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Introduction

Bent crystal are used for X-ray focusing [1] and

spectroscopy [2], to obtain gamma-ray spectra, electron-

generated high energies in curved crystals [3] and for

deflection of charged high-energy particles during beam

collimation in accelerators due to the channeling phe-

nomenon [4]. Moreover, thin semiconductor crystals with

non-uniform curvature are used in microelectromechanical

systems, for example, in aerospace, automotive or watch-

making industry [5].

X-ray diffraction is a promising method of investigation of

deformed crystals, including curved periodic structures [5].
Analysis of experimental X-ray scattering data in curved

crystals shall use theoretical developments. A sufficient

number of theories is currently available that describe

diffraction in curved crystals (see, for example, [6] and

the references herein). However, numerical calculations

using these theories do not agree with the experimental

data. Moreover, there are no studies describing nu-

merical calculations for reciprocal space mapping of X-

ray scattering intensity from curved crystals. This is

attributed to the fact that all theories are built using one-

dimensional diffraction equations in terms of an incident

plane X-ray wave on crystal. Actually, X-ray diffraction

in the bent crystalshall be described by two-dimensional

equations because the induced lattice strain is distributed

both vertically and horizontally in the periodic structure.

In addition, to describe diffraction in the curved crystal, a

spatially constrained X-ray beam model shall be used [7,8].
The problem becomes more complicated if the crystal

curvature is non-uniform in the specimen depth. Such

lattice strain may be caused by crystal chip bonding to

PCB [9]. This study proposes a method of calculation of

reciprocal space maps (RSM) of coherent X-ray diffrac-

tion with depth-varying curve radius of reflective atomic

planes.

1. X-ray diffraction in a thin crystal
with variable curve of reflective atomic
planes

Consider the kinematical X-ray diffraction in a thin

crystal. Assume that the transverse width of the incident

X-ray beam is larger than the crystal size. The objective

of this study is to develop a calculation algorithm for

reciprocal space mapping of X-ray scattering as applica-

ble to the high-resolution X-ray diffraction method [10].
In the triple-axis, angular position of the sample ω

and analyzer (position-sensitive detector) are related to

the projections of diffraction vector deflection from a

reciprocal lattice point as follows: qx = k sin θB(2ω − ε),
qz = −k cos θBε, where θB is the Bragg angle, k = 2π/λ is

the wave number, λ is the X-ray wavelength in vac-

uum.

First, consider the kinematical diffraction in a perfect

crystal with thickness Lz and width Lx (Figure 1). An X-ray

beam with size w falls on the crystal, the space (x , z ) is the
diffraction plane and (Lx · Lz ) area. On they axis, the X-ray

wavefront intensity is usually integrated.

Diffraction intensity distribution near a reciprocal lattice

point of a perfect crystal will be written as

Ih(qx , qz ) = |Eh(qx , qz )|
2

= |iahLx Lz sinc(qx Lx/2)sinc([2a0 − qz ]Lz /2)|
2, (1)

where sinc(x) = sin(x)/x , Eh(qx , qz ) is the diffracted wave

amplitude, a0 = πχ0/(λγ0), ah = Cπχh/(λγh,0), λ is the X-
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Figure 1. X-ray diffraction diagram in plane (x , z ) from a

perfect crystal with thickness Lz , w is the width of an X-ray beam

falling on the lateral structure, lower w1 and upper w2 parts of

the beam expose the side and surface of a crystal with size Lx .

PSD — position-sensitive detector, ω and ε — crystal and detector

rotations in the plane (x , z ), respectively.

ray wavelength in vacuum, γh,0 = sin θB , C is the polariza-

tion factor, χ0,h = −r0λ2F0,h/(πVc) are the Fourier compo-

nents of the X-ray polarizability and F0,h are the structural

factors in the incident and diffraction wave directions,

respectively, Vc is the lattice cell volume, r0 = e2/(mc2) is

the classical electron radius, e, m are electron charge and

mass.

To describe dynamical diffraction in a strained crystal in

terms of the Bragg symmetric geometry, the Takagi−Taupin

equations are used [11,12]:



































(cot θB
∂
∂x + ∂

∂z )E0(η; x , z ) = ia0E0(η; x , z )

+ia−hφ(x , z )Eh(η; x , z ),

(cot θB
∂
∂x − ∂

∂z )Eh(η; x , z ) = i(a0 + η)Eh(η; x , z )

+iahφ
∗(x , z )E0(η; x , z ),

(2)

where E0,h(η; x , z ) are transmitted and diffracted wave

amplitudes, η = 2k cos(θB)ω is the angular parameter used

in the double-crystal diffractometry in θ − 2θ scanning

mode, k = 2π/λ is the wave number.

Equations (2) include a phase factor

φ(x , z ) = exp(ihuz (x , z )), and the
”
asterisk“ means

the complex conjugation, h is the reciprocal lattice vector,

whereas h = 2π/dhkl , where dhkl is the interplanar spacing,

uz (x , z ) is the projection of atomic displacement vector in

the reciprocal lattice vector direction.

Phase factor φ(x , z ) existing in equations (2) for the

bent crystalmay be written as φ(x , z ) = φx (x)φz (z ), where

φx (x) = exp(ihuz (x)) and φz (z ) = exp(ihuz (z )). Equa-

tions (2) will be rewritten as



































(cot θB
∂
∂x + ∂

∂z )E0(η; x , z ) = ia0E0(η; x , z )

+ia−hφx (x)φz (z )Eh(η; x , z ),

(cot θB
∂
∂x − ∂

∂z )Eh(η; x , z ) = i(a0 + η)Eh(η; x , z )

+iahφ
∗(x)φ∗

z (z )E0(η; x , z ).

(3)

Perform the Fourier transformation for coherent ampli-

tudes of X-ray fields in the system of equations (3):

E0,h(η; x , z ) =
1

2π

+∞
∫

−∞

dqx exp(iqx x)Ê0,h(qx , η; z ), (4)

where the Fourier transforms will be written as

Ê0,h(q, η; z ) =

+∞
∫

−∞

dx exp(−iqx x)E0,h(η; x , z ). (5)

Perform also the Fourier transformation for the phase

factor φx (x):

φx (x) =
1

2π

+∞
∫

−∞

dqx exp(iqx x)φx (qx ), (6)

where its Fourier transform will be written as

φx(qx ) =

+∞
∫

−∞

dx exp(−iqx x)φx (x). (7)

By substituting (5) and (7) in system (3), we get Fourier

domain integro-differential equations















































∂Ê0(κ,η;z )
∂z = i(a0 − κ cot θB)Ê0(κ, η; z )

+ia h̄
φz (z )φx (κ)

2π

+∞
∫

−∞

dκ′ exp(iκ′x)Êh(κ
′, η; z ),

− ∂Êh(κ,η;z )
∂z = i(a0 + η − κ cot θB)Êh(κ, η; z )

+iah
φ∗

z (z )φ∗

x (κ)

2π

+∞
∫

−∞

dκ′ exp(iκ′x)Ê0(κ
′, η; z ).

(8)

system of equations (8) describes the Fourier-domain

dynamical diffraction. In case of kinematical approximation,

when a h̄ = 0, these equations will be written as































∂Ê0(qx ,η;z )
∂z = i(a0 − qx cot θB)Ê0(qx , η; z ),

− ∂Êh(qx ,η;z )
∂z = i(a0 + η − qx cot θB)Êh(qx , η; z )

+iahφ
∗

z (z )φ∗

x (qx)
+∞
∫

−∞

dq′

x exp(iq
′

x x)Ê0(q′

x , η; z ).

(9)
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By substitution of the X-ray wave amplitudes







Ê0(qx , η; z )= Ẽ0(qx , η; z ) exp(i(a0−qx cot θB)z ),

Êh(qx , η; z )= Ẽh(qx , η; z ) exp(−i(a0 + η−qx cot θB)z ),

(10)
and using the boundary conditions

Ê0(η; x , 0) =

+∞
∫

−∞

dκ′ exp(iκ′x)Ẽ0(κ
′, η; 0)

=







1 x ∈ ±Lx/2

0 x /∈ ±Lx/2,

where Lx is the crystal surface exposure width, system of

equations (10) will be written as























∂Ẽ0(qx ,η;z )
∂z = 0,

− ∂Ẽh(qx ,η;z )
∂z = iahφ

∗

z (z )φ∗

x (qx ),

exp(−i(a0 + η − qx cot θB)z ).

(11)

According to (11), the diffraction wave amplitude equation

will be written as

Ẽh(qx , η; z ) = −iah

0
∫

z

dz ′φ∗

z (z ′)

× exp(i[a0 + η]z ′)φ∗

x (qx ) exp(−iqx cot θB)z ′).

(12)

Performing inverse Fourier transform (12) and considering

φ∗

x (qx ) =
+∞
∫

−∞

dx exp(iqx)φx (x), the diffraction wave ampli-

tude depending on the spatial coordinates (x , z ) may be

written as an integral

Ẽh(qx , η; z ) = iah

z
∫

0

dz ′φ∗

z (z ′)

× exp(i[a0 + η − qx cot θB ]z ′)

+∞
∫

−∞

dx exp(iqx x)φx (x).

(13)
In case of the three-crystal diffractometry, the angular

variable η in the diffraction equations will be written as

η = qx cot θB − qz , then

Ẽh(qx , qz ; z ) = iah

z
∫

0

dz ′φ∗

z (z ′)

× exp(i[a0 − qz ]z
′)

+∞
∫

−∞

dx exp(iqx x)φx (x).

The expression for the intensity of a diffraction wave from

a crystal with width Lx and thickness Lz is written as

Ih(qx , qz ) =
∣

∣

∣
ia z

Lz
∫

0

dz exp(i[a0 − qz )z ]φz (z )

×

Lx /2
∫

−Lx/2

dxφx(x) exp(iqx x)
∣

∣

∣

2

. (14)

The field of atomic displacements of a bent crystalwill be

written as

uz (x , z ) = uz (x) + uz (z ), (15)

where

uz (x) =
x2

2R
, uz (z ) =











− α
2R

(

z − Lz

2

)2

, z ≤ − Lz

2
,

α
2R

(

z − Lz

2

)2

, z > Lz

2
, [13].

Here R is the curvature radius, constant factor α depends

on the modulus of elasticity and crystal orientation. If

the crystal curvature radius varies in depth of the periodic

structure, then the crystal may be presented as a multilayer

structure consisting of N layers. Amplitudes of the diffracted

X-ray wave EN
h (qx , qz ) from such system are calculated

using a recurrent relation

EN
h (qx , qz ) = EN−1

h (qx , qz ) + exp(iqz LN−1
z )En

h (qx , qz ),
(16)

where EN−1
h (qx , qz ) and En

h (qx , qz ) = iah

Ln
z

∫

0

dz exp[i(a0 −

−qz )z ]φn
z (z )

Ln
x /2
∫

−Ln
x /2

dxφn
x (x) exp(iqx x) — amplitudes of re-

flected waves from N − 1 top layers and a bottom layer,

respectively, LN−1
z is the thickness of top N − 1 layers,

Ln
z is the thickness of the n-th layer. One-dimensional phase

functions for the n-th layer are written as

φn
x (x) = exp

[

−ih
x2

2Rn

]

and

φn
z (z ) = exp






−ih











− α
2Rn

(

z −
Ln

z
2

)2

z ≤ −
Ln

z
2

α
2Rn

(

z −
Ln

z

2

)2

z >
Ln

z

2






,

where Rn is the curvature radius of atomic planes of this

layer.

2. Numerical simulation of X-ray
diffraction mapping in a crystal
with non-uniform curvature radius

The theoretical results obtained above are used to calcu-

late the RSM for four silicon crystal microstructure models.
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Different versions of curvature of reflective atomic planes in

the depth of a crystal with thickness Lz = Lz1 + Lz2 + Lz3

are addressed, where Lz1,2,3 are the thickness of uniformly

curved top part, non-uniformly curved middle and non-

curved bottom part of a chip (Figure 2). Generally,

the microstructure bottom may be a perfect or one-

dimensionally depth-strained crystal.

Numerical calculations of the RSM are made for

the microstructure models with thickness Lz = 4 µm in

case of symmetric (333) reflection ofσ -polarized X-ray

CuKα1-radiation. The incident beam width on the lateral

crystal is w = 103 µm, whereas the bottom w1 = 3µm and

top w2 = 100 µm parts of the beam expose the side and

surface of the crystal with size Lx = 135 µm, respectively

(Figure 1, 2).

The first model is the simplest for review and represents

a planar perfect crystal with a constant interplanar spacing.

The RSM for this model is calculated using the solution

of (1). Figure 3 shows the angular distribution of X-ray

scattering intensity near the reciprocal lattice from a perfect

lateral crystal. The vertical band (bar) on the RSM is

related to the intensity distribution of the main diffraction

peak. Width of this bar depends on the lateral dimension

of the crystal: the narrower the crystal the wider this bar.

Periodic peaks along the vertical bar are associated with the

crystal thickness. The lateral truncated low-intensity band

perpendicular to the main diffraction bar is caused by the

curve
”
tails“ of the RSM section qx .

The second model is applicable to the uniformly bent

crystalwith a curvature radius throughout the periodic struc-

ture thickness. The angular distribution of X-ray scattering

intensity near the reciprocal lattice point is calculated using

solution (2). Figure 4 demonstrates a calculation map from

a uniformly bent crystalwith a curvature radius R = 1m.

Unlike the planar lateral crystal, the main diffraction peak

band is broadened considerably due to the curve of the

reflective atomic planes. Like for the planar crystal, the

w1

w2

w

w2

– /2Lx Lx/2

0

PSD

e

x

Lz

z

PCB
glue

w

Figure 2. Schematic image of the chip in the plane (x , z ) with

non-uniform distribution of the reflective atomic plane curvature in

the crystal depth. Here, ω and ε are crystal and detector rotations

in the plane (x , z ), respectively.
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Figure 3. Calculation RSM from the planar perfect crystal with a

thickness of 4 µm and surface width ofLx = 135 µm.
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Figure 4. Calculation RSM from the uniformly bent crystalwith

a thickness of 4 µm and surface width Lx = 135 µm. Curvature

radius of the reflective atomic planes R = 1m.

RSM exhibits an oscillatory structure along the vertical

direction.

A microstructure with a non-uniform curvature of the

reflective atomic planes is described by the third model.

The chip structure has the following configuration: top part

of 2.5µm in thickness, curved crystalline layer with the

constant curvature radius R = 1m; bottom part is a crystal

structure of 1.5µm in thickness whose curvature radius

varies from 1 to 5m. Calculation of the RSM is based on

equation (2) for the top part. Then this result is fitted with

the calculation of the amplitude of diffracted X-ray wave

from the bottom part using recurrent equation (4). Figure 5

shows the calculation RSM from a non-uniformly bent

crystalcorresponding to the third model. If for the uniformly

curved structure the RSM is symmetric both vertically and

laterally (Figure 4), for the case of the non-uniformly bent

crystalsuch symmetry is absent (Figure 5). Calculations

show that the X-ray scattering intensity distribution near
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the reciprocal lattice point depends greatly on the law of

curvature radius variation of the reflective atomic planes.

This is demonstrated by the calculation of X-ray diffraction

from a structure corresponding to the fourth model.

The fourth model is a chip with non-uniform curved

top and non-curved bottom (Figure 6). The structure

of such chip consists of a uniform curved upper layer

of 1.75µmin thickness with curvature radius R = 1m.

There is an intermediate layer of 0.25 µm in thickness where

the curvature radius varies from 1 to 5m. The chip bottom

is an ideal crystal of 2µm in thickness.

Lateral sections qx of the RSM from the microstructure

models shown above are demonstrated in Figure 7. For

a perfect crystal, section qx has a profile of a common

kinematical diffraction reflection curve (curve 1). Secondary
oscillations of section qx correspond to the crystal surface

–20 20

–
1

q
, 
µ

m
z

–20

20

–1
q , µm
x

–6
5 ·10

–5
3 ·10

–4
2 ·10

–3
1 ·10

–3
5 ·10

–2
3 ·10

–1
2 ·10

0
1 ·10

Figure 5. Calculation RSM from a non-uniformly curved crystal.

The top part of 2.5 µm in thickness has a uniform curvature radius

R = 1m, in the bottom part of the crystal of 1.5 µm in thickness,

the curvature radius varies from 1 to 5m.
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q
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5 ·10–6
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Figure 6. Calculation RSM from a crystal chip with uniformly

curved top (R = 1m) of 1.75 µm in thickness, the radius varies

from 1 to 5m in the middle of the crystal with a thickness

of 0.25 µm, chip bottom of 2 µm in thickness corresponds to an

ideal crystal.
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n
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–5 0 5

2
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1

Figure 7. Calculated sections qx -of the logarithmic RSM.

Numbering of the curves corresponds to the map sections

in Figure 3−6, respectively.

width, and the larger the exposed surface size the smaller

the oscillation period. Curvature of the reflective planes

broadens significantly the profile of section qx (Figure 7,

curve 2). Curve 3 in Figure 7 corresponds to sec-

tion qx of the calculation RSM from the non-uniformly

bent crystalwhere the top of 2.5µm in thickness has a

uniform curvature radius of R = 1m, the radius varies

from 1 to 5m in the bottom of 1.5 µm in thickness.

X-ray diffraction on such structure, besides a broadened

profile of section qx , is followed by the appearance of a

narrow peak in the center. This is attributed to a lightly

deformed region in the crystal. Calculation section qx

of the RSM from the chip with a uniformly curved top

of 1.75 µm and R = 1m, middle of 0.25 µm in thickness

with a curvature radius varying from 1 to 5m, and non-

curved bottom of 2µm in thickness is shown in Figure 7

(curve 4). The presence of a layer with constant interplanar

spacing in the crystal causes a narrow peak against a

broadened plateau occurring due to the curved reflective

atomic planes.

Figure 8 demonstrates calculated qz (qx ) cross section

the RSM from microcrystalline systems of four models. It

is interesting that the profiles of sections qz - on the RSM of

the perfect and uniformly bent crystalcoincide (curves 1

and 2 in Figure 8). This is explained by the fact

that the crystal is thin and the uniform bending strain

has almost no effect on the atomic displacement field

in the vertical direction. Non-uniform local bending

strain in the crystal results in the interference of X-ray

waves from various periodic structure areas, which takes

a form of the curve profile of section qz - (Figure 8,

curve 3). The presence of a planar layer that is twice as

thinner broadens the diffraction reflection curve (Figure 8,

curve 4).
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Figure 8. Calculation sections qz - of the RSM. Numbering of the

curves corresponds to the map sections in Figure 3−6, respectively.

Conclusion

The study uses a kinematical solution to perform numeric

simulation of X-ray diffraction mapping from crystalline

silicon chips with various configurations. All calculations

have been made for laterally limited crystals being
”
awash“

in the X-ray beam, i.e. both the side and top of the chip

are exposed. Since analytical solution (1) is used for the

perfect crystal, it takes about 1 s to calculate the RSM

using a
”
Intel CORE i7-7740X“ PC, and it takes from 2

to 5min to calculate the intensity of X-ray scattering from

the bent crystal using solution (2). On the other hand,

numeric solutions using nodal grids [14] on the basis of

the Takagi−Taupin equations or two-dimensional recurrent

relations with the same accuracy are performed within 1 h.
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