value of 7y will be assumed to be 100 and 200.
Formula (4) specifies an LF pulse with an intensity envelope
of the same kind with a time parameter equal to 100. Pulses
have the same peak intensity || = 16, | = 1, 2. Both input
pulses are devoid of PM.

According to [35], wa/w; = 0.7, £ =2.11, T = 6ns, and
(at T =950—1050K) y = 1.5-102 in formulae (3),(4)
for the chosen 2%Pb transitions. At T = 1050K, we
have Ty = 1.6-107!%s. Choosing saturated 2% Pb va-
pors for evaluation and using the data from [36], we
find N=2.8-10%cm™3 and zy = 0.004cm at the same
temperature. Note that z, depends strongly on temper-
ature, whereas the value of T; is essentially unchanged
within this temperature range. Below, all dimensional
estimates are given for T = 1050 K. Dimensionless inten-
sity 1) is related to dimensional value I of this quantity as
I = 1.3 kW/cmz, and its peak value at the entrance to the
medium is close to 20kW/cm 2. This was approximately
the intensity of LF pulses in the experiments [30,31]. The
duration of the input RF pulse is approximately 30ns at
79 = 100 and 60ns at 79 = 200, while the input LF pulse
has a duration of 30ns. Here and below, pulse duration is
measured at half peak intensity.

Calculation results

Input pulses of the same duration

(A) Input pulses with opposite polarization directions.
Let us set 7p = 100 and 19 = —1 in (3). The input RF pulse
has right circular polarization, the input LF pulse has left
circular polarization, and the durations of these pulses are
equal. Figure 1 shows plots of the values of || and
(I =1,2) at several distances s. For clarity, dashed lines
represent the values of 1o (I = 1, 2), which is the intensity
of a reference pulse (ie, a pulse generated in empty
space by the input radiation pulse). At all distances s,
conditions a = 0 and &y = 0 are fulfilled, so the plots of
these quantities are not shown in Fig. 1. Note that s = 2000
corresponds to a distance of 8 cm.

According to Fig. 1, the RF pulse gradually decays
while propagating in the medium, while the LF radiation
pulse intensifies, gaining energy from the RF pulse. At
1500 < s < 2000, the propagation velocity of the peak of
the RF pulse envelope is about 30 times lower than c. At
the same distance, the maximum of the LF pulse enve-
lope propagates with a velocity approximately equal to C.
During propagation, the envelopes of both pulses deform
significantly. At distance s = 2000, the RF pulse duration
is about 16ns, and the LF pulse duration is about 23 ns.
According to Fig. 1, quantities »; (I = 1, 2) remain constant
at all distances and equal to their values at the input surface.
Since quantities a, 6x (I =1, 2) have the same property,
we can conclude that both pulses have circular polarization
and no PM.

As the pulses propagate in the medium, trains of
short subpulses (Fig. 1,¢,f) with a sufficiently large peak
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Figure 1. Evolution of the values of I, (thick lines), y (thin lines), and Io (dashed lines) at s =800 (a), 1000 (b), and 2000 (c);
evolution of the values of |, (thick lines), y» (thin lines), and |29 (dashed lines) at s = 800 (d), 1000 (e), and 2000 (f).
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Figure 2. Evolution of the values of I} and y (I = 1, 2) at s = 2000 for RF (a) and LF (b) pulses: || (thick lines), y1 (thin lines).

intensity form at their trailing edges. Figure 2 shows a
more detailed structure of these trains at s =2000. The
durations of RF pulses / and 2 in Fig. 2,a are about 180
and 90ps, respectively. The peak intensity of pulse 7 is
approximately 7kW/cm 2. The durations of LF pulses /
and 2 in Fig. 2,b are 160 and 90 ps, respectively; the peak
intensity of pulse 2 is 17kW/cm 2. Figure 3,a shows
the intensity envelopes of both pulses / from Figs. 2,a
and 2,b, while Fig. 3,b presents the intensity envelopes of
both pulses 2 from the same figures. Figure 3 demonstrates
that subpulses of RF and LF fields are located in pairs in the

same space-time domain and, therefore, interact with each
other.

(B) Input pulses identical in polarization direction. Let
us set 79 = 100 and y;o = 1 in (3). In this case, the input
RF and LF pulses have left circular polarization and the
same duration. Figure 4 shows plots of the values of I,
and p (I =1,2) for several distances S. Dashed lines
represent the values of 1o (I = 1, 2), which is the intensity
of reference pulses. Figure 4 demonstrates that, as in the
case of opposite polarizations of input radiation, the RF
pulse is damped during propagation, while the LF pulse
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Figure 4. Evolution of the values of | (thick lines), y1 (thin lines), and |19 (dashed lines) at s = 200 (a), 400 (b), and 800 (c); evolution
of the values of |, (thick lines), p, (thin lines), and Iy (dashed lines) at s = 200 (d), 400 (e), and 800 (f).

is amplified. However, the distance of attenuation of the
RF pulse is now much shorter than in the case of input
pulses with different directions of circular polarizations.
Moreover, at large distances, this pulse decays into a set
of subpulses (Fig. 4,c) that cannot be resolved on the
scale of this figure. At large values of distance s, a
train of subpulses (also unresolved) appears at the trailing
edge of the LF pulse (Fig. 4,f). The peak intensity of
some pulses of this train is almost three times higher
than the peak intensity of the input LF pulse and reaches
60kW/cm 2. Figure 4 indicates that, unlike the case of
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identical polarization directions of the input radiations, the
values of y (I =1, 2 depend significantly on time. This
leads to similar dependences of the PE eccentricities of both
pulses.

Figure 5 shows the evolution of ||, ¢ and y (I =1, 2) in
the central part of the RF pulse (Fig. 5,a) and in the region
of the LF pulse train (Fig. 5,b) at s =800. According
to Fig. 5,a, the RF field is a set of chaotically arranged
subpulses with the average distance between their peaks
being around 240 ps. The most intense subpulse has a peak
value of about 20kW/cm 2 and a duration of about 60 ps.
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Figure 5. Evolution of ||, and 1 (I =1,2) at s=800 for RF (a) and LF (b) pulses: |} — thick lines, oy — curves I, and

» — curves 2.

Quantity «; (curve I) varies in +s steps due to the
limitation on the range of its values. However, there are also
jump transitions with an absolute magnitude smaller than 5.
Jumps of this type occur at the moment when y; =1,
ie. at the moment when the PE converges to a circle.
Therefore, the continuity of PE evolution is not disturbed
by such jumps. The value of y; (curve 2) varies from 0 to 1
within the greater part of Fig. 5,a. This means that the
polarization state of RF radiation changes from linear to
circular. The duration of subpulses at the trailing edge of
the LF pulse (Fig. 5, b) is approximately 100 ps, quantity @
remains constant over most of the train (o, = 0.735), and
the value of p, varies approximately from —0.4 to +1.
Consequently, the principal axis of PE radiation does not
change its orientation within the greater part of the train,
but its shape changes from right elliptical to left circular.

The calculation showed that the propagation of pulses in
the medium is accompanied by the emergence of significant
PM in the areas where subpulse trains are located. The
instantaneous frequency shift in these regions exceeds the
half-width of the inhomogeneous broadening line of the
RF transition. In other parts of pulses, the instantaneous
frequency shift is insignificant and amounts to a few percent
of this half-width.

Input pulses of different duration

(A) Input pulses with opposite polarization directions.
Let us set 70 = 200 and y;0 = —1 in (3). In this case, the
input RF pulse has twice the duration of the input LF pulse
and the directions of circular polarizations of these pulses
are opposite to each other. Figure 6 shows plots of the
values of I} and y; (I =1, 2) for several distances s. The
plots of ; and &y are not presented, since these quantities
remain constant and equal to their values for the input
pulses. According to Fig. 6, the same property holds for y.
This means that both radiations propagating in the medium
remain circularly polarized and devoid of PM, just as in
the case of equal in duration input pulses with opposite
circular polarizations (Fig. 1). According to Fig. 6, the

envelopes of pulse intensities deform significantly during
propagation. A comparison of Fig. 6 and Fig. 1 shows
that the subpulse trains appearing at the trailing edges of
RF pulses at a large distance (S = 2000) are much more
intense in the case of different input pulse durations than in
the case of their identical duration. At 1500 < s < 2000,
the smooth maximum of the RF pulse envelope located
before the subpulse train (Fig. 6,c) propagates at a velocity
about 35 times lower than C.

(B) Input pulses identical in polarization direction. Let
us set 79 = 200 and p10 =1 in (3). This corresponds to
the case where the input RF pulse has twice the duration of
the input LF pulse and the circular polarization directions of
these pulses are the same. Figure 7 shows plots of the values
of I) and yy (I = 1, 2) for several distances s. Note that, as
in all previous cases, the shape of curves | is subject to
considerable distortion. Already at a distance of s = 1500,
the RF pulse decays into trains of subpulses, transferring
almost all of its energy to the LF field pulse. A train
of intense subpulses (similar to the trains discussed in the
above paragraphs) is formed at the trailing edge of the RF
field pulse. Quantities oy and y, (I = 1, 2) vary significantly.
The calculation shows that similar changes are characteristic
of the values of ¢ and 84 (I =1, 2). Consequently, the
shape and orientation of the PE of both radiations change
at each point of the resonant medium.

Energy characteristics of pulses in the medium

We define the value of Tr(s) as Tr(s) =W(s)/
W(0), where W(s) is the amount of energy carried by
the pulse through a unit area of the cross section located
at distance s from the input surface within the time of
pulse propagation through that section. Quantity Tr(s)
indicates the relative change in input pulse energy over
distance s from the input surface. Figure 8 shows plots of
this quantity for the cases of identical (Fig. 8, a) and different
(Fig. 8, b) input pulse durations at opposite (thick lines) and
identical (thin lines) directions of circular polarizations of
input radiations. According to Fig. 8, when pulses propagate
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Figure 6. Evolution of the values of I (thick lines) and y (thin lines) at s =0 (a), 500 (b), and 2000 (c); evolution of |, (thick lines)

and p, (thin lines) at s = 0 (d), 500 (e), and 2000 (f).

in the medium, the RF pulse energy is pumped into a pulse
of LF radiation. A comparison of the thick and thin curves
in Figs. 8,a and b shows that this process is slower in the
case of opposite directions of circular polarizations of the
input pulses than when their circular polarizations are the
same. Therefore, in the first case, the RF pulse penetrates
into the medium to a greater distance than in the second
case. At sufficiently large distances, the RF pulse vanishes,
and the LF pulse propagates without energy change. The
calculation shows that about 20 and 25% of the total energy
of radiation is lost in the medium in the case of equal
and different durations of input pulses, respectively. The
mentioned energy losses are related to relaxation decay of
the upper levels of the considered A scheme.

The physical reason for the situation described above
is as follows. According to the rules of selection by
quantum number M, quantum transitions between states
3Py (M =0), 3P? (M = 1), and 3P, (M = 2) of the lower,
upper, and middle energy levels are involved in interaction
with the field in the case of opposite circular polarizations
of input pulses. For the same circular polarization directions
of the input pulses, these states are *Py (M =0), 3P?
(M = —1), and P, (M = 0), respectively. In both cases,
the magnitudes of dipole moments of transitions between
the states of the lower and upper energy levels are equal.
However, in the first case, the squared modulus of the
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dipole moment of the transition between the states of
the middle and upper levels is five times greater than
in the second case [35]. According to the EIT [4-6]
theory, the depth of RF pulse penetration into the medium
increases in proportion to the square of the dipole moment
of the transition between excited states of the A scheme.
Therefore, in the case of opposite circular polarizations of
input pulses, the RF pulse penetrates deeper than in the case
of identical polarization directions of these pulses. Note
that the theory of ideal EIT relies on the assumption of
counterintuitive [4] excitation of quantum transitions that is
realized in the case when the input LF pulse arrives to an
input surface of the medium before the RF pulse. In the
situation we are considering, this condition is obviously not
fulfilled, and EIT proceeds in conditions that are not ideal
for this phenomenon.

Conclusion

The calculation results show that the evolution of co-
propagating resonant pulses with different frequencies es-
sentially depends on their polarizations on entrance to
the medium. Even in the case of comparable intensities
and durations of input radiations, a significant EIT effect
associated with the creation of coherence at the transition
between the upper energy levels of the A scheme is
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Figure 7. Evolution of |; (thick lines) and y (thin lines) at s = 0 (a), 500 (b), and 1500 (c); evolution of I, (thick lines) and y, (thin

lines) at s = 0 (d), 500 (e), and 1500 (f).
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Figure 8. The dependence of Tr on s in the case of equal (a) and different (b) input pulse durations at different (thick lines) and
identical (thin lines) directions of their circular polarizations; curves / — RF radiation, curves 2 — LF radiation.

manifested in this context. In the case of opposite
circular polarizations of input pulses, the influence of
coherence on the pulse propagation process is greater than
in the case of identical directions of these polarizations.
Therefore, in the first case, the pulses propagate in
the medium for longer distances and experience smaller
deformations than when their circular polarizations have
the same direction. In addition, in the first case, the
polarization characteristics of radiations remain unchanged
in the medium; in the second case, these characteristics

change significantly. However, in all situations, trains of
short bell-shaped subpulses form at the trailing edges of
pulses. This is explained by the non-stationarity of the
process of interaction of radiation with the medium. Note
that subpulse trains also emerge when the input RF pulse
is much shorter than the input LF pulse [32]. However,
the intensity of subpulses under these conditions is much
smaller than that of trains in the calculations presented

above.
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