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Two-photon ionization of the K-shell of an atomic ion
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Theoretical predictions of the analytical structure and absolute values of the generalized cross section of

two-photon single ionization of the K-shell of the heavy neon-like atomic ion of iron (Fe16+) are presented.

A pronounced resonance subthreshold structure of the generalized cross section and the effect of destructive

quantum interference of probability amplitudes of radiative transitions into virtual excited states of p-symmetry

are established. The presence of a valence 2p6-shell in the ionic core leads to the emergence of an additional

giant resonance in the generalized cross section as an effect of ”inverse” hard x-ray emission of the Kα -type

1s2(2s2)2p5 + ~ω → 1s(2s2)2p6. A scheme of the proposed experiment with linearly polarized x-ray photons to

verify the obtained theoretical results is presented.
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1. Introduction

The creation of an x-ray free-electron laser (XFEL) as a

source of hard x-ray radiation has opened the possibility for

high-precision experimental and theoretical studies of one

of the fundamental processes in the microscopic world —
the two-photon (nonlinear) single ionization of deep atomic

shells of atoms, atomic ions, molecules, and solids [1,2].
Studies of this process have revealed, in particular, the

important roles of (a) relativistic effects and screening

effects in the nonresonant generalized cross section of two-

photon ionization of the K-shell of an atom [3] and (b)
nondipole (quadrupole) effects in the angular distribution

of photoelectrons generated by above-threshold two-photon

ionization of the K-shell of an atom [4]. In the cited

works, to our knowledge, there are no studies of the

resonant subthreshold structure of the generalized cross

section of two-photon ionization. In the authors’ previous

works [5–7], within the second order of nonrelativistic

quantum perturbation theory, the first theoretical studies of

the generalized cross section of two-photon resonant single

ionization of the 1s2-shell of atoms (Ne, Ar), beryllium-like

(Ne6+) and helium-like (Ne8+) atomic ions were carried

out, considering only the main (leading in the infinite

complete set) part of the subthreshold resonant structure

of the cross sections and effects of radial relaxation of the

transition states in the field of the 1s -vacancy. The theory of

works [5–7] is generalized in this article to heavy neon-like

atomic ions and modified to account for (a) completeness

of the set of virtual (intermediate) photonic excitation states,

(b) nontrivial angular structure of probability amplitude

transitions into final states of d-symmetry, and (c) destruc-

tive quantum interference of partial probability amplitude

transitions. The object of study is the neon-like ion of

the iron atom (Fe16+, ionic nuclear chargeZ = 26, ground

state configuration [0] = 1s22s22p6[1S0]). The choice is

motivated by the spherical symmetry of the ground state

of ion Fe16+, its availability in gas phase [8] for experiments

on absorption of two linearly polarized XFEL photons with

energy ~ω (~ — Planck constant, ω — photon circular

frequency) by an ion trapped in a
”
trap“ [9] and the demand

for its spectral characteristics in astrophysics [10].

2. Theory

The probability amplitudes and generalized cross section

for two-photon ionization are obtained in the leading

second order (in the number of interaction vertices) of

nonrelativistic quantum perturbation theory. In the structure

of the radiation transition operator,

R̂ = −1

c

N
∑

n=1

(p̂n · Ân), (1)

for the electromagnetic field operator (in the second

quantization representation), the dipole approximation is

adopted:

Ân →
∑

k

∑

ρ=1,2

ekρ(â
+
k̄ρ

+ â−

k̄ρ
), (2)

(k · rn) ≪ 1 ⇒ exp{±i(k · rn)} ∼= 1. (3)

The criterion of applicability of the dipole approximation

in the form θnl = λω/rnl ≫ 1 (where λω is the wavelength

of the absorbed photon, rnl is the average radius of the

nl-shell of the ion) for the Fe16+ ion at photon absorption

energies ~ω = 8 (6.4) keV is θ1s (θ2p) ∼= 50 (16). Here, the

values r1s (r2p) = 0.031 (0.123) Å (this work’s calculation)
are used. In relations (1)−(3) e(me) is the electron charge

671



672 A.N. Hopersky, A.M. Nadolinsky, R.V. Koneev

6.0 6.5 7.0 7.5

6
10

hω, keV

–
5
3
 

4
σ

, 
1
0

c
m

 
s ·

8.0

5
10

4
10

3
10

2
10

1
10

0
10

16+
Fe

Figure 1. Total generalized cross section of two-photon resonant

single ionization of the K-shell of the Fe16+ ion, ~ω — energy of

the absorbed photon.

Table 1. Spectral characteristics of leading resonances 1s → np
of the generalized cross section of two-photon single ionization

of the K-shell of the Fe16+ ion in the photon energy region

~ω ∈ (7.00; 7.70) keV, [n] ≡ 10nnotation introduced

np I1snp, keV σg , 10
−53 cm4·s

3p 7.194 6.55 · [6]

4p 7.427 5.52 · [3]

5p 7.529 3.48 · [2]

6p 7.583 1.19 · [2]

Table 2. Relative contributions of s - and d-symmetries of the final

ionization state 3 = σ
(d)
g /σ

(s)
g (see (28) for terms l = d and l = s)

into the total generalized cross section of two-photon resonant

single ionization of the K-shell of the Fe16+ ion

~ω, keV 6.0 7.0 8.0

3 2.504 2.573 2.660

(mass),c is the speed of light in vacuum,N is the number

of electrons in the ion, p̂n(rn) is the momentum (position)
operator of the n- electron of the ion, ekρ(k) is the polariza-

tion vector (wave vector) of the photon, andâ+
kρ(â

−
kρ) is the

photon creation (annihilation) operator.

Consider the following channels of two-photon single

ionization of the K-shell of a neon-like atomic ion:

2ω + [0] → 2p5xl + ω → 1sεl, (4)

2ω + [0] → 1s(n, x)p + ω → 1sεl. (5)

In (1), (4), (5) and below, atomic units are adopted

(e = ~ = me = 1), x(ε) is the energy of the continuous

ω

xl

εl

2p

1s

(t )1

ω

(t )2

ω

εl

(n, x)p

1s

ω

a b

Figure 2. Probability amplitudes of two-photon resonant single

ionization of the K-shell of a neon-like atomic ion in Feynman

diagram representation: (a) via channel (4), (b) via channel (5).
Time direction is left to right (t1 < t2). Arrow to the right indicates

electron, arrow to the left indicates vacancy. Double line indicates

state obtained in Hartree-Fock field of 1s vacancy. The connection

of single and double lines corresponds to overlap integral 〈xl|εl〉,
l = s, d. The black dot represents the vertex of the radiative

transition, ω is the absorbed photon.

spectrum electron, n is the principal quantum number of the

excited discrete spectrum state, l = s, d and the occupied

electron shells of the ion’s configuration are not indicated.

In the calculation results (Fig. 1, Tables 1, 2), conventional

units are restored through Planck’s constant. Intermediate

2p5nl discrete spectrum states at ω ≫ I2pnl (I2pnl is the

energy of photoexcitation 2p → nl) omitted in (4) are

suppressed by the energy denominator (ω − I2pnl + iγ2p)
−1

(here, γ2p = Ŵ2p/2, Ŵ2p are widths of decay of the 2p-
vacancy) and by the smallness of the overlap integral

〈nl|εl〉 ≪ 1 in the probability amplitude of two-photon

ionization. The strong spatial and energetic separation

of the subvalence (2s2) and valence (2p6) shells from

the deep 1s2 shell of the Fe16+ ion allows neglecting

production of final2sε(s, d)- and 2p5ε(p, f )-states of two-

photon ionization. Indeed, for the Fe16+ ion, the inequalities

are satisfied: r1s = 0.031 Å≪ r2s (r2p) = 0.140 (0.123) Å,

I1s = 7699.23 eV (this work’s relativistic calculation

≫ I2s(I2p) = 1397.77 (1270.60) eV [11], Inl is the ioniza-

tion threshold energy of the nl-shell of the ion. Fi-

nally, the amplitude of two-photon ionization via the

2ω + [0] → 1sεlchannel is determined by the contact in-

teraction operator Ĉ = (1/2c2)
∑N

n=1(Ân · Ân) and is pro-

portional to the matrix element 〈1s | j i |ε〉, where j i is

the spherical Bessel function. In the dipole ap-

proximation for the Ân-operator j0 → 1, j2 → 0 and

〈1s | j i |εl〉 → 0.

Probability amplitudes of two-photon ionization via chan-

nels (4) and (5) are physically interpreted in Fig. 2 in

the formalism of (nonrelativistic) Feynman diagrams. We

establish their analytical structure.
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2.1. Amplitude via channel (4)

According to Fig. 2, a, for the sought amplitudes we have

the following expressions:

Al =
∑

M′

∞
∫

0

dx
〈0|R̂|8xl〉〈8xl |R̂|9εl〉
ω − I2p − x + iγ2p

, (6)

|0〉 = [0] ⊗ (â+
ω)2|0ph〉, (7)

|8xl〉 = |2p5xl(1P1), M ′〉 ⊗ â+
ω |0ph〉, (8)

|9εl〉 = |1sεl(1lJ=l), M〉 ⊗ |0ph〉. (9)

In (6) −(9) the full wave functions of the initial (|0〉),
intermediate (|8〉) and final (|9〉) states of two-photon

ionization are defined, projections of total moments of the

”
ion residual ⊗ electron

”
system M ′ = 0, ±1, M = 0 for

l = s , M = 0, ±1, ±2 for l = dand |0ph〉 is the photon

vacuum wave function of quantum electrodynamics. The

structure of the 1lJ=1terms of the final states of two-

photon ionization (J = 0 ⇒1 S0; J = 2 ⇒1 D2) reproduces

the Landau-Yang theorem [12,13] for the total momen-

tum of the system of two absorbed photons Jω = 0, 2.

Using methods of photon creation (annihilation) operator

algebra, theories of irreducible tensor operators, theory of

nonorthogonal orbitals [14], and the approximation (states
obtained in different self-consistent fields, Fig. 2, a) for

the overlap integral of continuum spectrum wavefunctions

〈xl|εl〉 ∼= δ(x − ε) (here δ is the Dirac delta function), from
(6) we obtain:

As = ξ〈2p0|r̂ |εs+〉, (10)

Ad =
√
6ξ〈2p0|r̂ |εd+〉QM , (11)

ξ =
4π

3Vω

ωs p(2ω − ωs p)

(ω − ωs p − iγ2p)
〈1s0|r̂ |2p+〉, (12)

QM = − 4π

3

∑

M′

∑

p

(−1)M′

Y1,M′(eω)Y ∗
1,p(eω)

×
(

1 1 2

−M ′ p M

)

. (13)

Here, ε = 2ω − I1s , ωs p = I1s − I2p, V (cm3) = c are the

quantization volume of the electromagnetic field (numeri-

cally equal to the speed of light in vacuum) [15], Yα,β(eω) is
the spherical function, p = 0 ± 1,

”
* “ is the complex

conjugation symbol and the 3 j-Wigner symbol is defined.

In equations (10)−(12)
”
0“ and

”
+“ indices correspond

to the radial parts of electronic wavefunctions obtained

by solving single-configuration Hartree-Fock self-consistent

field equations for the [0]- and ls+εl+-configurations of the
ion. The appearance of the multiplier QM in (11) reflects

the fact of the nontrivial angular structure of the probability

amplitude of transition to final states of d-symmetry (in the

upper line of the 3 j-Wigner symbol J = 2).

2.2. Amplitude via channel (5)

According to Fig. 2, b, for the sought amplitudes we have

quantum interference of partial amplitudes:

B l = B (1)
l + B (2)

l , (14)

B (1)
l =

∑

M′

∞
∑

n=3

〈0|R̂|Kn〉〈Kn|R̂|9εl〉
ω − I1snp + iγ1s

, (15)

B (2)
l =

∑

M′

∞
∫

0

dx
〈0|R̂|Kx 〉〈Kx |R̂|9εl〉
ω − I1s − x + iγ1s

, (16)

|Kn,x 〉 = |1s(n, x)p(1P1), M ′〉 ⊗ â+
ω |0ph〉, (17)

where I1snp is the energy of photoexcitation 1s → np,
γ1s = Ŵ1s/2and Ŵ1s are the decay widths of the 1s vacancy.

For the denominator of the probability amplitude (15), the
approximation of independence of the parameter Ŵ1s from

the principal quantum number of the photoexcited state

1s → np is adopted. Following the methods of constructing

Al amplitudes of Section 2.1 and the plane wave approxi-

mation |x(r)〉 ∼ sin(r
√
2x) for the one-electron probability

amplitude of radiative transition between continuum states

in (16),

(x − ε)〈x p+|r̂ |εl+〉 ∼= i
√
2xδ(x − ε), (18)

for (14) we obtain:

B s = η(µ +
∞
∑

n=3

βn〈np+|r̂ |εs+〉), (19)

Bd =
√
6 · η(µ +

∞
∑

n=3

βn〈np+|r̂ |εd+〉)QM , (20)

µ = i2
√
2ε〈1s0 ‖ r̂ ‖ εp+〉, (21)

βn =
I1snp(2ω − I1snp)

(ω − I1snp + iγ1s)
〈1s0 ‖ r̂ ‖ np+〉, (22)

where η = 4π
3

1
Vω

and the one-electron probability amplitude

of photoexcitation 1s → np is defined (taking into account

radial relaxation of core and excited states in the Hartree-

Fock field of the 1s -vacancy by the methods of the theory

of nonorthogonal orbitals):

〈1s0 ‖ r̂ ‖ np+〉 = N1s(〈1s0|r̂ |np+〉 − Fn), (23)

N1s = 〈1s0|1s+〉〈2s0|2s+〉2〈2p0|2p+〉6 (24)

Fn =
〈1s0|r̂ |2p+〉〈2p0|np+〉

〈2p0|2p+〉
. (25)
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2.3. Generalized cross section of ionization

Following the definition of the notion of generalized cross

section of two-photon single ionization of an atom (atomic

ion) [16],

dσ (l)
g = (V/2c)dσl, (26)

taking into account the quantum interference of Al and B l

amplitudes in Fermi’s
”
golden rule“ [17],

dσl = (πV/c)|Al + B l|2δ(ε − ε)dε, (27)

and integrating in (27) over the photoelectron energy, for

the sought total generalized cross section we obtain (the
probability of photon disappearance without photoelectron

registration):

σg = χ
1

ω2

∑

l=s ,d

∑

i=1,2

a lL
2
il, (28)

L1l = (ω − ωs p)Ll +

∞
∑

n=3

(ω − I1snp)C ln, (29)

L2l = γ2pLl − γ1s

∞
∑

n=3

C ln + D, (30)

Ll =
ωs p(2ω − ωs p)

(ω − ωs p)2 + γ2p
〈1s0|r̂ |2p+〉〈2p0|r̂ |εl+〉, (31)

C ln =
I1snp(2ω − I1snp)

(ω − I1snp)2 + γ2
1s

〈1s0 ‖ r̂ ‖ np+〉〈np+|r̂ |εl+〉,

(32)

D = 2
√
2ε〈1s0 ‖ r̂ ‖ εp+〉, (33)

where χ = 0.278 · 10−52 cm4·s, a s = 1,

ad = 3
2

a (0)
d

(

1− 1
4π

)

and a (0)
d = 4/5 [5–7] (only the

M = 0 projection of the total moment J = 2) is taken into

account). When calculating the coefficient

ad = 6

2
∑

M=−2

|QM |2 (34)

in the sum of squared probability amplitudes of transitions

over M projections of final states of dsymmetry, the

analytical result of work [18] for the sum of products of 3 j
Wigner symbols (Appendix) is taken into account and the

scheme of the proposed XFEL experiment for linearly po-

larized absorbed photons is implemented: k ∈ OZ, eω ∈ OX
(OX , OZ are the axes of an orthogonal coordinate system)
⇒

Y1,0(eω) = 0, Y1,±1(eω) = ∓3/(4π
√
2). (35)

According to (34), the additional accounting for (a (0)
d → ad)

projections M = ±1, ±2 of the total moment J = 2 sig-

nificantly (by ∼ 30%) increases the contribution of the

component of the generalized cross section (28) for l = d .

3. Results and discussion

Calculation results are presented in Fig. 1 and Tables

1, 2. For the parameters of the generalized cross section

(28), values of Ŵ1s = 1.046 eV [19], Ŵ2p = 0.023 eV (ex-
trapolation of data from works [20,21] for radiative decay

widths 2p5n(s, d) → 2p6, n ∈ [3;∞)), I1s = 7699.23 eV,

I2p = 1270.60 eV [11] and ω ∈ (6; 8) keV ([22] LCLS

XFEL, USA; [23] PAL-XFEL, Republic of Korea; [24]
European XFEL, Germany).

Results in Fig. 1 and Table 1 demonstrate a pro-

nounced subthreshold resonant structure of the generalized

cross section of two-photon ionization of the Fe16+ ion

at ω ∈ (6.25; 7.70) keV. The cross section structure at

ω ∈ (7.00; 7.70) keV is due to virtual photoexcitation states

1s → np (Fig. 2, b; principal quantum number values

n ∈ [3; 150]taken into account). The giant resonance

of the generalized cross section at ω = 6.4329 keV is

caused by radiative absorption of the 1s22p5 + ω → 1s2p6

second incident photon on the ion (Fig. 2, a). Its value

σg
∼= 2 · 10−48 cm4·s is almost an order of magnitude

smaller than the leading resonance value of photoexci-

tation 1s → 3p but significantly exceeds photoexcitation

resonance values 1s → np for n ≥ 4 (Table 1).

Results in Fig. 1 also demonstrate the effect of

destructive (canceling) quantum interference of probability

amplitudes of resonance transition states 1s22p5 → 1s2p6

and 1s → np. This effect is caused by the alternating

sign of the factors (ω − ωs p) and ω − I1snpin (29) and the

”
immersion“ of these states in the continuum (D in (30)).
Between resonance maxima of the generalized cross section,

”
transparency windows“ arise in the form of sharp drops in

the probability of two-photon ionization of the Fe16+.

Formally, mathematically infinite sums in (29), (30)
correspond to taking into account the completeness of the

set of virtual photoexcitation states 1s → np. For hydrogen-
like ions, the method of analytical summation of such series

was proposed in work [25]. Another effective approach

to the problem of accounting for completeness of the set

is substituting summation of series with minimization of

the functional of matrix elements of transitions (the stable

variation method), realized in works [26–28]. However,

to our knowledge, the problem of analytical accounting

for completeness of the set in many-electron systems

remains open. In this work, the numerical summation

method of authors [29] is implemented. Values of I1snp

and Jn = 〈1s0 ‖ r̂ ‖ np+〉 for n ∈ [3; 10] were obtained in

the single-configuration Hartree-Fock approximation. For

n ∈ [11;∞) photoexcitation energies 1s → np were ob-

tained by approximation of the form

I1snp = I1s −
1

n2

(

a − b
n

)

, lim
n→∞

I1snp = I1s , (36)

where quantities a and b are defined by values I1smp

for m = 9, 10. For n ∈ [11;∞)photoexcitation amplitudes

Optics and Spectroscopy, 2025, Vol. 133, No. 7
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1s → np were obtained by approximation of the form

Jn =
1

n2

(

c +
d
n

+
f

n2

)

, lim
n→∞

Jn = 0, (37)

where quantities c , dand f are defined by values Jm for

m = 8, 9, 10. For the integral in (32), formula (37)
is implemented, considering the fact that quantities c , d
and f become functions of the absorbed photon energy

(ε = 2ω − Is).
As expected, due to inequalities for one-electron proba-

bility amplitudes of transitions in (31) and (32),

|〈2p0(np+)|r̂ |εd+〉| > |〈2p0(np+)|r̂ |εs+〉|, (38)

results in Table 2 show the leading role of dsymmetry

of the final ionization state in determining the value of

the total generalized cross section at ω ∈ (6; 8) keV. A

similar assertion (on the example of ionization of the Kshell

of neutral atoms Ne and Ge) about the leading role of

the s → p → d two-photon ionization channel over the

s → p → s channel is given in [3]. Thus, in single ionization

of theKshell of a neon-like atomic ion by two photons, the

most probable realization corresponds to the total photon

system moment Jω = 2. This result is analogous to that for

one-photon (Jω = 1) single ionization of the nlshell of an
atom (atomic ion), where the transition l → l + 1 is called

the
”
main“ one [30].

4. Conclusion

A nonrelativistic version of the quantum theory of the

process of two-photon resonant single ionization of the

Kshell of a heavy neon-like atomic ion is constructed.

The effects of (a) emergence of giant resonances in the

subthreshold region of the generalized ionization cross

section, (b) destructive quantum interference of partial

probability amplitudes of transitions, and (c) the leading role

of dsymmetry of the final ionization state in determining

the total generalized cross section in the hard x-ray photon

energy region omega ∈ (6; 8) keV are established. Going

beyond the dipole approximation for the R̂radiation transi-

tion operator and accounting for correlation and relativistic

effects are the subjects of future theoretical development.

Generalization of the presented theory to atoms and atomic

ions of other types and establishing the role of their nuclear

charge are subjects of future investigation. Finally, results

of successful experiments observing two-photon ionization

of atoms, molecules, and solids [1,2] allow us to suppose

that absolute values of the generalized cross section in

Fig. 1 are quite accessible for measurement in modern

XFEL experiments. It is interesting to note that the

”
analogue“ of two-photon single ionization of an atom

(atomic ion) in quantum electrodynamics — the linear

Breit-Wheeler effect (production of an electron-positron pair

by two real γ-quanta: γγ → e+e−) [31] has not yet been

experimentally unequivocally identified [32]. However, this

effect is experimentally registered through production of two

virtual γquanta in peripheral collisions of heavy gold ions

(Au;Z = 79) [33] and lead (Pb; Z = 82) [34].

Appendix

Expression (34) contains the sum of products of Wigner

-symbols of the form

W ab
cd =

2
∑

m=−2

(

1 1 2

a b m

) (

1 1 2

c d m

)

. (A1)

The result of the analytical summation in (A1) was

established in work [18]. Here we briefly reproduce it.

Consider the orthogonality condition of 3 jWigner sym-

bols [35]:

∑

j

∑

m

(2 j + 1)

(

j1 j2 j
a b m

) (

j1 j2 j
c d m

)

= δa,cδb,d ,

(A2)
where δα,β is the Kronecker-Weierstrass symbol and equali-

ties a + b + m = 0, c + d + m = 0hold. Consider particular

values of 3 jWigner symbols [36]:

(

1 1 0

a b 0

)

=
1√
3

(−1)1+bδa,−b, (A3)

(

1 1 1

a b 0

)

=
1√
6

(−1)baδa,−b, (A4)

(

1 1 1

a b ±1

)

= ± 1

2
√
3

(−1)b
√

(1∓ b)(2± b)δa,∓1−b.

(A5)
Then, for j1 = j2 = 1 and j = 0, 1, 2 from (A2) we obtain

W ab
cd =

1

5
δa,cδb,d −

1

20
(−1)b+d(E + W ), (A6)

E =
(

2bd +
4

3

)

δa,−bδc,−d , (A7)

W = W+ + W−, (A8)

W± =
√

(1± b)(2∓ b)(1± d)(2∓ d)δa,±1−bδc,±1−d .

(A9)
In our case (see (13) for Qm) a = −M ′, b = p, c = −M ′′,

d = p′ = 0, ±1 and m = M .
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