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X-ray diffraction in a thin crystal with non-uniform curve of reflective
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Kinematical X-ray diffraction in a curved thin crystal with depth-variable curve radius was addressed theoretically.
An algorithm was developed for calculation of scattering intensity near the reciprocal lattice point from such
structure using recurrent relations. Numerical simulation of X-ray diffraction in a silicon crystal was performed
on four microstructure models. It is shown that reciprocal space maps of diffraction intensity distribution depend
considerably on the law of crystal curve radius variation.
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Introduction

Bent crystal are used for X-ray focusing [1] and
spectroscopy [2], to obtain gamma-ray spectra, electron-
generated high energies in curved crystals [3] and for
deflection of charged high-energy particles during beam
collimation in accelerators due to the channeling phe-
nomenon [4]. Moreover, thin semiconductor crystals with
non-uniform curvature are used in microelectromechanical
systems, for example, in aerospace, automotive or watch-
making industry [3].

X-ray diffraction is a promising method of investigation of
deformed crystals, including curved periodic structures [5].
Analysis of experimental X-ray scattering data in curved
crystals shall use theoretical developments. A sufficient
number of theories is currently available that describe
diffraction in curved crystals (see, for example, [6] and
the references herein). However, numerical calculations
using these theories do not agree with the experimental
data.  Moreover, there are no studies describing nu-
merical calculations for reciprocal space mapping of X-
ray scattering intensity from curved crystals. This is
attributed to the fact that all theories are built using one-
dimensional diffraction equations in terms of an incident
plane X-ray wave on crystal. Actually, X-ray diffraction
in the bent crystalshall be described by two-dimensional
equations because the induced lattice strain is distributed
both vertically and horizontally in the periodic structure.
In addition, to describe diffraction in the curved crystal, a
spatially constrained X-ray beam model shall be used [7,8].
The problem becomes more complicated if the crystal
curvature is non-uniform in the specimen depth. Such
lattice strain may be caused by crystal chip bonding to
PCB [9]. This study proposes a method of calculation of
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reciprocal space maps (RSM) of coherent X-ray diffrac-
tion with depth-varying curve radius of reflective atomic
planes.

1. X-ray diffraction in a thin crystal

with variable curve of reflective atomic
planes

Consider the kinematical X-ray diffraction in a thin
crystal. Assume that the transverse width of the incident
X-ray beam is larger than the crystal size. The objective
of this study is to develop a calculation algorithm for
reciprocal space mapping of X-ray scattering as applica-
ble to the high-resolution X-ray diffraction method [10].
In the triple-axis, angular position of the sample
and analyzer (position-sensitive detector) are related to
the projections of diffraction vector deflection from a
reciprocal lattice point as follows: gx = ksinfg (2w — ¢),
g; = —kcosOge, where g is the Bragg angle, k = 277/4 is
the wave number, 1 is the X-ray wavelength in vac-
uum.

First, consider the kinematical diffraction in a perfect
crystal with thickness L, and width Ly (Figure 1). An X-ray
beam with size w falls on the crystal, the space (X, z) is the
diffraction plane and (L - L,) area. On they axis, the X-ray
wavefront intensity is usually integrated.

Diffraction intensity distribution near a reciprocal lattice
point of a perfect crystal will be written as

In(t» G2) = |En(0k, )|
— [iankxLosinc(axLx/2)sinc([280 — @ )L./2))% (1)

where sinc(X) = sin(X)/X, En(0x, q;) is the diffracted wave
amplitude, ag = ax0/(Ay0), an = Caxn/(Apno), 4 is the X-
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Figure 1. X-ray diffraction diagram in plane (X, z) from a

perfect crystal with thickness L., w is the width of an X-ray beam
falling on the lateral structure, lower w; and upper w; parts of
the beam expose the side and surface of a crystal with size Lx.
PSD — position-sensitive detector, @ and € — crystal and detector
rotations in the plane (X, z), respectively.

ray wavelength in vacuum, yho = sin0g, C is the polariza-
tion factor, xo,n = —r0A*Fo.n/ (V) are the Fourier compo-
nents of the X-ray polarizability and Fyp, are the structural
factors in the incident and diffraction wave directions,
respectively, V is the lattice cell volume, ro = €*/(mc?) is
the classical electron radius, €, m are electron charge and
mass.

To describe dynamical diffraction in a strained crystal in
terms of the Bragg symmetric geometry, the Takagi—Taupin
equations are used [11,12]:

(cot O 2 + 2 )Eo(n; X, ) = iaoEo(n; X, 2)

+ia_np(X, 2)En(n; X, 2), 2)
2
D VEn(n;%, 2) =i (a0 +n)En(m; X, 2)

2)Eo(n; %, 2),

i
(cotOp 4 —

+iang* (X,

where Egn(n;X,z) are transmitted and diffracted wave
amplitudes, n = 2k cos(fg)w is the angular parameter used
in the double-crystal diffractometry in 6 — 20 scanning
mode, k = 27/1 is the wave number.

Equations (2) include a phase factor
¢(X,z) =exp(ihuy(x,z)), and the ,asterisk“ means
the complex conjugation, h is the reciprocal lattice vector,
whereas h = 27/dnq, where dpy is the interplanar spacing,
Uy (X, z) is the projection of atomic displacement vector in
the reciprocal lattice vector direction.

Phase factor ¢ (X, z) existing in equations (2) for the
bent crystalmay be written as ¢ (X, z) = ¢x(X)p,(z), where

¢x(X) = exp(ihuy(x)) and ¢,(z) = exp(ihu,(z)). Equa-

tions (2) will be rewritten as

(cot O & + 2)Eo(m; X, 2) =
+ia_ngx(X)¢2(2)En(n; X, 2), o)

(cot O 2 — 2)En(m;%, 2) =i (a0 + n)En(n; X, 2)
+iang™(x)¢; (2)Eo(m; X, 2).

i aOEO(n7 X, Z)

Perform the Fourier transformation for coherent ampli-
tudes of X-ray fields in the system of equations (3):

EO (nax Z /dQXeXp IqX )E()h(qx’ UN ) (4)

where the Fourier transforms will be written as

Eon(q. 7152) = / dx exp(—i G)Eon(mx, 2).  (5)

Perform also the Fourier transformation for the phase
factor ¢y (X):

Px(X) = % /dQXeXP(iQXX)(/J’X(QX)’ (6)

where its Fourier transform will be written as
+o0
(@0 = [ dxexp(-iaX)6(x). )

By substituting (5) and (7) in system (3), we get Fourier
domain integro-differential equations

Bolenz) — j(ag — k cot O )Eo(k, 0 2)

+|a ¢z ¢>< f dIC eXp(IIC X)Eh(K n, )
, (8)
—1Elen?) _j(ag + 1 — k cot O )En(k, 7;2)

* * +oo R
—i—iahi%(zz)f*('{) [ dk"exp(ic'x)Eo(x”, n;Z).

system of equations (8) describes the Fourier-domain
dynamical diffraction. In case of kinematical approximation,

when aj; = 0, these equations will be written as
2Bol8e12) — (a9 — g cot 0 )Eo(Ck, 13 2),
—PEEIE = iag + 0 — ok cot O )En(Gh. 71:2)

+o00 R
+iand; (2)¢x (ax) j day exp(i gex)Eo (g% 1 2).
9)
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By substitution of the X-ray wave amplitudes

Eo(Ox» 15 2) =Eo(ax, 15 Z) exp(i (ap — O cot 0)Z2),

En(ax. 75 2) =En(ax, 1;2) exp(-i (a0 + n—Cx cot 0g)2),
(10)
and using the boundary conditions

+00
Eo(1m;%, 0) = / dx’ exp(ix’'x)Eo(x’, n;0)

1 x€+Ly/2
0 x¢ +Ly/2,

where Ly is the crystal surface exposure width, system of
equations (10) will be written as

9o (Geom:2)
7~ =0

— G2 — fappr (2) g5 (O ), ()
exp(—i (a9 + 1 — Gy cot 0g)2).

According to (11), the diffraction wave amplitude equation
will be written as

0
En(Gx. 7:2) = —ian / dz'p3(2')
/ (12)

x exp(i[ao + n]z" )y (ax ) exp(—iax cot05)z’).
Performing inverse Fourier transform (12) and considering
+o0
¢x(ax) = [ dxexp(igx)¢x(x), the diffraction wave ampli-

tude depending on the spatial coordinates (X, z) may be
written as an integral

V4
En(Ox. 7;2) = iah/dz’d);‘(z’)
0

+00

x exp(i[ag +n — 0 cot 0g]z’) / dx exp(i gy X) ¢ (X).

(13)
In case of the three-crystal diffractometry, the angular
variable n in the diffraction equations will be written as
n = Qgx cotOg — Qz, then

z

En(Gx, 0z 2) — ian / dz';(2))

0

x exp(ilao — 9;]Z") / dx exp(i gy X)x (X).
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The expression for the intensity of a diffraction wave from
a crystal with width Ly and thickness L; is written as

L,

(. 2) = [z [ dzexpilan ~ a2)zloe(2)

0
Ly/2

< [ dxi)expliann
)

2
| (14)

The field of atomic displacements of a bent crystalwill be
written as

Uz(X, Z) = Uz (X) + Uz (2), (15)
where
2
L, L,
X2 ~%(z-%) 2<%
Uz (X) = R’ Uz(z) = L2 L
o _71), z> 4% 13

Here R is the curvature radius, constant factor a depends
on the modulus of elasticity and crystal orientation. If
the crystal curvature radius varies in depth of the periodic
structure, then the crystal may be presented as a multilayer
structure consisting of N layers. Amplitudes of the diffracted
X-ray wave EN(0x, ;) from such system are calculated
using a recurrent relation

E#(Qx, dz) = Et’:‘_l(QX’ dz) + eXp(iQZL'z\lil)ErT(QX, dz).

(16)
Ly
where Ef~'(qx, Gz) and E}(0x, G,) = ian [ dzexpli(ao —
0
L1/2
—0.)Z]¢2(z) [ dxep(x)exp(igxx) — amplitudes of re-
~Lp/2

flected waves from N — 1 top layers and a bottom layer,
respectively, LY~! is the thickness of top N — 1 layers,
LY is the thickness of the n-th layer. One-dimensional phase
functions for the n-th layer are written as
n H X2
dx(X) = exp {_IhZ_Rn}

and
2
Ly Ly
a 74 Z
_2_.-.(2 — 7) 7z < -5

2
Ly Ly
a_ — =z jrd
2Rn(z 2) Z>7

$2(2) = exp | —ih

where Ry is the curvature radius of atomic planes of this
layer.

2. Numerical simulation of X-ray
diffraction mapping in a crystal
with non-uniform curvature radius

The theoretical results obtained above are used to calcu-
late the RSM for four silicon crystal microstructure models.
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Different versions of curvature of reflective atomic planes in
the depth of a crystal with thickness L, = L1 + Lz + Lz3
are addressed, where L;; 3 are the thickness of uniformly
curved top part, non-uniformly curved middle and non-
curved bottom part of a chip (Figure 2). Generally,
the microstructure bottom may be a perfect or one-
dimensionally depth-strained crystal.

Numerical calculations of the RSM are made for
the microstructure models with thickness L, =4um in
case of symmetric (333) reflection ofo-polarized X-ray
CuK,j-radiation. The incident beam width on the lateral
crystal is w = 103 um, whereas the bottom w; = 3 um and
top wy = 100 um parts of the beam expose the side and
surface of the crystal with size Ly = 135um, respectively
(Figure 1,2).

The first model is the simplest for review and represents
a planar perfect crystal with a constant interplanar spacing.
The RSM for this model is calculated using the solution
of (1). Figure 3 shows the angular distribution of X-ray
scattering intensity near the reciprocal lattice from a perfect
lateral crystal. The vertical band (bar) on the RSM is
related to the intensity distribution of the main diffraction
peak. Width of this bar depends on the lateral dimension
of the crystal: the narrower the crystal the wider this bar.
Periodic peaks along the vertical bar are associated with the
crystal thickness. The lateral truncated low-intensity band
perpendicular to the main diffraction bar is caused by the
curve ,tails“ of the RSM section gy.

The second model is applicable to the uniformly bent
crystalwith a curvature radius throughout the periodic struc-
ture thickness. The angular distribution of X-ray scattering
intensity near the reciprocal lattice point is calculated using
solution (2). Figure 4 demonstrates a calculation map from
a uniformly bent crystalwith a curvature radius R = Im.
Unlike the planar lateral crystal, the main diffraction peak
band is broadened considerably due to the curve of the
reflective atomic planes. Like for the planar crystal, the

Figure 2. Schematic image of the chip in the plane (X, z) with
non-uniform distribution of the reflective atomic plane curvature in
the crystal depth. Here, @ and ¢ are crystal and detector rotations
in the plane (X, z), respectively.
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Figure 3. Calculation RSM from the planar perfect crystal with a
thickness of 4 um and surface width ofLy = 135 um.
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Figure 4. Calculation RSM from the uniformly bent crystalwith
a thickness of 4um and surface width Ly = 135um. Curvature
radius of the reflective atomic planes R = 1 m.

RSM exhibits an oscillatory structure along the vertical
direction.

A microstructure with a non-uniform curvature of the
reflective atomic planes is described by the third model.
The chip structure has the following configuration: top part
of 25um in thickness, curved crystalline layer with the
constant curvature radius R = 1 m; bottom part is a crystal
structure of 1.5um in thickness whose curvature radius
varies from 1 to 5m. Calculation of the RSM is based on
equation (2) for the top part. Then this result is fitted with
the calculation of the amplitude of diffracted X-ray wave
from the bottom part using recurrent equation (4). Figure 5
shows the calculation RSM from a non-uniformly bent
crystalcorresponding to the third model. If for the uniformly
curved structure the RSM is symmetric both vertically and
laterally (Figure 4), for the case of the non-uniformly bent
crystalsuch symmetry is absent (Figure 5). Calculations
show that the X-ray scattering intensity distribution near

Technical Physics, 2024, Vol. 69, No. 7
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the reciprocal lattice point depends greatly on the law of
curvature radius variation of the reflective atomic planes.
This is demonstrated by the calculation of X-ray diffraction
from a structure corresponding to the fourth model.

The fourth model is a chip with non-uniform curved
top and non-curved bottom (Figure 6). The structure
of such chip consists of a uniform curved upper layer
of 1.75umin thickness with curvature radius R= 1m.
There is an intermediate layer of 0.25 um in thickness where
the curvature radius varies from 1 to 5m. The chip bottom
is an ideal crystal of 2 um in thickness.

Lateral sections gx of the RSM from the microstructure
models shown above are demonstrated in Figure 7. For
a perfect crystal, section gx has a profile of a common
kinematical diffraction reflection curve (curve 7). Secondary
oscillations of section (x correspond to the crystal surface

20

4z, m-

20
20 . 20
qx, Hm

Figure 5. Calculation RSM from a non-uniformly curved crystal.
The top part of 2.5 um in thickness has a uniform curvature radius
R = 1m, in the bottom part of the crystal of 1.5 um in thickness,
the curvature radius varies from 1 to 5m.

20

g, um

20— : : :
20 B 20
G M

Figure 6. Calculation RSM from a crystal chip with uniformly
curved top (R=1m) of 1.75um in thickness, the radius varies
from 1 to 5m in the middle of the crystal with a thickness
of 0.25um, chip bottom of 2um in thickness corresponds to an
ideal crystal.
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Intensity

Figure 7. Calculated sections gx-of the logarithmic RSM.
Numbering of the curves corresponds to the map sections
in Figure 3—6, respectively.

width, and the larger the exposed surface size the smaller
the oscillation period. Curvature of the reflective planes
broadens significantly the profile of section gx (Figure 7,
curve 2). Curve 3 in Figure 7 corresponds to sec-
tion gy of the calculation RSM from the non-uniformly
bent crystalwhere the top of 2.5um in thickness has a
uniform curvature radius of R = 1m, the radius varies
from 1 to 5m in the bottom of 1.5um in thickness.
X-ray diffraction on such structure, besides a broadened
profile of section (x, is followed by the appearance of a
narrow peak in the center. This is attributed to a lightly
deformed region in the crystal. Calculation section 0y
of the RSM from the chip with a uniformly curved top
of 1.75um and R= 1m, middle of 0.25um in thickness
with a curvature radius varying from 1 to 5m, and non-
curved bottom of 2um in thickness is shown in Figure 7
(curve 4). The presence of a layer with constant interplanar
spacing in the crystal causes a narrow peak against a
broadened plateau occurring due to the curved reflective
atomic planes.

Figure 8 demonstrates calculated ¢, (0x) cross section
the RSM from microcrystalline systems of four models. It
is interesting that the profiles of sections ;- on the RSM of
the perfect and uniformly bent crystalcoincide (curves I
and 2 in Figure 8). This is explained by the fact
that the crystal is thin and the uniform bending strain
has almost no effect on the atomic displacement field
in the vertical direction. = Non-uniform local bending
strain in the crystal results in the interference of X-ray
waves from various periodic structure areas, which takes
a form of the curve profile of section ¢,- (Figure 8,
curve 3). The presence of a planar layer that is twice as
thinner broadens the diffraction reflection curve (Figure 8,
curve 4).
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Figure 8. Calculation sections Q- of the RSM. Numbering of the
curves corresponds to the map sections in Figure 3—6, respectively.

Conclusion

The study uses a kinematical solution to perform numeric
simulation of X-ray diffraction mapping from crystalline
silicon chips with various configurations. All calculations
have been made for laterally limited crystals being ,,awash*
in the X-ray beam, i.e. both the side and top of the chip
are exposed. Since analytical solution (1) is used for the
perfect crystal, it takes about 1s to calculate the RSM
using a ,JIntel CORE i7-7740X“ PC, and it takes from 2
to Smin to calculate the intensity of X-ray scattering from
the bent crystal using solution (2). On the other hand,
numeric solutions using nodal grids [14] on the basis of
the Takagi—Taupin equations or two-dimensional recurrent
relations with the same accuracy are performed within 1h.
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