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Inhomogeneous broadening of energy levels due to fluctuations
of doping concentration in quantum-cascade lasers
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The influence of fluctuations of the concentration of charged impurities on the current-voltage characteristics of
quantum-cascade lasers at the coherence length of electron wave functions exceeding the screening length of the
Coulomb potential is analyzed. It is found that the value of inhomogeneous broadening of the transition lines can
exceed the values for the homogeneous broadening for the corresponding levels. The value of inhomogeneous
broadening appears to be larger for the wave functions, which are more separated in space.
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1. Introduction

Quantum cascade lasers (QCL) based on interband
electron transitions are compact, efficient semiconductor
radiation sources in the mid-IR and terahertz ranges. The
highest operating temperatures achieved in the terahertz
frequency range (~ 4THz) are 261 K with pulsed pum-
ping [1]. The QCL radiation power in the frequency range
of 3THz reaches 230 mW in continuous operation [2] and
several watts in pulse mode [3]. An important step in the
creation of lasers is numerical modeling and optimization
of characteristics. Modeling of the terahertz frequency
range by the method of balanced equations based on the
basis of wave functions with reduced dipole moments of
tunnel-coupled states [4] demonstrated its effectiveness in
the manufacture of the first samples by molecular beam
epitaxy [3], allowed selecting a design suitable for growing
by the method of metal-organic vapor deposition [6], as well
as the efficient two-photon design [7], which demonstrates
record-low threshold current densities (~ 100 A/cm?) in
continuous operation [8]. The improvement of theoretical
QCL models continues to be an urgent task, since a
complete quantitative correspondence of the calculated and
experimental results has not yet been achieved.

Combinations of eigenstates with close energies are
chosen as the basis in the balanced equation method
in Ref [4], so that the length of the wave functions
decreases in the direction of the normal to the plane of
the layers. At the same time, the overlap of the wave
functions decreases and, accordingly, the total probability
of transitions decreases, although the off-diagonal matrix
elements of the Hamiltonian additionally lead to tunneling
processes. The purpose of this study is to analyze the effect
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of electron localization in the plane of the layers in relation
to doping.

2. Model

The extent of the wave functions in the plane of the
layers should also be limited because of the finite lifetime
of an electron in a given subband. Occupying a limited
area, certain quantum states of an electron interact with a
limited amount of impurities. Due to spatial fluctuations in
the impurity concentration, there should be a fluctuation in
the electron’s eigen energy and, consequently, a broadening
of spectral lines.

Let us quantify this phenomenon by determining the
extent of the wave functions, i.e., the coherence length. We
believe that due to the finite lifetime of the electrons in
the 7 subbands, the average coherence length of their wave
functions in the plane of the layer is

[kgT
T >
me

where we use the root mean square projection of the
thermalvelocity 1/ (vZ) as the root mean square projection.
The same expression for the coherence length is obtained
when considering the energy structure of the levels, taking
into account spectral broadening. The size of the region at
which the energy gap between adjacent levels is equal to the
broadening parameter y = i/ is determined by the ratio

dE

— 2
where E and k are the energy and wave vector of the
electron. Next, let us use the effective mass approximation
E = A’k?/2m. and the sampling step for zero boundary

L (1)

TVx =

Ak =y,
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conditions AK = /L, and also consider states with an
average energy close to thermal energy. For one degree
of freedom E = kgT /2. After calculating dE/dk = h?k/m
and substituting ik = +/mckgT, we obtain the expres-
sion (1).

The amount of impurities that enter the site L x L is
determined by the Poisson distribution. The variance of this
distribution is equal to the average number of impurities in
the selected area, so that the RMS value of the fluctuation
in the number of impurities is

AN = /NygL2, (3)

where Ny is the layer concentration of doping.
The interaction of an electron with a charged impurity is
described by a screened Coulomb potential

& exp(—Qsel)
dmeenr

where Qger = \/€2N3gq/egokpT is the reverse screening
length, & is the permittivity, N3g is the bulk doping
concentration, T is the temperature.

Next, let’s consider two cases. The first case is when the
coherence length L is much longer than the screening length
1/0ser- In this case, it can be assumed that the electronic
state interacts only with impurities entering the site L x L.
The change in the energy of the state ¢; (k, z) with the wave
vector kdue to interaction with an impurity is described by
the matrix element

V(r) = (4)

Vii(20) = /(pi*(k, Z)V(z — zo)pi (k, 2)dz. (5)

Here, the zero Fourier component of the Coulomb potential
of a plane wave in the plane of the layer is

2

V()= —57——— - . 6
(Z) Zggoqscrl—z exp( qSCr|Z|) ( )
Taking into account the expressions (3) and (5) the RMS
fluctuation of the energy of the state with fluctuations in the
number of impurities in the region limited by the coherence

of the wave functions is

i = /NagL?(Vii(20))- (7)

Here, the brackets indicate the averaging over the impurity
position zg. When considering transitions between levels,
we use the energy difference between the final and initial
states for broadening:

ofi = \/deL2<(fo (20) — Vii(20))"). (8)

Taking into account the expression (6) heterogeneous
broadening due to fluctuations in impurity concentration (8)
is inversely proportional to the coherence length and
directly proportional to the square root of the impurity
concentration.
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Figure 1. The dependence of current density on voltage on one
cascade without taking into account (blue curve) and taking into
account (red curve) the heterogeneous broadening of energy levels
during fluctuations in doping concentration. Thin lines show the
characteristics in the generation mode.

The second case is when the coherence length L is much
smaller than the screening length 1/0s. In this case, the
electronic state interacts with all neighboring impurities,
not just those entering the site L x L. In the domain of
the existence of the wave function, the screened Coulomb
potential(4) depending on the polar coordinate of p, it can
be considered constant and taken as an integration sign.
Then the interaction energy is calculated as

Vilp.z) = [ 0@V(p.z-2)n @z ()

Here, the radius vector r is represented in polar coordinates
as p and z. The RMS fluctuation of the energy of the state
during the fluctuation of the impurity potential is

o = \/ Na( [ VE(p. z0)dp). (10)

The integral in the expression (10) diverges in the limiting
two-dimensional case. The expression for the RMS energy
fluctuation for a bulk semiconductor would be

2
_ € ﬁ. (11)
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It should be noted that the considered heterogeneous
broadening is described by the Poisson distribution, while
the homogeneous broadening, determined by the finite
lifetime of electrons in the subbands, has a Lorentzian form.
If there are several impurities interacting with the coherent
wave function, then the Poisson distribution is close to the
normal distribution. Therefore, further in the calculations,
the shape of the spectral lines was approximately described
by the Voigt profile, which is obtained by convolving the
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Lorentz and Gaussian form factors. The half-width of
the spectral line for the heterogeneous broadening was
determined from the ratio

y=0v2In2. (12)

3. Calculation results

The structure of the quantum cascade laser
Alp,GapgAs/GaAs with a  period of 4 layers
1.90/16.46/3.26/7.99nm was analyzed in this study [9].
Here, the wide and narrow quantum wells (QWs) are
highlighted by bold font. The central part of the wide
QW with a length of 3.38nm is doped by donors to a
concentration of 1.3-107cm™3. The coordinate wave
functions and the profile of the electrostatic potential were
self-consistently determined by sequentially solving the
Schrodinger equation in the three-band k - p approximation
and the Poisson equation. The broadening of transition
levels and rates took into account the processes of
tunneling, scattering by optical phonons, ionized impurities,
and roughness of heterogeneous boundaries. The
homogeneous broadening of the transition was considered
to be equal to the average of the broadening of the initial
and final states.

The screening length was 17.6nm at a temperature of
77K. For homogeneous broadening of levels of 2meV,
the coherence length is equal to 43nm and is more than
2times the screening length. Therefore, the ratio (8) was
used to calculate the broadening. The average number
of impurities per site L x L in one period is 0.85. The
position of the impurity was averaged over 9 periods, and,
accordingly, the number of impurities per site was increased
by the same number of times. The RMS broadening in
the approximation of a bulk semiconductor (11) is 5.4 meV.
As the temperature increases, the values of homogeneous
broadening increase in proportion to the scattering rate, and
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the values of heterogeneous broadening (8) decrease due to
an increase in the coherence length (1).

The calculated current-voltage curve is shown in Figure 1.
The main current density maxima are observed near 42
and 63 mV. The first maximum corresponds to the resonant
tunneling of the ground state / wide QW into the excited
state 3 wide QW of the next cascade (Figure 2,a). The
second maximum corresponds to the resonant tunneling of
the ground state / of the wide QW into the ground state 2
of the neighboring narrow QW (Figure 2, b).

The magnitude of the heterogeneous broadening of the
transition lines may exceed the values for the homoge-
neous broadening (Figure 3). For a given voltage across
the cascade, the heterogeneous broadening increases with
increasing diversity of the electron density of states in
space. The transition 3—/’ has the smallest broadening, for
which the wave functions are in the same wide QW. The
following are the extension parameters for transitions 7/—2
and 2—3 between wave functions in neighboring wide and
narrow quantum wells. The transition /—3 has the greatest
broadening, for which the wave functions are found at wide
intervals through the period.

The current carrier transfer is limited by the resonant
tunneling rate /—3 for the voltage of 42mV across the
cascade, since the probability of transitions 3—1’ with the
emission of optical phonons is great. The half-widths of
the homogeneous and heterogeneous form factors were 1.4
and 2.1 meV, respectively. The half-width of the resulting
form factor was 29meV — ~ 2times the value of the
homogeneous broadening. This reduced the probability of
the transition and led to a partial smoothing of the first
tunnel resonance (transition /—3) (see Figure 1). The low
severity of the first tunnel resonance is in better agreement
with experimental data [9]. The transfer of current carriers
is limited by the transition rate 2—3 for the second resonant
peak at V| = 63 meV. The half-widths of the homogeneous,
heterogeneous, and resulting form factors were 2.1, 2.3 and
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Figure 2. The profile of the bottom of the conduction band and the squares of the wave functions at cascade voltages of 42 (a) and

63 (b) mV. The arrows show the electron transfer.
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Figure 3.
transitions /—2, 2—3, 3—1' (b) from voltage on one stage.

3.6 meV, respectively. However, due to the nonresonant
nature of elastic scattering (detuning ~ 16 meV), the value
of the Voigt form factor differs little from the value of
the initial Lorentz form factor, and the current density,
taking into account and without heterogeneous broadening,
practically coincide (see Figure 1). For stimulated radiation,
the transition 2—3 is resonant, therefore, heterogeneous
broadening leads to a decrease in gain, a decrease in
generation power, and a decrease in the corresponding
current density (see Figure 1).

4. Conclusion

The authors analyzed heterogeneous broadening in quan-
tum cascade laser heterostructures due to fluctuations in
the concentration of impurities with a coherence length
of wave functions exceeding the length of the Coulomb
potential screening. The study showed that taking into
account heterogeneous broadening leads to a decrease in
the probability of resonant transitions and practically does
not affect the probability of nonresonant transitions. The
magnitude of the heterogeneous broadening turns out to be
greater for wave functions spaced apart. It is found that
for quantum cascade lasers with a period of two quantum
wells, the value of the homogeneous broadening of the three
basic levels, calculated taking into account the processes of
tunneling, scattering by optical phonons, ionized impurities,
and roughness of heterogeneous boundaries, is in the range
of 0.3—2.5meV, and the value of the heterogeneous broad-
ening of the transition lines is in the range of 0.3—4.3 meV
depending on the applied voltage.
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