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1. Introduction

The self-modulation and spectrum of superradiant lasers,

even with a homogeneous broadening of spectral line

of a two-level active medium, are determined not only

by the interaction of the modes of the electromagnetic

field of the cavity E(z , t) due to the known quadratic

nonlinearity of saturation of this medium [1–5]. First of

all, the nature of the generated radiation is determined

by the consistent space-time dynamics of the polarization

P(z , t), i. e., the density of optical dipole moments of

active centers, and the inversion of the populations of the

energy levels of these centers D(z , t). The non-standard

hierarchy TE ≪ T2 . T1 of times of incoherent relaxation

of the field, polarization and inversion of energy-level

population, respectively, ensures the occurrence of new

features of single-mode self-modulation and multimode laser

dynamics described by the semi-classical Maxwell−Bloch

equations for such lasers, unlike traditional lasers (see, for
example, [4–7]).

One of these effects is associated with the half-wavelength

grating [5–7] of population inversion formed by counter-

propagating waves in a combined Fabry-Perot cavity with

distributed feedback (FP-DFB). This grating non-linearly

changes the Q-factor of the laser polariton modes, initially

set by the cavity, which is low-Q one according to the

definition of a superradiant laser. Even in the case of a

symmetrical cavity considered below, the grating can be

mirror-asymmetric and result in an asymmetric radiation.

Near the generation threshold, the laser polariton mode

is usually stationary and has a very narrow spectrum with

a width less than T−1
2 ≪ T−1

E . When the laser threshold is

not very much exceeded, superradiant generation, as a rule,

is still attributable to a single polariton mode at a frequency

near the center of the spectral line of the active medium ω21,

but has a nonlinear inhomogeneous structure that differs

from the one set by the FP-DFB cavity due to Bragg

scattering and simultaneous amplification on the specified

grating, and may be subject to regular self-modulation.

When the threshold is greatly exceeded, the laser dynamics

can become complex and irregular depending on the laser

parameters, resulting in an asymmetric coherent radiation

with several time scales and various features of the discrete

and continuous spectrum. Such a complicated lasing is

characteristic of active media, including semiconductors,

with a rather weak inhomogeneous broadening of the

spectral line of superradiant active centers, for example,

impurities, excitons, electrons and holes in magnetized

quantum wells, electrons in quantum cascade lasers, atoms

in optical traps [8–14].

This paper is devoted to the analysis of a number of

mechanisms responsible for the formation of this kind

of radiation, which is not typical for conventional lasers,

based on the numerical solution of nonlinear and linearized

Maxwell−Bloch equations. Having specified the laser

model in the section 2, we briefly characterize the key

mechanisms of self-modulation that we found in section 3.

The parameters of the lasers are also given there, for which
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the results of demonstration calculations of dynamics and

spectra at different pump levels are provided in the following

sections 4 and 5. The conclusion contains general comments

and open questions.

2. A model of a superradiant laser with
a symmetric cavity

The dynamics of the state of a distributed system of

two-level active centers with a transition frequency of ω21

and a dipole moment of d in the presence of continuous-

wave (CW) incoherent pumping in the cavity FP-DFB

is described by the semi-classical Maxwell–Bloch equa-

tions [6,7]. The electromagnetic field and the polarization

of the medium (the density of optical dipole moments) in

them are represented as a pair of counterpropagating waves

with smoothly varying complex amplitudes:

E = Re
[

A+(z , t) exp(ik0z − iω0t)

+ A−(z , t) exp(−ik0z − iω0t)
]

/
√
ε0, (1)

P = Re
[

P+(z , t) exp(k0z − iω0t)

+ P−(z , t) exp(−ik0z − iω0t)
]√

ε0. (2)

The carriers selected are the DFB Bragg frequency ω0 (for
certainty coinciding with the partial frequency of one of the

modes of the Fabry-Perot cavity with a real reflection factor

of mirrors R) and the associated wave number

k0 = ω0c−1√ε0, (3)

which is determined by the half-wave length period

λ0/2 = π/k0 of modulation of the laser waveguide or

equivalent modulation of the dielectric constant of the active

medium matrix with an effective amplitude bp (ε0 is the

average value of this dielectric constant, c the speed of light

in vacuum):

εM = ε0Re
[

1 + 4bp exp(2ik0z )
]

. (4)

The population inversion of two-level active centers in

the equations is represented as the sum of a smoothly

inhomogeneous component n(z , t) and a half-wavelength

grating nz (z , t):

D(z , t) = n(z , t) + Im
[

nz (z , t) exp(2ik0z )
]

. (5)

The temporal and spatial scales of the collective behavior

of the superradiant system of active centers are set by the

cooperative frequency

νc =

√

2πd2ω21N0

ε0~
(6)

and the cooperative length Bc = c/νc
√
ε0 (N0 is a con-

centration of active centers, ~ Planck’s constant). These

values are used for the normalization of all frequency, time

and space quantities: spectral detuning 1 = (ω − ω0)/νc ,

the rates of incoherent field relaxation, population inver-

sion and polarization ŴE,1,2 = 1/(νcTE,1,2), laser length

L = B/Bc (it is assumed that the length B is a multiple

of λ0/2), time τ = νct and coordinate ζ = z/Bc . The

dimensionless amplitude of the dielectric-constant modu-

lation β = bpω0/νc serves as the coupling coefficient of

the counterpropagating field waves (the DFB coefficient).
It is convenient to normalize the amplitudes of polariza-

tion and field waves per active center: p± = P±/(dN0),
α± = A±/(2πdN0) = dA±/(~νcε0).
The space-time dynamics of the field is given by Maxwell

equations:

[

∂

∂τ
+

∂

∂ζ

]

α+ + iβα− = i p+,

[

∂

∂τ
− ∂

∂ζ

]

α− + iβ∗α+ = i p−. (7)

Below, for certainty, it is assumed that the DFB coefficient

is a real-valued parameter, β = β∗. The components of

population inversion obey Bloch’s optical equations:

[

∂

∂τ
+ Ŵ1

]

(n − np) = Im
[

α+ p+ + α−p−

]

,

[

∂

∂τ
+ Ŵ1

]

nz = α∗
−p+ − α−p∗

−. (8)

Note that the change of the first, smoothly inhomogeneous

component, is determined by the work of the electro-

magnetic field on the polarization of each of the two

counterpropagating waves independently, and the change

of the second, grating component is determined by the

cross interaction of the forward and backward waves of

the field and polarization, ensuring a half-wavelength spatial

structure (5).
Shortened equations for complex amplitudes of counter-

propagating polarization waves

[

∂

∂τ
+ Ŵ2 − i8

]

p+ = −inα+ − nz

2
α−,

[

∂

∂τ
+ Ŵ2 − i8

]

p− = −inα− +
n∗

z

2
α+, (9)

taking into account the shift 8 = (ω21 − ω0)/νc of the DFB

Bragg frequency ω0 relative to the frequency of the two-

level transition ω21, include nonlinear resonant scattering

of counterpropagating waves on the complex population-

inversion grating created by them.

The dynamics of the superradiant state of a laser with a

low-Q combined cavity FP-DFB was studied using the nu-

merical solution of nonlinear and linearized Maxwell–Bloch
equations for various levels of homogeneous CW pumping

np using the modified Runge−Kutta method of the 4th or-

der and the grid method with the same boundary conditions

at opposite ends of the cavity: α+(−L/2) = Rα−(−L/2)
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and α−(L/2) = Rα+(L/2). Only small noises of polariza-

tion of the active medium |p±| ∼ 10−4 were set at the initial

moment of time, and the electric field and the population-

inversion grating were considered absent: α± = 0, nz = 0,

which, as it was verified, did not affect the characteristics of

the steady-state lasing of interest to us, both stationary and

non-stationary.

The following relaxation rates of polarization and popula-

tion inversion were chosen as characteristic values of super-

radiant lasers: Ŵ2 = 2Ŵ1 = 0.02 ≪ ŴE . 1. Then, according

to calculations, at the pump level np, which is sufficiently

much higher than the first threshold of lasing n0 ≈ Ŵ2ŴE ,

counterpropagating superradiance pulses, that occur not

quite simultaneously at the transition stage of the process

spontaneously form a substantially inhomogeneous half-

wavelength population-inversion grating. This grating can

be not only stationary mirror-symmetric (below the second

laser threshold, i. e. the limit for stationary lasing), but

also non-stationary mirror-asymmetric, ensuring a strongly

asymmetric radiation of a symmetrical laser in steady state.

The latter state is characterized by a difference from the unit

of the radiation-intensity asymmetry factor:

r = max

[ |α±(ζ = ±L/2)|2|
|α∓(ζ = ∓L/2)|2

]

. (10)

3. Self-modulation and multimode
generation in superradiant lasers

First, taking into account the limited volume of the paper,

we will qualitatively characterize the main mechanisms

(scenarios) of non-stationary superradiant lasing, that we

identified within the scope of the formulated model. At the

end of the section the specific parameters of the model will

be indicated, for which the following sections ensure a more

detailed description of the properties of self-modulation and

the radiation spectrum in typical laser operation.

I. First of all, like in conventional lasers with high-Q

cavities [1–5], where T−1
E < T−1

2 , the self-modulation in a

single-mode operation, i. e., the oscillations of the amplitude

and phase of one polariton mode, may be related primarily

to the standard quadratic nonlinearity of saturation in the

Bloch equations (8) for two-level active centers for the

considered symmetric superradiant lasers if the second

laser threshold is not exceeded significantly. In the case

of an almost symmetrical profile of the main
”
central“

mode, modified by a self-consistent population-inversion

grating, this self-modulation mechanism gives r = 1 and

is especially effective in the conditions of excitation of

one or several polariton sideband modes of the laser

spectrum. The same quadratic nonlinearity is responsible

for their resonant excitation in the absence of a positive

growth rate, even at the level of population inversion up to

np (allowed by pumping), i. e., exceeding the value 〈n̄〉τ
averaged over the cavity and time in steady lasing that

may be non-stationary. Indeed, it can result in excitation

of consistent Rabi oscillations [1,15–17] of polarization in

the equations for the field (7) according to eq. (9), if in a

significant volume of the cavity the amplitude of the full field

α = α+ exp(ik0z ) + α− exp(−ik0z ) ensures the frequency

of the Rabi oscillations of population inversion �R = dE/~
(i. e. �R = |α(ζ , τ )|νc

√
ε0) that is approximately equal to

the frequency difference of any sideband and center modes.

However, the implementation of such a self-modulated

operation may require
”
fine tuning“ of the laser parameters,

including its length and pumping level, since the inevitable

mirror symmetrical grating of population inversion is a

stabilizing factor, and the mechanism associated with the

superradiance of periodic (see III) or irregular (see IV)
pulses is primarily responsible for the destruction of the

stationary state of the central polariton mode.

II. If the second threshold is greater exceeded in a wide

range of laser parameters, the powerful central mode turns

out to be strongly asymmetric due to the mirror-asymmetric

location of the inhomogeneous consistent population-

inversion grating, localized mainly near one of the mirrors

even in a symmetrical cavity, and the asymmetry factor of

laser radiation can be large: r > 1. The spatial structures

of the central mode and the asymmetric grating oscillate

synchronously in this case, which is more generic than I,

i. e., they are subject to self-modulation owing to the same

Rabi mechanism of excitation of less powerful polariton

sideband modes. Counterpropagating waves of the latter

practically do not experience resonant scattering on the

specified grating, the spatial period of which differs from the

period of their structure, and give almost mirror-symmetric

radiation from a symmetrical cavity, which determines their

inhomogeneous profile according to the difference in the

reflection factor of mirrors R from 1 (R . 0.5). The

discrete spectrum of laser radiation is typical for this and

the previous cases and the sideband components of the

spectrum can be located even outside the spectral line

with a width of 2T−1
2 , since the full width of the polariton

spectrum of modes in a superradiant medium is limited

only by the effective cooperative frequency [5,18] νc

√

〈n̄〉τ
exceeding the value of T−1

2 in the considered cases of lasing.

III. The discrete spectrum is also ensured by another

mechanism of the polariton-mode self-modulation associ-

ated with the highly nonlinear collective process of periodic

lasing of Dicke superradiance pulses [5]. The fact is that

after each pulse of mode superradiance emitted by a laser,

the population inversion in a significant part of the active

medium sharply becomes negative, and the field quickly

exits the low-Q cavity. However, CW pumping during

the time of the order of T1 again creates everywhere,

albeit relatively slowly, a positive population inversion. As

a result, the reemittion of a superradiance pulse takes

place, which can be regular and periodic, since it is

induced not by random quantum or thermal noise (as in

the well-known process of collective spontaneous Dicke

superradiance), but by the field and polarization remaining

in the cavity. Depending on their magnitude and structure,
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the superradiance pulses from opposite ends can be emitted

synchronously or with a delay and can have different

amplitudes, ensuring one or another modulation depth, not

necessarily higher one, but on average maintaining the

mirror symmetry of the radiation: r = 1.

IV. If, as in the second (II) mechanism, the polariton

mode is mirror-asymmetric due to a consistent asymmetric

population-inversion grating that is usually unsteady due

to the Rabi-oscillation mechanism, then these forward and

backward sequences of superradiance pulses can become

generally asymmetric and, moreover, not strictly periodic,

although they may remain regular to a certain degree. Then,

a complex superposition of discrete and continuous spectra

can be formed depending on the level of excitation of the

sideband modes and the degree of coherence of the counter-

propagating superradiance pulses, as well as on the degree

of irregular deformation of the population- inversion grating

by them. These spectra can be different at opposite ends

of the laser, including in terms of average intensity (r > 1),
and they also can be mirror-asymmetric with respect to the

frequency of the central polariton mode, as a function of fre-

quency. The latter mode is always represented in the spec-

trum as a narrow peak, and its width in most cases is much

less than the width of the spectral line of the active medium

2T−1
2 (in the semi-classical approximation), although it may

be of the order of 2T−1
2 , especially in chaotic lasing of

superradiance pulses (see below about the mechanism of VI

and the example at the beginning of Sec. 5).

V. Another established self-modulation mechanism, also

partially regular and resulting in the overlap of discrete and

continuous spectra, arises due to irregular, random jumps

of a highly inhomogeneous, localized population-inversion

grating from one mirror to another and its rather long

metastable existence near one or another mirror. Then

the lasing can be quasi-periodic only at these separate

metastable stages when the radiation asymmetry factor (10)
rν(τ ) differs from one significantly, though on average it

is equal to one. In general, the radiation oscillogram is

a non-periodic sequence of sections of a fairly smooth

variation of intensity and sections of short superradiance

pulses partially partially synchronized at opposite ends only

during the metastable stages.

VI. Finally, self-modulation becomes essentially chaotic

usually when the laser threshold is very significantly

exceeded, and the radiation spectrum becomes almost

continuous and mirror-symmetric (both in frequency and

in space, r = 1) in case of an interdependent destruction of

the population-inversion grating and chaotic superradiance

pulses of counterpropagating waves. In this case, the mecha-

nism of self-modulation constitutes the disordered formation

and reabsorption of virtually independent superradiance

pulses of counterpropagating waves in the active medium.

It corresponds to a spectrum in the form of a high smooth

central peak with a width of the order of T−1
2 and a smooth

pedestal with a width much larger than T−1
2 , but less than

or of the order of νc
√

np.

These mechanisms of self-modulation of laser radiation

are modified in the range of parameters for which there is

competition between two resonant spatial structures such

as a given DFB and the resulting population-inversion

grating. Usually, it results in a complication of the coexisting

discrete and continuous spectra. Earlier studies of the

superradiant steady-lasing spectra [7,16,17] in the absence

of DFB showed that in the case of a symmetrical Fabry-

Perot cavity, asymmetric emission almost always has a

self-modulating character associated with the excitation of

additional (sideband) polariton modes due to the mech-

anism II of nonlinear Rabi oscillations. It occurs when

the condition Ŵ2 ≪ ŴE .
√

np is met, so that the pumping

level significantly exceeds the laser threshold n0 = Ŵ2ŴE .

The asymmetry of the radiation is attributable to the

formation of a self-consistent half-wavelength population-

inversion grating, which at the same time plays both the

role of an oscillating local Bragg mirror and the role of an

amplifier. A wave traveling in one direction prevails over

the counterpropagating wave and increases, taking almost

all the pumping energy, and consequently, the radiation

asymmetry factor r significantly increases. Naturally, in the

case of a symmetrical Fabry-Perot cavity, the direction of

the predominant laser emission is randomly selected with

equal probability in both directions each time it is switched

on, and in the future it either persists (stable scenario II) or
occasionally switches (scenario V).

The establishment of the mechanisms (scenarios) of self-

modulation superradiant lasing formulated above in this

paper is based on a significant broadening of the cavity

parameters used for modeling. For confirmation of the

existence of these self-modulation mechanisms, Secs. 4

and 5 show the results of the analysis of an illustrative

sample of the calculations performed, limited mainly by

combinations of small sets of typical values of the reflection

factor of mirrors R = 0.2, 0.7, the DFB coefficients β = 0,

0.001, 0.01, 0.2, the shifts of the Bragg frequency relative

to the frequency of the laser transition 8 = 0, 0.1, and

pumping levels np = 0.1, 0.25, 0.5, 1. At the same time,

the laser length L = 2 and the relaxation rate of polarization

and population inversion Ŵ2 = 2Ŵ1 = 0.02 were fixed, and

the calculated field-decay rate of the highest-Q mode did

not differ much from the estimate ŴE ≈ −(lnR)/L, which

gives values of 0.8 and 0.18 at β = 0 for R = 0.2 and

0.7, respectively. The indicated values of ŴE when taking

into account the DFB even at β = 0.2, are refined only to

ŴE ≈ 0.7 and 0.16, respectively, since the Bragg structure

in the considered combined cavities additionally contributes

only a small integral reflection factor βL ≤ 0.4.

4. Lasing in a very low-Q cavity

The effect of DFB with a small coefficient β . 0.01 on

the characteristics of steady lasing is very insignificant (no
more than a few percent) for a low-Q cavity with weakly

reflecting mirrors with R = 0.2, when the rates of relaxation
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Figure 1. Self-modulation in a laser with a low-Q combined

cavity with length L = 2, pumping np = 1, mirror reflection factor

R = 0.2, DFB coefficient β = 0.01, shift of the center of the

spectral line relative to the resonant Bragg frequency 8 = 0.1:

a) oscillograms of the intensity of the outcoming radiation of

counterpropagating waves (1− R2)|α±|
2 (1, 2) and the average

population inversion n̄(τ ) (3); b) — spectra |αω
+| of a wave

traveling to the right (light lines 1), and spectra |αω
−| of a wave

travelling to the left (black lines 2).

of polarization and field differ by many times and a laser

threshold is low, ŴE ≈ 40Ŵ2 and n0 ≈ 0.016. In this case the

self-modulation mechanism II is implemented, regardless

of the frequency shift 8. Namely, at high pumping levels

np = 0.5 and 1, a weakly modulated asymmetric lasing is

realized with average factors r ≈ 3 and 9 and increased

average population inversion 〈n̄〉τ ≈ 0.047 and 0.05 and

the amplitude of the stronger of the counterpropagating

waves of the central mode |αω
−| ≈ 0.1 and 0.17, respectively,

instead of stationary symmetric single-mode lasing, which

takes place, for example, at np = 0.1, when the average

population inversion and equal amplitudes of outcoming

counterpropagating monochromatic waves are n̄ ≈ 0.035

and |αω | ≈ 0.03 (Figure 1).
The modulation is almost harmonic and corresponds to

the presence of two symmetrical sideband modes (harmon-

ics), in amplitude about an order of magnitude weaker

than the central mode, and their second harmonics, which

are many times weaker. The frequency detuning of these

sideband modes from the central mode practically does

not change with a variation of the pumping level and

is approximately equal to the frequency detuning of the

central and two of the most high-Q polariton sideband

modes 1± ≈ ±0.023, calculated on the basis of linearized

equations with homogeneous population inversion, esti-

mated as its average level in nonlinear simulations n̄ ∼ 0.05.

These detunings also weakly depend on the shift 8 of

frequency of the laser transition relative to the DFB Bragg

frequency, which is taken equal to the frequency of one

of the partial modes of the Fabry-Perot cavity. The fact

is that the spectral width 2ŴE ≈ 1.6 of such partial modes

is of the order of the intermode distance π/L ≈ 1.6 and

their electromagnetic field contributes only small fraction of

energy of polariton modes compared to the polarization of

active medium [18]. In general, the field of the central

polariton mode is decisive and according to [5,7,16,17]
and what was said in Sec. 3, supports an asymmetric

population-inversion grating nz (ζ , τ ) as well as creates with

its help undamped Rabi oscillations of active centers that

excite sideband modes due to the quadratic nonlinearity

of the medium. The asymmetric grating makes strongly

asymmetric the nonlinear consistent structure of the central

mode and the radiation emitted by it from opposite ends,

whereas the radiation of the sideband modes, which do not

experience the resonant action of the grating, essentially has

a mirror symmetry (Figure 1, b).
It should be noted that the occurrence of self-modulation

at 8 = 0.1, albeit very weak, but with approximately the

same period τm = π/|1±| ≈ 130, takes place at a pumping

level which is slightly less than 0.25 (for β = 0.01) and

corresponds to the mechanism (scenario) I with r = 1.

It gives mirror-symmetric radiation with wave amplitudes

|αω
+| = |αω

−| = 0.056 at np = 0.25. However, in the case

8 = 0 and the same pumping level, a strictly stationary

lasing takes place, which is also symmetrical of course,

but with a slightly larger amplitude of the polariton mode

|αω | = 0.065, despite the previous level of average popula-

tion inversion n̄ = 0.043. The specified estimate
√

n̄ of the

width of the spectrum of excited polariton modes is compa-

rable to the shift 8 = 0.1, which explains the noted differ-

ence in the laser operation in two cases 8 = 0.1 and 8 = 0.

Even a weak DFB with a coefficient of β . 0.01 (which

practically does not affect the Q-factor of the modes), as
well as a shift 8 of the frequency of the laser transition

relative to the partial frequency of the Fabry-Perot cavity

(and, hence, the DFB resonance) affect the asymmetry,

amplitude, and degree of localization of the population-

inversion grating near one of the mirrors, reducing the

asymmetry factor of radiation r by the value of ∼ 10%

at the maximum pumping level np = 1 (at β = 0 the factor

r = 9.2). The competition between the DFB and the con-

sistent grating becomes stronger with higher coefficient β

and can result in its unsteady dissection and delocalization,

and therefore the symmetrization of laser radiation.
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For instance, in the case β = 0.2 a transition occurs

according to mechanism I, to a very significant, 30 percent

modulation of the intensities of outcoming counterpropa-

gating waves for both frequency shifts 8 = 0 and 8 = 0.1

discussed above with a change of pumping from the level

np = 0.1, when stationary lasing is implemented (with

approximately the same values n̄ ≈ 0.035 and |αω | ≈ 0.03,

as with β = 0.01), up to the level of np = 0.25. This mod-

ulation is symmetrical, but significantly anharmonic with

a period τm = 2π/|1±| ≈ 280 and approximately the same

frequency detuning of the sideband modes 1± ≈ ±0.022

from the central mode, having approximately the same

amplitude |αω | ≈ 0.06 with the same average population

inversion 〈n̄〉τ ≈ 0.045, as in the above case β = 0.01.

However, such modulation for the latter case was achieved

only under conditions of strong pumping np ∼ 0.5−1.

Now, with β = 0.2, a partial destruction of periodic

oscillations and the regular structure of the population-

inversion grating nz (ζ , τ ) takes place under the conditions

of strong pumping, so that a combination of mechanisms

IV and V is verified, and the time-average laser radiation

becomes symmetrical (r = 1) in accordance with the latter

mechanism. Simulations show that the discrete spectrum is

significantly enriched and even suppressed by a continuous

spectrum having a width of the order of the effective

cooperative frequency
√

〈n̄〉τ ≈ 0.25 and turns out to be

asymmetric with respect to the frequency of the central

polariton mode, which corresponds to a single well-defined

line with a width significantly less than Ŵ2 = 0.02. At

the same time, the relative modulation of the radiation

intensity can reach tens of percent (and even exceed the

average value many times during the emission of individual

superradiance pulses with a duration of ∼ 3−10, i. e., of the

order of the inverse effective cooperative frequency) at long

stages of steady lasing with a duration of ∼ 300−1000, i. e.,

of the order of several times T1. Deviations from the mirror

symmetry of laser radiation turn out to be higher at quieter

stages of such lasing and can be of the order of 10−20%,

having an equal probability of the prevalence of emission

through one or another end. However, the laser can

emit almost the same quasi-periodic regular radiation from

opposite ends for some sets of parameters, for example,

with 8 = 0 and np = 0.5, smoothly varying in intensity

by the amount of ∼ 30%, having two main periods ∼ 100

and ∼ 700 and corresponding to the variable delay of the

maxima of outcoming modulated counterpropagating waves

for the time ∼ 30−100.

According to simulation the self-modulation mecha-

nisms II and III with a discrete spectrum are realized in

the case of symmetric (and also almost symmetric) cavities

with R ≈ 0.5 and β . 0.01 at the following pumping levels:

np ∼ 0.5−1 for mechanism II, when two sideband modes

with frequency detuning |1±| = π/τm ≈ 0.036−0.037 are

excited and there is a large asymmetry of the emitted radi-

ation with a factor r ∼ 4−10, and np ∼ 0.1 for mechanism

III, when the spectrum contains about 10 equidistant har-

monics with a step of 1m = 2π/τm ≈ 0.05 and corresponds

to the repetition period of τm ≈ 125 of symmetrically

emitted (r = 1) superradiance pulses. In this case, the

lasing is stationary symmetric closer to the laser threshold

n0 ≈ 0.007, more precisely, at np . 0.05, and it is symmet-

rical, on average, at moderate pumping np ∼ 0.25 but with

a significant continuous component in the spectrum owing

to the incessant irregular switching between the lasing of

superradiance pulses and the lasing of a quasi-stationary

asymmetric polariton mode. The description of these cases

(modes) is omitted because of the limited scope of the

article.

5. Lasing in a moderate-Q cavity

An increase of the reflection factor of mirrors by 3.5 times

to R = 0.7 makes the width of the partial mode of the

Fabry-Perot cavity equal to 2ŴE ≈ 0.36, i. e. 4.5 times less

than the intermode distance π/L ≈ 1.6, and significantly

enriches the dynamics of the laser. Its characteristics

turn out to be significantly different compared to the

characteristics discussed in the previous section and are

more sensitive to the frequency shift 8, although they still

change slightly (by the amount of . 10%) with a change of

the DFB coefficient if it is small, β . 0.01.

In this case, at a zero shift 8 = 0, the scenario

(mechanism) III of periodic lasing of identical forward

and backward sequences of superradiance pulses is realized

above the second laser threshold, (with the average popu-

lation inversion: 〈n̄〉τ ∼ 0.04, instead of stationary lasing,

which takes place with a low population inversion n̄ ∼ 0.01

between the first (n0 ≈ 0.004) and the second (an order of

magnitude larger than n0) laser thresholds. For instance, at

the pumping level np = 0.1, the mean value 〈n̄〉τ = 0.036

and the instantaneous population inversion n̄(τ ) for each

period of duration τs = 166 smoothly increases from

min(n̄) = 0.017 to max(n̄) = 0.05, and then it drops sharply

to the same minimum during the flash of the pulse τi = 36.

It sets the half-width 2π/τi ≈ 0.2 of a discrete radiation

spectrum containing about 10 equidistant harmonics.

The average population inversion increases to

〈n̄〉τ ∼ 0.05−0.07 at a higher pumping level

np ∼ 0.25−0.5, the pulse emission becomes almost

random, following the mechanism VI, but it is implemented

with breaks. The mechanism of metastable switching of

the asymmetric population-inversion grating is additionally

activated during this
”
break“ time intervals. At the episodic

stages of the quasi-stationary existence of the grating, the

asymmetry of the smoothly varying radiation is small, of

the order of 10−20%, and these stages themselves account

for not more than 50% of the lasing time. The total

spectrum is continuous with a width of ∼ 0.5 and has one

central peak with a width of ∼ 0.03, i. e. ∼ Ŵ2.

The mechanism II works at the pumping level np = 1:

the population-inversion grating is well localized and is

always located near one of the mirrors, although it quasi-

periodically oscillates along with oscillations of the outgoing
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Figure 2. Self-modulation in a laser with a moderate-Q cavity of

length L = 2, pumping np = 1, mirror reflection factor R = 0.7,

DFB coefficient β = 0.001 and the center of the spectral line

coinciding with the resonant Bragg frequency, 8 = 0. The

oscillograms of the intensity of the outcoming radiation of the

counterpropagating waves (1− R2)|α±|2 are shown by the light

line (1) for the wave α+ travelling to the right, and by the

black line (2) for the wave α− travelling to the left; the average

population inversion n̄(τ ) is shown by a dashed line (3).

radiation, the intensities of which differ on average by

r = 4.5 times at opposite ends (Figure 2). In this case,

the mean value 〈n̄〉τ = 0.075, there are no superradiance

pulses, the discrete spectrum is more pronounced than the

continuous spectrum and the peak of the central mode is

narrowed to ∼ 0.002, i. e. ∼ 0.1Ŵ2.

The range of pumping levels ensuring stationary single-

mode generation expands to np ∼ 0.1 for lasers with a

non-zero frequency shift 8 = 0.1 and a small DFB factor

β = 0.01, and the average population inversion reaches the

value of n̄ = 0.03 at np = 0.1. The mechanism I works

for pumping with a higher level np = 0.25, which leads

to an almost twofold increase of the average value of

〈n̄〉τ = 0.054 and deep harmonic modulation of symmet-

rical laser radiation with a relative change of intensity of

±40% and a short period τm = 2π/|1±| ≈ 48. Here, the

population-inversion grating nz (ζ , τ ) is mirror symmetric,

and its spectrum, as well as the field spectrum, are

discrete and contain only two harmonics with detunings

1± ≈ ±0.13 on the sidebands of the central mode.

This situation is shown in Figure 3 for typical charac-

teristic pumping levels, where the amplitude spectra |αω
−|

of the wave approaching the left mirror are demonstrated.

Namely, the discrete spectrum is enriched at np = 0.5 and

np = 1, remaining almost symmetrical and quasi-equidistant

and almost without changing its width (approximately equal

to the effective cooperative frequency
√

〈n̄〉τ ≈ 0.27), and
is also slightly complemented by a continuous spectrum.

There are no superradiance pulses in these two cases, but

the spectra, dynamics and asymmetry of the radiation are

different in structure and origin.

The first case np = 0.5 represents a self-modulation

mechanism V with an almost periodic transition of

a completely localized population-inversion grating from

the left mirror to the right and back during the time

τm = 2π/1m ≈ 760 (therefore, on average, the laser emits

symmetrically, r = 1). There are 14 smooth peaks of

radiation of outcoming counterpropagating waves at each

such period. It is corresponds to the presence of

two sideband harmonics in the spectrum with detunings

1± = ±2π/τ± ≈ 0.058 from a narrow central polariton

mode.

The second case np = 1 represents mechanism II with

the radiation asymmetry factor r = 4.85, almost 10% higher

than this factor in the Fabry-Perot cavity; cf. variant with

β = 0.001 and 8 = 0 above. The oscillogram of fields

and population inversion turn out to be qualitatively the

same as in that variant. Again, the population-inversion

grating is well localized, constantly located near one of

the two mirrors, without moving to the other, and quasi-

periodically oscillates in accordance with the outcoming

radiation, demonstrating two periods of oscillation. Of

these, the smaller one is ∼ 7 times shorter than the larger

τm = 2π/1m ≈ 320, which explains the quasi-equidistance

of the spectrum with a step of 1m ≈ 0.02 (Figure 3).
Finally, let us turn to the laser that has a combined

cavity with a significant DFB coefficient β = 0.2, which

significantly affects the dynamics.

In this variant, the parameters of stationary lasing within

the entire pumping range up to the second laser threshold,

including the case of np = 0.1, remain practically the same

as in the previous variant at β = 0.01, and even, unlike
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Figure 3. Spectra of a wave αω
− traveling to the left in steady

operation of a laser with a length L = 2, mirror reflection factor

R = 0.7, DFB coefficient β = 0.01, shift of the center of the

spectral line relative to the resonant Bragg frequency 8 = 0.1

for different pumping levels np: 0.1 (purple line), 0.25 (green),
0.5 (orange), 1 (black); in the latter case, the spectrum of the

counterpropagating wave |αω
+| is shown by a gray dashed line. Red

line indicates the pumping threshold level n0 = 0.0045. (A color

version of the figure is provided in the online version of the paper.)
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it, do not differ for different frequency shifts 8 = 0 and

8 = 0.1. However, the differences are cardinal at the

pumping level np = 0.25, except for the almost constant

average population inversion 〈n̄〉τ ≈ 0.06. For 8 = 0, the

combination of mechanism of switching V and chaotic

superradiance VI is replaced by the mechanism I, namely

strictly harmonic self-modulation with depth ±15% and

period τm = 2π/|1±| ≈ 80, giving two sideband harmonics

in the spectrum with detuning 1± ≈ ±0.079 from the

frequency of the polariton mode. For 8 = 0.1, such

harmonic modulation in mechanism I acquires a complex

quasi-periodic form with a large depth ±60%, a long period

τm = π/|1m| of about 260 and a short period of about 83.

In general, the spectrum is almost discrete and equidistant,

including the polariton mode and a dozen harmonics with

a step of 1m ≈ 0.024.

At the pumping level np = 0.5, qualitatively similar self-

modulated operation is implemented for shifts 8 = 0 and

8 = 0.1, following the mechanism of random switching V

and giving almost the same average population inver-

sion 〈n̄〉τ ≈ 0.073 and short (with duration ∼ 100−300)
frequent episodes of a small (∼ 10%) violation of the

mirror symmetry of radiation (rv = 1.1−1.2). However,

here, there are no pronounced superradiance pulses unlike

the variant with β = 0.01, i. e., additional action of the

mechanism VI is absent.

Finally, the mechanism V of random transition of such an

asymmetric grating from one mirror to another continues

to operate at pumping level np = 1, in contrast to the case

of small value β = 0.01, when there is an essential part of

the mechanism II of quasi-periodic Rabi oscillations of the

population-inversion grating localized at one of the mirrors.

At the same time, the change of the shift between the

frequencies of the laser transition and the Bragg resonance

DFB from 8 = 0 to 8 = 0.1 preserves the mirror symmetry

of the radiation on average (r = 1) and is accompanied by:

1) a drop of the average population inversion 〈n̄〉τ from

a value of 0.074 (also characteristic of both variants at

np = 0.5) to a value of 0.056 (characteristic of them at

np = 0.25);
2) an almost twofold reduction of the average duration

of episodes of asymmetric radiation with a prevalence of

emission to the right or left from the value ∼ 300 to the

value ∼ 150;

3) an increase of the average value and spread of the

radiation asymmetry factors r from 4−5 to 5−10 in a

separate such episode with a quasi-stationary population-

inversion grating;

4) a significant increase of the number (at almost the

same typical amplitude) of superradiance pulses, especially

pronounced in the periods between these episodes;

5) a significant broadening of discrete components in the

spectrum, i. e., the predominance of a continuous spectrum,

as well as an increase of its width from about 0.3 to

almost 0.5.

The oscillograms of the emitted counterpropagating

waves and the spatiotemporal dynamics of the population-
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Figure 4. Switching in a laser with length L = 2, pumping level

np = 1, mirror reflection factor R = 0.7, DFB coefficient β = 0.01,

shift of the center of the spectral line of the active medium relative

to the resonant Bragg frequency 8 = 0.1: a) oscillograms of

the intensity of outcoming radiation of counterpropagating waves

(1− R2)|α±|
2; b) spatio-temporal evolution of the amplitude

modulus of the population-inversion grating |nz |.

inversion grating, characteristic of the switching self-

modulating mechanism (scenario) V, are shown in Figure 4

for the value of the DFB coefficient β = 0.1, the frequency

shift 8 = 0.1 and the highest pumping level np = 1.

6. Conclusion

Thus, the main mechanisms and forms of self-modulation

of the outcoming radiation, generally mirror-asymmetric, as

well as its spectra, generally containing discrete and continu-

ous components are described, for a superradiant laser with

a symmetrical low-Q combined Fabry-Perot (FP) cavity with

distributed feedback (DFB) of counterpropagating waves.

Namely, typical mechanisms of self-modulation of the main

laser polariton mode are excitation of neighboring polariton

modes due to Rabi oscillations, enrichment of the discrete

spectrum with quasi-equidistant harmonics due to quadratic

nonlinearity or nonlinearity of collective Dicke superradi-

ance, expansion of the continuous part of the spectrum due

to dissipative (radiative) instability or desynchronization of

pulsed superradiance of counterpropagating waves.
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It is shown that the self-modulation of steady lasing and
its spectrum, as well as the radiation asymmetry factor

r , equal to the ratio of radiation intensities from opposite

ends of the laser, are largely determined by the space-time
structure of a self-consistent population-inversion grating. It

is also significant that the scattering and amplification of
counterpropagating waves of the main polariton mode on

this inhomogeneous grating competes with their scattering

on a distributed feedback structure set by a cavity and affects
both the properties of a regular or irregular sequence of

superradiance pulses and the structure and dynamics of this
central mode of the spectrum. These mechanisms of self-

modulation of laser radiation are modified if, in a certain

range of parameters, such competition of two resonant
spatial structures takes place, which usually results in the

complication and overlap of discrete and continuous spectra.

The most important control parameters are: mirror
reflection factor R, DFB coefficient β, shift 8 of the

center of the spectral line of the active medium relative
to the resonant Bragg frequency of DFB, length L of the

FP-DFB cavity and the CW pumping level np. These

values depend on: the established nature of the generated
superradiance pulses of counterpropagating waves, the self-

modulation of the main, central polariton mode and the

characteristics of the remaining, sideband polariton modes,
which can be excited due to resonant Rabi oscillations of

active centers in its strong field. Extensive possibilities
for controlling the properties of coherent radiation and its

spectrum in superradiant lasers are demonstrated by means

numerical simulations. In particular, it is shown that it
is possible to control the characteristics of simultaneous

generation of one powerful strongly asymmetric mode in

the center of the spectral line of active medium and a
number of weaker modes (harmonics) beyond it, emitting

almost mirror-symmetrical radiation.
It should be noted that the demonstrated lasing features

are far from exhausting the dynamics of superradiant lasers.

Questions remain open about how the dynamics are affected
by the length of the laser, the asymmetry of its cavity,

the spatially inhomogeneous profile of CW pumping, the
inhomogeneous broadening of the spectral line of the

active medium, its relationship with the relaxation rates of

dipole oscillations and population inversion of active centers,
and other parameters. In addition, the question of the

actual width of spectral bands formed by individual modes

(harmonics) may require the development of the quantum
theory of a superradiant laser.

Further study of the mechanisms of formation and stable
existence of various spatiotemporal patterns of superradiant

states for a system of many particles with radiation interac-

tion in a low-Q cavity is of interest from the point of view
of both the fundamental physics of dissipative (dynamic)
phase transitions and the applied physics of self-organizing

laser-type systems with CW pumping.
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