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Joule losses in metal-film electrodes with non-uniform surface resistance

distribution
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Exact solutions for a number of spatially non-uniform profiles of surface resistance, current and heat flux density

distribution of Joule losses in metal-film capacitor structures are considered. The ratio of the total power losses for

different profiles indicates a significant (2−3 times) decrease in the total heat release power in the case of using

sharply decreasing distributions. The obtained effect is very useful in creating modern metal-film capacitors for

efficient capacitive energy storage devices.
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The operation of modern metal-film capacitors (MFCs)
relies on the well-known self-healing (SH) effect. A signifi-

cant current density emerges in the case of local breakdown

of a dielectric, and the stored energy is dissipated in the

breakdown region. This results in partial destruction of a

certain circular region of a thin metallized electrode (with a

typical thickness of 10−20 nm) near the breakdown channel

due to an electrical explosion of the electrode and sub-

sequent microarc discharge. Within several microseconds,

a local demetallization zone (several square millimeters in

area) forms and isolates the breakdown site from the rest

of the electrode, and the capacitor functionality is restored.

Thus, MFCs remain operational even at the limit of electrical

strength of the polymer dielectric [1]. There are several

current trends in development of capacitor technology. One

of them is associated with the design of new types of

electrode systems for high-voltage film polymer capacitors.

Both traditional electrodes with a uniform thickness of Al

or Zn metallization and segmented [2] or variable-thickness
structures (profiled metallization) [3] are considered. In-

dustrial deposition of non-uniform films has recently been

introduced on a pilot scale at several enterprises in Germany,

China, and Belgium. The metallization profiles in them are

close to the decreasing dependences considered here. In the

context of macroscopic effects of Joule losses, the declining

trend of the profile and the corresponding comparative

calculations are rather more important. The use of profiled

metallization with a decreasing nature of square resistance

Rsq(x) along the electrode allows one to reduce the overall

level of Joule losses in MFC electrodes. This is explained

qualitatively in Fig. 1, where the top-electrode current is

branched off over time via bias current ID through the

dielectric, continues to flow along the bottom electrode, and

then returns to the power source.

Thus, the distribution of current I1 (or its density j) is

non-uniform and varies from the initial value I0 to zero.

If one aims to reduce the volumetric heat generation due

to Joule losses qV (x) = j2ρ(x), it is logical to use low

boundary values of surface resistance Rsq(L) = rL in the

region of current inflow of a nanometer electrode with

thickness dM and high values of Rsq(0) = r0 (resistivity
ρ = RsqdM) at the opposite end. It should be taken into

account that the specified boundary values are chosen in

consideration of several factors.

Modern MFCs use standard polymer dielectric

(polypropylene, polyethylene terephthalate) films with a

thickness of 3−10µm onto which metal electrodes (Al or
Zn) are deposited using the traditional industrial method

of vacuum metallization. The typical thickness of uniform

metallization is 5−40 nm (depending on the operational

requirements), and the typical surface resistance falls within

the range of 5−20�. Such films have a polycrystalline

structure with a characteristic grain size on the order of

the film thickness. Thinner films have a good capacity

for SH, since the energy for evaporation of a local region

in the breakdown zone is significantly lower than the one

corresponding to relatively thick metallization layers. At the

same time, Joule losses in thin films are higher. When the

thickness of such electrodes exceeds 40−50 nm (the corre-

sponding resistance is on the order of 0.2−0.5�), a signif-

icant amount of released SH energy, which has the capacity

to destroy nearby layers of the polymer dielectric, may lead

to catastrophic failure. The thickness of reliably produced

conductive films on a rough polymer surface with a surface

resistance in excess of 50−60� is no lower than 2−3 nm.

Low-resistance (several �) films with a thickness of more

than 40−50 nm are suitable for use in the area of low-

resistance contact with external electrodes (heavy edge).
However, it is not advisable to raise the thickness further,

since thicker films do not allow for efficient self-healing [4].
More in-depth estimates of the relation between the thick-

ness and resistivity of metal films may be found in [5,6] and
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Figure 1. Schematic diagram of the metal-film capacitor structure (a) and distributions of current and resistance of the electrode

surface (b).

recent study [7]. At the same time, Joule losses in profiled

metallization are usually estimated in the approximation of a

linear current distribution along the electrode [8–10], which

may introduce a significant error into the calculation results.

In the region of sufficiently high frequencies (from several

hundred kilohertz to several megahertz), the introduction of

magnetic field into calculations reveals the non-uniformity

of current distribution throughout the volume of a capacitor,

where phenomena similar to the development of a skin

layer in conductors are observed [11]. Additional frequency
dispersion of the capacitor capacitance associated with finite

parameters of propagation of the electromagnetic field along

the capacitor electrode also arises. At high frequencies,

the spatial distribution of current deviates from the linear

one even if the metallization thickness is uniform [12].
Thus, the electrode–dielectric system should be analyzed

with account for the spatial distribution of current and

voltage, which becomes very important for calculating the

design parameters of capacitors. In real-world scenarios, the

problem is reduced to calculating a long line with linear

RC elements where the active resistance depends on spatial

coordinate x . In most cases, the linear inductance and

conductivity may be neglected, since their values are very

small. We have proposed a general approach to solving this

problem for uniform metallization in [12]; however, the line

in the present study is non-uniform. The general solution

to the considered problem with arbitrary non-uniformities

is unknown. At the same time, exact solutions may be

obtained by analyzing specific spatial dependences R(x).
The aim of the study was to obtain exact solutions for

the spatial current distribution for a number of model

dependences R(x). The obtained solutions were used to

calculate the total power of Joule losses for different profiles,

and conclusions regarding the possible reduction of the

total heat release power in the examined cases were made.

With this aim in view, we consider the equivalent circuit

of a capacitor structure in Fig. 1: a long line with linear

capacitance and resistance of electrodes R(x) and C . E(t)
is the voltage source for a line of length L. The calculation

model of the structure has three regions: a polymer film
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with thickness d and permittivity ε and two electrodes with

non-uniform metallization resistance Rsq(x). The linear

parameters for a capacitor with capacitance C0 may be

defined as R(x) = Rsq(x)/h, C = C0/L, where L is the

electrode width, h = C0d/2εε0L is the length, and ε0 is the

permittivity of vacuum. The balance of currents and voltages

at an arbitrary point with coordinate x of our structure is

then reduced to the following system of telegraph equations:































∂u(x , t)
∂x

= 2R(x)i(x , t),

∂i(x , t)
∂x

= C
∂u(x , t)

∂t
,

E(t) = u(x , t) +
x
∫

L
2R(x)i(x , t)dx ,

(1)

where u(x , t) is the voltage between the electrodes and

i is the electrode current. A one-way connection and

the symmetrical case with R1(x) = R2(x) = R(x) are con-

sidered here. Since the total resistance is the sum of

R1(x) + R2(x) = R(x), a factor of 2 arises in the first

equation of system (1). Owing to the symmetry of the

system, the currents of the top and bottom electrodes have

different directions, but are equal in magnitude. Therefore,

the Joule losses in the electrodes are the same.

Let us consider the steady-state mode under the influence

of a harmonic voltage source E(t) = Em exp( jωt), where

Em and ω are the amplitude and frequency of the applied

voltage. The corresponding complex values of voltage and

current are then











































d2 İ(x ,ω)
dx2 = 2 jωCR(x)İ(x , ω),

d2U̇(x ,ω)
dx2 = 2 jωCR(x)U̇(x , ω) + 1

R(x)

dR(x)

dx
U̇(x , ω),

dİ(x ,ω)
dx = 2 jωC U̇(x , ω),

Em = 2R
0
∫

L
İ(x , ω)dx + U̇(0, ω).

(2)
The boundary conditions for currents and voltages at the

start and end of the line are defined as

İ1(L, ω) = −İ2(L, ω) = İ0,

İ1(0, ω) = −İ2(0, ω) = 0,

U̇(0, ω) = U̇0,

U̇(L, ω) = Ė(t).

It is convenient to solve the first equation of system (2) at
a given current value I0 first and then determine the voltage

using the third relation. The structure of the equation for

current shows clearly that a linear spatial current distribution

is feasible only if the second derivative is equal to zero; i. e.,

the right-hand side must vanish. However, system (2) then

becomes entirely meaningless. To obtain correct estimates

of the current and voltage distribution, one needs to analyze

solutions for specific dependences of the spatial distribution

of metallization resistance Rsq(x) (or its thickness dM).
Since the typical Rsq values for uniform metallization are on

the order of 5−20� [4.6], one may take an average value

on the order of 10� for quantitative comparison and secure

an average value for all metallization profiles at the level of

the above-mentioned rmid = 10� by varying parameters r0
and rL :

rmid =
1

L

L
∫

0

Rsq(x)dx . (3)

Let us turn to the exact solutions for currents, where

parameter k(ω) = 2εε0ω/d is used in all cases.

1. Uniform distribution of metallization resistance

Rsq(x) = rmid = r0 = rL = 10�:

İmid(x , ω) = A sinh(α(ω)x), α(ω) =
√

ik(ω)rmid ,

A =
I0

sinh(α(ω)L)
.

2. Linear distribution of metallization resistance

(r0 = 19�, rL = 1�):

Rlin(x) = ax + b, ξ(x , ω) =
k(ω)(ax + b)

3
√

k(ω)2a2
,

İ lin(x , ω) = A

(

Bi
(

ξ(x , ω)
)

− Ai
(

ξ(x , ω)
) Bi

(

ξ(0, ω)
)

Ai
(

ξ(0, ω)
)

)

,

A =
I0

Bi
(

ξ(L, ω)
)

− Ai
(

ξ(L, ω)
) Bi

(

ξ(0,ω)
)

Ai
(

ξ(0,ω)
)

.

3. Hyperbolic distribution of metallization resistance

(r0 = 50�, rL = 2�):

Rhy p(x) = (ax + b)n, n = −2,

α(ω) =

√

1 + 4
k(ω)

b2
, g(x) =

√
ax + b,

b = r1/n
0 , a =

1

L
(r1/n

L − r1/n
0 ),

İhy p(x , ω) = A(g(x)α − aαg(x)−α)g(x),

A =
I0

(g(L)α − aαg(L)−α)g(L)
.

4. Exponential distribution of metallization resistance

(r0 = 55�, rL = 4�):

Rexp(x) = c + b exp(−βx), ν(ω) =

√

4ck(ω)

β2
, bm =

b
β2

,

b =
r0 − rL

1− exp(−βL)
, c = r0 − b,

İexp(x , ω) = A1 Jν(ν, 2
√

−k(ω)bm exp
(−βx

2

)

− A2Yν

(

ν, 2
√

−k(ω)bm exp
(−βx

2

)

,
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Figure 2. Spatial profiles of metallization resistance R(x) (a) and heat flux density qS(x) (b) in the electrodes of the capacitor structure.

A1 = −A2
Yν(ν, 2

√

−k(ω)bm)

Jν(ν, 2
√

−k(ω)bm)
,

A2= I0

[

Yν

(

ν, 2
√

−k(ω)bm exp
(−βL

2

)

− Jν

(

ν, 2
√

−k(ω)bm exp
(−βL

2

))Yν(ν, 2
√

−k(ω)bm)

Jν(ν, 2
√

−k(ω)bm)

]

−1

.

Ai(x) and Bi(x) in the obtained relations are the Airy

functions of the first and second kind, and Jν(x) and Yν(x)
are the Bessel functions of the first and second kind and

order ν , respectively [13].

It is convenient to use the value of local heat flux

density qS(x), which is equal to the product of volumetric

heat generation qV (x) = j2ρ(x) and metallization layer

thickness dM(x) ( j and ρ(x) denote here the current

density and the bulk resistivity, and ρ(x) = R(x)dM (x))
for comparative assessment of the distribution of Joule

heat generation along the electrode. The flux value itself

and the total power of Joule losses P in both electrodes

are

qS(x) = qV (x)dM(x) = j2(x)ρ(x)dM(x)

=
( I(x)

hdM

)2

R(x)d2
M =

( I(x)

h

)2

R(x),

P = 2

L
∫

0

qS(x)hdx . (4)

Further examples of calculations are performed in

accordance with relations (4) for specific values

of capacitor capacitance C0 = 1µF, L = 5 cm at

Em = 320V, I0 = 2A, frequency f = 1 kHz, and

polypropylene dielectric parameters d = 5µm and

ε = 2.2.

Plots of different metallization resistance profiles (a) and

heat fluxes qS(x) (b) are shown for comparison in Fig. 2,

where the uneven nature of these dependences is clearly

visible. The total loss power is 0.19, 0.23, and 0.3W for the

hyperbolic, exponential, and linear profiles, respectively (for
comparison, a constant rmid = 10� yields 0.54W). Thus,

the ratio of the total power of Joule losses corresponding

to different profiles indicates that sharply decreasing R(x)
dependences, such as exponential or hyperbolic ones,

provide a significant (2−3-fold) reduction in total heat

release power compared to uniform or linearly decreasing

profiles. This considerable reduction in total heat release

in MFCs may expand significantly the range of permissible

operating conditions under high electrical and thermal loads.

Intriguingly, the estimated dielectric loss power for the

examined polypropylene capacitor is ωC0E2 tg δ ≈ 0.51W,

which is close to the total Joule loss power in the

electrodes at a constant value of rmid = 10�. An in-

depth analysis of dielectric losses in the cases under

consideration and the phenomenon of dispersion of the

effective capacitance will be performed in future stud-

ies.
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