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Within the framework of a hydrodynamic model, the propagation of eigenwaves (surface plasmon-polaritons)
in individual metallic single-walled carbon nanotubes (SWCNTs) and ordered arrays based on them is considered.

Numerical analysis of the dispersion properties of surface plasmon-polaritons in the terahertz range is performed

taking into account losses and the tensor nature of the surface conductivity of single-walled carbon nanotubes.

Conditions are determined under which the interaction of neighboring nanotubes in the array does not affect the

dispersion characteristics of surface plasmon-polaritons. It is shown that the highest values (over 100) of the

slowing-down factor (the ratio of the speed of light to the phase velocity of surface plasmon-polaritons) of the

fundamental mode are achieved for ordered arrays of single-walled carbon nanotubes with radii over 2 nm at

frequencies around 40 THz and above. The results obtained may find practical application in compact amplifiers

and terahertz radiation generators implemented on the basis of arrays of single-walled carbon nanotubes.
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Introduction

Thanks to the unique combination of small size and

high electrical conductivity, carbon nanotubes (CNTs) are

a promising material for electronics, nanophotonics, and

nanoplasmonics [1–6]. CNTs can be single or multi-

walled, and depending on their conductivity type, metallic

or semiconducting. It has been shown in [1,7–12] that CNTs
can be treated as a plasmonic waveguide that supports the

propagation of ultra-slow surface plasmon-polaritons (SPPs)
with a slowing-down factor (the ratio of the speed of light

to the phase velocity of SPPs) greater than 100. The

phase velocity of such plasmon waves is significantly less

than the speed of electromagnetic waves in free space and

is comparable to the drift velocity of charge carriers in

graphene (0.5−1) · 106 m/s [13,14]. If the phase velocity of

slowed-down SPPs and the drift velocity of charge carriers

on the CNT walls are close in magnitude and coincide in

direction, a drift current flowing through the nanotube can

amplify the SPP wave [11,12,15.17]. In paper [18] it was

proposed to use slowed-down SPPs in a terahertz radiation

generator scheme based on an array of parallel double-

walled CNTs carrying a direct current acting as a pump.

To describe plasmonic properties of single-walled car-

bon nanotubes (SWCNTs), both classical and quantum

approaches can be used [6,19,20]. It is worth noting certain

advantages of the classical hydrodynamic approach, within

which the wall of the CNT is modeled as an infinitely

thin cylindrical shell, and the valence electrons uniformly

distributed over the surface of the wall interact with the elec-

tromagnetic wave and are considered as a charged fluid [21–

25]. In the case of plasmon oscillations, the hydrodynamic

approach allows obtaining results more simply and with less

computational cost, which well agree with conclusions of

semiclassical and quantum models [1,6,19].
In the present work, a numerical analysis of the dispersion

characteristics of SPPs in metallic SWCNTs and in ordered

arrays based on them is conducted. For a single SWCNT,

within the framework of the linearized hydrodynamic

model, the conductivity tensor is found, and then the

determinant dispersion equation for SPPs is numerically

solved, which is obtained by solving the waveguide problem

of classical electrodynamics. A comparison is made with

similar results obtained by computer simulation of the SPP

propagation process in ordered arrays of SWCNTs. The

influence of the array structure period on the dispersion

characteristics of SPPs is studied.

Problem Statement. Conductivity Tensor
of SWCNTs

An SWCNT is a cylindrical surface formed by carbon

atoms with diameter from fractions to several nanometers

and length from micrometers to hundreds of micrometers

or more [26]. The SWCNT wall is conductive and

characterized by surface conductivity, which in general is

a tensor value. To find the conditions for the propagation

of SPPs in SWCNTs, a linearized hydrodynamic theory is

used (for example, see [8,22]). The problem is solved in

cylindrical coordinates (r, ϕ, z ), introducing vector ξ with

coordinates (a, ϕ, z ), where a is SWCNT radius, ϕ —
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azimuthal angle, and z — linear coordinate calculated along

the nanotube axis.

Using the linearized continuity equation

∂n(ξ, t)
∂t

+ n0∇ · u(ξ, t) = 0 (1)

and linearized motion equation

∂u(ξ, t)
∂t

= − e
meff

E‖(ξ, t) − α

n0

∇n(ξ, t) − u(ξ, t)
τ

, (2)

where u(ξ, t), n0 and n(ξ, t) — the velocity, equilibrium

and perturbed surface densities (surface concentrations) of

electrons on the nanotube wall, respectively, E‖(ξ, t) —
tangential (with respect to the nanotube wall) component

of the SPP electric field, τ — relaxation constant, e and

meff — charge and effective mass of the electron [27,28].
In equation (2) the notation α = V 2

F /2 stands for the

square of the wave propagation velocity in a homogeneous

electron fluid, where VF is the electron Fermi velocity. The

first term on the right side of equation (2) is the force

acting on valence electrons from the tangential electric

field component, the second corresponds to the internal

interaction force in the electron fluid related to surface

electron density perturbations. The third term accounts for

collisional losses characterized by τ .

Eliminating n(ξ, t) from equations (1) and (2), one

can obtain the conductivity tensor for the SWCNT wall

σ̂ , which defines the surface current density js = σ̂E‖,

where E‖ = Ez ez + Eϕeϕ . The tensor components have the

following form:

σ m
z z = σ0�

−1(ωω̃ − αm2/a2),

σ m
zϕ = σ m

ϕz = σ0�
−1αβm/a, (3)

σ m
ϕϕ = σ0�

−1(ωω̃ − αβ2),

where σ0 = in0e2/(meffω̃), � = ωω̃ − α(β2 + m2/a2),
ω̃ = ω + iτ −1, β is the propagation constant of the SPP,

m = 0, 1, 2 . . . is the azimuthal mode number. This model

takes into account spatial dispersion of SPPs, as well as the

azimuthal component of current on the nanotube wall.

It should be noted that relations (3) have a similar form

to CNT conductivity formulas for intraband transitions of π

electrons obtained by semiclassical models. The frequency

boundary of optical interband transitions usually lies in the

mid-infrared range [1,5]. Features of formulas (3) are related
to the following factors:

− Size effects are taken into account, manifested in the

dependence of the dynamic conductivity on the radius of

curvature of the SWCNT wall,

− Both radial and azimuthal components of the surface

current density on the SWCNT wall are taken into account,

− Dependence of the conductivity tensor components on

the azimuthal mode number m is included.

Dispersion Relation for SPPs in Single
SWCNT:

Solving Maxwell’s equations in cylindrical coordinates,

one can write the Helmholtz equation for the longitudinal

Ez electric field component at a distance r from the SWCNT

axis:
d2Ez

dr2
+

1

r
dEz

dr
−

(

κ2 +
m2

r2

)

Ez = 0, (4)

where κ2 = β2 − ω2/c2, c is the speed of light in vacuum.

A similar equation can be written for the longitudinal

magnetic field by replacing Ez with Hz . The transverse

(Er,ϕ, Hr,ϕ) and longitudinal (Ez , Hz ) components of the

wave fields are related by:

Er = − β

κ2
dEz

dr
+

mωµ0

rκ2
Hz , Eϕ =

βm
rκ2

Ez +
iωµ0
κ2

dHz

dr
,

(5)

Hr = − β

κ2
dHz

dr
+

mωε0

rκ2
Ez , Hϕ =

βm
rκ2

Hz +
iωε0
κ2

dEz

dr
,

(6)
where µ0 and ε0 are the magnetic permeability and dielectric

permittivity of vacuum. To solve the Helmholtz equation

(4), boundary conditions for wave fields on the nanotube

wall (r = a) must be considered, including continuity

conditions of tangential electric field components:

Ez (a)|r=−a = Ez (a)|r=+a ,

Eϕ(a)|r=−a = Eϕ(a j)|r=+a , (7)

and conditions for tangential magnetic field components:

Hz (a)|r=+a − Hz (a)|r=−a = −σϕz Ez − σϕϕEϕ, (8)

The resulting determinant equation determines the disper-

sion relation β(ω, m) = 0 for SPP modes,

∣

∣
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Im(κa) mβ

κ2a Im(κa) −Im(κa)51
iωε0I′m(κa)

κ

×Im(κa)52

−Km(κa) − mβ

κ2a Km(κa) 0 − iωε0K′

m(κa)
ka ppa

0
iωµ0I′m(κa)

κ
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∣

∣
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(9)
where Im and Km are modified Bessel functions of m order,

and parameters 51 = σ m
zφ + σ m

φφ
mβ

aκ2 , 52 = σ m
z z + σ m

zφ
mβ

aκ2 .

Analysis and Discussion

Analysis of the dispersion properties of SPP modes of

different orders m in SWCNTs is conducted by numerically

solving the determinant equation (9). To estimate the

ratio of equilibrium concentration of electrons to the

effective electron mass, we use the formula provided
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Table 1. Chirality indices and corresponding chirality angles and

radii of metallic SWNTs

Radius of SWNT, Index N Index M Chirality angle,

nm deg

0.489 10 4 16.1

1.996 51 0 0

1.998 50 2 1.9

2.001 49 4 3.9

1.998 38 20 19.8

2.001 31 28 28.3

4.997 124 7 2.7

5.0002 123 9 3.5

4.999 114 24 9.4

5.0002 108 33 12.9

4.999 91 55 21.9

5.0002 84 63 25.3

in [28]: n0/meff = 2VE/π
2
~a , where the Fermi velocity is

VF = 106 m/s. For convenience in presenting the dispersion

dependencies, normalized parameters for the propagation

constant (PC) and frequency are introduced respectively as:

a0 = 1 nm and ω0 = e
πa0

√

2VF
ε0h ≈ 2.36 · 1015 s−1.

The conductivity type of the SWCNT is defined by

chirality indices (N, M), which are related to the SWCNT

radius by the relation [3,29]

a =
√

M2 + N2 + MN

√
3d0

2π
, (10)

where d0 = 0.142 nm is the distance between neighboring

carbon atoms in the graphite plane. In this work, we

consider metallic SWCNTs with three radii, taking them

in calculations as 0.5, 2 and 5 nm. The chirality indices and

more precise corresponding radii calculated by the above

relation (10), are given in the Table 1. The difference

between exact radii and rounded values used in calculations

is insignificant (less than 0.1 nm) and does not noticeably

affect numerical results. Note that one fixed radius for

analysis can correspond to multiple pairs of chirality indices

(N, M) (see the Table 1).

Figure 1 shows the dependence of reduced propagation

constant ω/ω0 for SPP modes in isolated SWCNTs with

radius 0.5 nm. Here and below, the loss level τ = 10−12 s is

chosen close to that given in [1,30,31]. One can see that for

each mode with index m > 0 here exists a cutoff frequency

region. The cutoff regime (β′′/β′ ≥ 1) corresponds to high

imaginary parts (β′′ > 109 m−1) and relatively low real parts

(β′ < 3 · 108 m−1) of the propagation constant. The imag-

inary part of the PC 1/β′′ defines the propagation length

of the SPPs, with a maximum value not less than 1µm

in the considered spectral range, increasing as frequency

decreases. The presence of multiple branches of dispersion

curves indicates the possibility of excitation of several

surface waves simultaneously at the same frequency in the
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Figure 1. Dispersion dependences for the real (a) and

imaginary (b) parts of the reduced PC for the first four SPP modes

in SWCNTs of radius a = 0.5 nm.

SWCNT, differing by their field distribution cross-section,

SPP wavelength (λSPP = 2π
β′

) and propagation length.

An important parameter of SPPs excited in the nanotube

is the slowing-down factor defined as the ratio of the

speed of light to the phase velocity of the surface plasmon-

polariton:

Kdec = c/Vph = β′c/ω. (11)

High values of Kdec enable phase velocity matching of SPP

modes to the drift velocity of the direct current pump, which

is significant for developing and creating terahertz amplifiers

and generators [11,12,18]. The analysis shows that higher-

order SPP modes (m > 0) have higher propagation losses

and lower slowing-down factors Kdec compared to the

fundamental mode m = 0. Therefore, subsequently, we

consider the frequency range up to 0.4ω0, where only the

fundamental mode exists. In this frequency range, SPP

propagation length can reach up to 10 µm.

Figure 2 depicts the dependencies of reduced propagation

constant and slowing-down factor on reduced frequency for

the fundamental SPP mode in isolated SWCNTs of various

radii within the frequency range ω = (0.01−0.4)ω0. It is

seen that increasing frequency increases both the real and
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Figure 2. Dispersion dependences for the real (a) and imagi-

nary (b) parts of the reduced PC for the fundamental SPP mode

in isolated SWCNTs of radius a = 0.5, 2, 5 nm (curves 1, 2, 3).

imaginary parts of the propagation constant and the slowing-

down factor for SWCNTs of all radii. For larger radius

nanotubes, both propagation constant components and

slowing-down factors of SPPs are higher. The main trend

is that the larger the tube radius, the higher the slowing-

down factor at the same frequencies. For example, in small

diameter nanotubes (a = 0.5 nm) the slowing-down factor

does not exceed 85, while in medium diameter (a = 2 nm)

and large diameter (a = 5 nm) nanotubes, it exceeds 160

and 280, respectively. The SPP phase velocity becomes at

least 100 times less than the speed of electromagnetic waves

in vacuum at frequencies starting from 0.2ω0 and 0.1ω0 for

medium diameter and large diameter SWCNTs, respectively.

The dispersion properties of SPPs in SWCNT arrays

were analyzed using Comsol Multiphysics finite element

modeling solving Helmholtz’s equation for the conductivity

tensor defined by expressions (3). The considered arrays are

infinite ordered arrays with square unit cells where nearest

nanotube centers are spaced by distance d (array period).

Fig. 3 shows the dependences of the complex reduced PC

and the slowing down coefficient on the array period d for

the SPPs of different frequencies in small and large diameter

nanotubes with radii of a = 0.5 and 5 nm respectively.

The simulation was performed using the finite element

method for a 2D square-shaped domain containing a single

nanotube, using periodic boundary conditions. Insert in

Figure 3a shows the electric field intensity distribution of the

fundamental mode in the modeled area. Rectangular areas

on all panels of Figure 3 denote forbidden ranges (d < 2a),

where the walls of neighboring SWCNTs overlap. For sparse

arrays (d ≫ 2a) for both radii (0.5 and 5 nm) the propaga-

tion constant of the fundamental mode practically does not

depend on period d . In this case, SPPs in nanotubes interact

weakly, and their propagation constants are equal to those

of isolated SWCNTs. In dense arrays where period d is less

than 2(a + 1) with 1 ≈ 2/β′′ the scale of evanescent field

decay outside the nanotube, the dispersion characteristics

become sensitive to changes in nanotube spacing. Because

propagation constants β in large diameter SWCNTs are

higher at all frequencies, in accordance with 1 ≈ 2/β′ their

SPP dispersion depends on array density for smaller relative

distances d/a (Fig. 3, d, e, f) compared to small diameter

nanotubes (Fig. 3, a, b, c). Increasing array density reduces

the real part of the propagation constant (Fig. 3, a and d)

and increases dissipative losses (Fig. 3, b and e). Reduction

of propagation constant raises phase velocity and decreases

slowing-down factor (Fig. 3, c and f). Overall, arrays of

large diameter SWCNTs are preferable for achieving high

slowing-down factors.

Figure 4 shows dispersion dependencies of complex

reduced propagation constant for the fundamental mode

for different array periods and nanotube radii. In isolated

nanotubes (d → ∞, dashed lines) cutoff of the fundamental

mode is absent and dispersion is nearly linear. In dense

arrays (d = 11 nm), the mode cutoff occurs at frequencies

below 0.25ω0 . Furthermore, near the cutoff, the frequency

dependence of the real part of the permittivity significantly

deviates from linearity, regardless of the SWCNT radius

(curves 2, 3 in Fig. 4, a and Fig. 4, c). The dispersion

characteristics of SPPs in isolated SWCNTs and sparse

arrays of SWCNTs at d > 20 nm coincide closely over the

frequency range ω > 0.3ω0 (curves 1 and 2 in Fig. 4, a

and c). Therefore, dispersion characteristics of SPPs in

SWCNT arrays within this range practically match those

of an isolated nanotube.
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Figure 3. Dependences of the real (a and d) and imaginary (b and e) parts of the reduced PC, as well as the slowing down coefficient

(c and f) on the period d of the SWCNT array for the fundamental SPP mode. Curves 1, 2, 3, 4 correspond to frequencies 0.1, 0.2, 0.3

and 0.4. Radii of SWNTs a = 0.5 (a, b and c) and 5 nm (d, e and f).

Conclusion

In the present work, using the hydrodynamic approach,

the dispersion characteristics of SPPs in isolated SWCNTs

of different radii (from 0.5 to 5 nm) and ordered arrays

based on them are studied. The analysis is performed in the

terahertz and far-infrared ranges. It is shown that SPPs in

an SWCNT array with period d > 2(a + 2/β′) > 20 nm are

virtually identical in their dispersion properties from SPPs in

isolated nanotubes. The interaction of plasmonic evanescent

fields of nanotubes in a dense array leads to a reduction of

the propagation constant, an increase in the SPP propagation

length, and the appearance of a cutoff for the fundamental

mode.

It is found that in array-forming nanotubes of small radii,

the slowing-down factor of SPPs for mode with m = 0 does

not exceed 100. For SWCNT arrays with radii above 2 nm

at frequencies around 40 THz and higher, the slowing-down

factor can reach higher values. The results may be useful

in the development of compact sensors, amplifiers, and SPP

generators based on ordered arrays of carbon nanotubes.
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