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A new algorithm for measuring the width of erythrocyte size distribution based on the analysis of the diffraction

pattern occurring in the far zone during the scattering of the laser beam on a blood smear is proposed. The

algorithm is applicable to the analysis of weakly heterogeneous blood samples with symmetric size distribution

function. The input data for the algorithm are the characteristics of the angular distribution of light intensity near

the first dark ring in the diffraction pattern. The peculiarity of the algorithm is the reduced sensitivity to diffraction

pattern noise, which is important for its experimental realization.
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Introduction

An important characteristic of blood is the relative width

of the erythrocyte size distribution. Normally, this parame-

ter, denoted as RDW (Red Blood Cell Distribution Width),

is 12−14%, and its increase above this level indicates

circulatory system disorders. Studies [1–3] emphasize the

significance of the RDW parameter for assessing the general

condition of the body and the likelihood of complications

in various diseases.

The RDW parameter is part of a standard blood test. It

is usually measured using automatic hematology analyzers

equipped with a Coulter counter or by flow cytome-

try. However, these methods require complex equipment.

An alternative method is laser diffractometry based on

observing the scattering pattern of a laser beam on a

blood smear. This method does not require complicated

instrumentation and allows for fast measurements on large

cell ensembles. Experimental studies on laser diffractometry

of blood smears are presented in works [4–9]. Theoretical

aspects of laser beam scattering by erythrocytes and

their modeling particles are discussed in works [10–17].

Methods for measuring characteristics of erythrocyte size

distribution based on laser diffractometry of blood smears

are proposed in [7,18–21]. Practical implementation of such

measurements requires high-quality diffraction patterns and

video registration systems, as well as reliable and accurate

data processing algorithms.

In this work, a new algorithm for measuring the width

of erythrocyte size distribution is proposed, applicable to

the analysis of weakly heterogeneous blood samples with

symmetric size distribution functions. The input data for

the algorithm are characteristics of the angular distribution

of light intensity near the first dark ring in the diffraction

pattern.

Experimental Data

In the experiments, we use wet blood smears. The

erythrocytes are arranged in a thin liquid layer between

the microscope slide and cover slip so that they form a

sparse monolayer. An image of erythrocytes from a healthy

donor obtained by microscope is shown in Fig. 1, a. Fig. 1, b

shows the erythrocyte size (diameter) distribution measured

by microscope for the sample of young healthy donor blood.

As a measure of erythrocyte size spread, we take the

quantity µ′defined by the formula

µ′ =
√

〈(D − 〈D〉)2〉/〈D〉.

Here, D is the diameter of an erythrocyte in the smear,

and angular brackets denote averaging over the erythrocyte

ensemble. The value µ′ is dimensionless and convenient to

express as a percentage. For example, for this blood sample

µ′ = 4.8%. Fig. 2, a shows the scheme of the experimental

setup that includes a laser (1), the sample under study (2),
a semi-transparent screen (3), and a digital camera (4).

Fig. 2, b shows the laser beam scattering pattern on the

wet blood smear. Fig. 3 shows angular distribution of light

intensity in this pattern. For analysis, we use the part of the

diffraction pattern near the first dark ring. In experiments,

we measure the angular coordinate of the first intensity

minimum θ0, the relative light intensity at the minimum

f 0, and the relative curvature of the angular light intensity

distribution f 2 at the coordinate θ0. The meaning of these

parameters is explained in Fig. 3. Mathematically, these
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Figure 1. Microscopic view of blood smear (a) and erythrocyte size distribution (b).
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Figure 2. Experimental setup scheme for laser diffractometry of blood smear (a) and diffraction pattern view (b).

parameters are defined by formulas

f (θ) =
I(θ)
I(0)

, f ′(θ0) = 0,

f 0 = f (θ0), f 2 = f ′′(θ0)θ
2
0 . (1)

where I is the light intensity at the observation screen point

and θ is the scattering angle.

Model of the Erythrocyte Ensemble

We consider the erythrocyte radius as a random variable

described by the formula

R = R0(1 + ε). (2)

where R0 is the mean erythrocyte radius, and ε is a random

parameter with zero mean:

〈ε〉 = 0. (3)

The width of the erythrocyte size distribution is character-

ized by the parameters

µ = 〈ε2〉 (4)

and

µ′ =
√
µ. (5)

The parameter µ′ characterizes the relative width of the

erythrocyte size distribution. For a weakly heterogeneous

ensemble, the parameter µ satisfies the condition.

µ ≪ 1. (6)
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Figure 3. Angular distribution of light intensity in the diffraction

pattern. Dashed lines show the parabolic approximation near the

first minimum of intensity.

For blood samples close to those of healthy donors,

condition (6) holds well. Our further task is to establish the

relationship between parameters R0 and µ′ with measurable

characteristics of the diffraction pattern θ0, f 0, f 2. Based

on this, we will develop algorithms to measure the mean

erythrocyte radius and the width of the erythrocyte size

distribution.

Angular Distribution of Light Intensity in
the Diffraction Pattern

Using the results of work [21], the normalized angular

distribution of light intensity in the diffraction pattern f (θ)
is represented as

1

4
θ2〈ρ4〉 f (θ) = 〈ρ2J2

1(ρθ)〉. (7)

where I(0) is the intensity of the central maximum of

the diffraction pattern, ρ = kR is the wave parameter of

erythrocyte size, R is the erythrocyte radius, k = 2π/λ is

the wave number, λ is the laser wavelength, and J1(x) is the
first-order Bessel function. Angular brackets in formula (7)
denote averaging over the erythrocyte ensemble. The

intensity of the central maximum of the diffraction pattern

is given by

I(0) =
1

4
I0N|α|2

(

kR2

z

)2

.

Here, I0 is incident laser beam intensity, N — number

of erythrocytes irradiated by laser beam, z — distance

from blood smear to observation screen |α|2 parameter

characterizing erythrocyte thickness and optical density.

Model (7) is based on approximating an erythrocyte as a

flat circular disk. Numerical calculations [17] for a biconcave
disk show that the flat disk model provides good accuracy

near the first dark ring of the diffraction pattern, which is the

region used for analysis. Qualitatively, the pattern of laser

beam scattering on a blood smear resembles the pattern of

diffraction of a plane wave on a round hole (the so-called

”
Airy pattern“).

Homogeneous Ensemble Approximation

First, consider the special case of a homogeneous ery-

throcyte ensemble where ρ = ρ0 = const. The expression

for f (θ) simplifies to

1

4
ρ2
0 f (θ) =

1

θ2
J2
1(ρ0θ).

We calculate derivatives of the angular light intensity

distribution with respect to the scattering angle

1

8
ρ2
0 f ′(θ) = − 1

θ3
J2
1 +

1

θ2
J1J

′

1ρ0,

1

8
ρ2
0 f ′′(θ) =

3

θ4
J2
1 −

4

θ3
J1J

′

1ρ0 +
ρ2
0

θ2
(J′

1J′

1 + J1J′′

1 ).

where the Bessel function argument is ρ0θ and prime

denotes derivative with respect to the entire argument. Let

θ0 be the angle where the first minimum of light intensity

appears in the diffraction pattern. Then f ′(θ0) = 0, from

which J1(ρ0θ0) = 0and ρ0θ0 = x0are derived, where x0 is

the root of equation

J1(x0) = 0. (8)

Denote

J0(x0) = −β. (9)

It is known [22] that

x0 = 3.8318, β = 0.40276. (10)

Assuming θ = θ0, we get

f (θ0) = 0

and

f ′′(θ0)θ
2
0 = 8J′

1(x0)J
′

1(x0).

Using expressions for Bessel function derivatives [22]

J′

0(x) = −J1(x), J′

1(x) = J0(x) − 1

x
J1(x), (11)

we find

f ′′(θ0)θ
2
0 = 8β2.

denote for brevity

f (θ0) = f 0, f ′(θ0) = f ′

0, f ′′(θ0)θ
2
0 = f 2.

For the homogeneous erythrocyte ensemble case, we obtain

ρ = ρ0, θ0 =
x0

ρ0
, f 0 = 0, f ′

0 = 0, f 2 = 8β2. (12)
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where parameters x0 and β are defined by formula (11).
The erythrocyte radius in the blood smear can be found

from formula

R0 = x0λ/2πθ0

or

R0 = 0.61
λ

θ0
. (13)

where λ is the laser wavelength and θ0 is the scattering

angle corresponding to the first minimum of light intensity

on the diffraction pattern.

Diffractometric Equations

We now proceed to analyze the laser beam scattering by

a size-heterogeneous erythrocyte ensemble. The equations

relating the parameters of the diffraction pattern to the

characteristics of the erythrocyte size distribution have the

form
1

4β2
(1 + α)2(1 + 6µ) f 0 = µ, (14)

1

β2
(1 + α)(1 + 6µ) f 0 = 2α + 5µ, (15)

1

β2
(1 + 6µ)

(

f 0 +
1

8
f 2

)

= 1 + 2(3 − x2
0)µ. (16)

Here, the diffraction pattern parameters f 0 and f 2 are

defined by formulas (1), the numbers x0 and β are defined

by formulas (10), and the parameter µ is defined by formula

(4). The parameter α is defined by the formula

θ0

x0

ρ0 = 1 + α, (17)

where ρ0 = kR0 is the average erythrocyte size parameter.

The parameter α describes the influence of the heterogene-

ity of the erythrocyte ensemble on the angular coordinate

θ0 of the first minimum of light intensity in the diffraction

pattern. The derivation of equations (14)−(16) is given in

the Appendix to this article.

Measurement Algorithms

From equations (14) and (15), it follows that

α = −1

2
µ. (18)

This approximate formula is valid under the assumption

of a weakly heterogeneous erythrocyte ensemble when

α, µ ≪ 1. Substituting expression (18) into equations (15)
and (16) gives We obtain

(

1 +
11

2
µ
)

f 0 = 4β2µ,

1

β2
(1 + 6µ)

(

f 0 +
1

8
f 2

)

= 1 + 2(3− x2
0)µ.

From this, two algorithms for measuring parameter µ are

obtained.

First algorithm:

µ1 =
2 f 0

8β2 − 11 f 0

, µ′

1 =
√
µ1 =

√

2 f 0

8β2 − 11 f 0

.

Second algorithm:

µ2 =
8β2 − f 2

2[8β2(x2
0 − 1) + 3 f 2]

,

µ′

2 =
√
µ2 =

√

8β2 − f 2

2[8β2(x2
0 − 1) + 3 f 2]

.

Or, taking into account (10):

µ′

1 =

√

f 0

0.649− 5.5 f 0

, (19)

µ′

2 =

√

1.2977 − f 2

35.52 + 6 f 2

. (20)

Meanwhile, the average erythrocyte radius in the blood

smear is determined by the formula

ρ0 = (1− 0.5µ)
3.83

θ0
. (21)

From it, the average erythrocyte diameter is

D0 =
λ

θ0

3.83

π

(

1− 1

2
µ
)

or

D0 = 1.22
λ

θ0

(

1− 1

2
µ
)

.

Here, λ is the laser wavelength, θ0 is the angular coordinate

of the light intensity minimum in the diffraction pattern,

and the parameter µ corresponds to the square of the

erythrocyte size distribution width.

Verification of Algorithms by Numerical
Experiment

The verification of the algorithm generally proceeds as

follows. The parameters of the erythrocyte ensemble are

set. The direct scattering problem is solved. Parameters of

the diffraction pattern are found. These parameters are input

into the algorithm for solving the inverse scattering problem.

Parameters of the erythrocyte ensemble are obtained and

compared with the initially set parameters. This allows

assessment of the algorithm’s functionality and accuracy,

and determination of its applicability regarding permissible

ensemble heterogeneity.

We used a model of a symmetric bimodal ensemble

(BME), where the sample contains equal amounts of two

cell types with size parameters ρ1 and ρ2 to verify the
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Figure 4. Bimodal erythrocyte ensemble erythrocyte size

distribution.

algorithms. An example of the bimodal distribution is

shown in Fig. 4. Exact parameter values of such an

ensemble are defined by formulas

ρ0 =
1

2
(ρ1 + ρ2), µ = 〈ε2〉 =

1

2
(ε21 + ε22),

ρ1 = ρ0(1 + ε1), ρ2 = ρ0(1 + ε2).

From these,

µ =

(

ρ2 − ρ1

ρ1 + ρ2

)2

, µ′ =
√
µ =

ρ2 − ρ1

ρ1 + ρ2
.

For the symmetric BME, the normalized angular distribu-

tion of light intensity in the diffraction pattern is described

by the formula

f (θ) =
4[ρ2

1J2
1(ρ1θ) + ρ2

2J2
1(ρ2θ)]

(ρ4
1 + ρ4

2)θ
2

.

We found the coordinate of the minimum of this function

θ = θ0 and determined the parameters f 0 = f (θ0) and

f 2 = f ′′(θ0)θ
2
0 . Five different bimodal ensembles differing

in size distribution width (µ′) were considered. The

obtained data are presented in Table 1. In this table, ρ1 is the

size parameter of the first ensemble component, ρ2 is the

size parameter of the second component, p is the fraction

of the first type particles, ρ0 is the average size parameter

of the particle ensemble, µ′ is the particle size spread, θ0 is

the angular coordinate of the first minimum of light intensity

in the diffraction pattern, f 0 is the relative intensity of the

first minimum, and, f 2 is the normalized curvature of the

angular intensity distribution near the first minimum in the

diffraction pattern.

These data were used as input parameters for algo-

rithms (19)−(21). The calculation results according to for-

mulas (19)−(21) are shown in Table 2. Here, ρ0 is the exact

Table 1. Parameters of diffraction patterns found by the numerical

experiment method.

Parameters BME1 BME2 BME3 BME4 BME5

ρ1 35 34 33 32 31

ρ2 40 41 42 43 44

p 0.5 0.5 0.5 0.5 0.5

ρ0 37.5 37.5 37.5 37.5 37.5

µ′, % 6.67 9.33 12.0 14.7 17.3

θ0, rad 0.102 0.102 0.101 0.101 0.100

f 0 0.00275 0.00515 0.00802 0.0111 0.0143

f 2 1.12 0.955 0.760 0.556 0.354

Table 2. Calculation results

Calculated BME1 BME2 BME3 BME4 BME5

Parameters

ρ0 37.5 37.5 37.5 37.5 37.5

ρ0a 37.5 37.4 37.7 37.5 37.7

µ′, % 6.67 9.33 12.0 14.7 17.3

µ′

1, % 6.59 9.11 11.5 13.7 15.8

µ′

2, % 6.49 9.11 11.6 13.8 15.8

average size parameter for the bimodal particle ensemble,

ρ0a is the average size parameter found from analysis of

the diffraction pattern by algorithm (21), µ′ is the exact

particle size spread, µ′

1 is the size spread found by analysis

of the diffraction pattern using algorithm (19), µ′

2 particle

size distribution found by analyzing the diffraction pattern

using an algorithm (20). Table 2 shows that with accurate

input data, the algorithm errors do not exceed 10% in the

region µ′ ≤ 17%.

Analysis of Diffraction Pattern Noise
Influence

In practice, the diffraction pattern always contains a

random (noise) component. Noise may arise from charac-

teristics of the laser and diffraction pattern video registration

system, scattering of the laser beam on dust particles, etc.

Therefore, it is important to evaluate the robustness of the

proposed data processing algorithms against noise in the

diffraction pattern. We conducted this study by numerical

experiment. The angular distribution of light intensity in the

diffraction pattern was modeled by the function

f (θ) =
4[ρ2

1J2
1(ρ1θ) + ρ2

2J2
1(ρ2θ)]

(ρ4
1 + ρ4

2)θ
2

+ ξ(θ),

where ξ(θ) is a random function of the scattering angle with

probability density distribution

w(ξ) =







1
ξ0
, if 0 ≤ ξ ≤ ξ0,

0, if ξ < 0, ξ > ξ0.

Optics and Spectroscopy, 2025, Vol. 133, No. 7
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Table 3. Analysis of the influence of diffraction pattern noise

Parameters BME1 BME2 BME3 BME4 BME5

of calculated

diffraction

patterns

θ0, rad 0.102 0.101 0.101 0.101 0.101

f 0 0.00533 0.00767 0.0105 0.0136 0.0168

f 2 1.101 0.902 0.749 0.550 0.379

µ′, % 6.67 9.33 12.0 14.7 17.3

µ′

1, % 9.3 11.2 13.3 15.4 17.3

µ′

2, % 6.8 9.8 11.7 13.9 15.6

Here, values of this function at different scattering angles

were considered statistically independent (spatial white

noise). In practice, in the region of interest in the

diffraction pattern, noise intensity weakly depends on the

scattering angle. Thus, the spatial white noise model is

adequate for the experimental conditions. For numeri-

cal calculations, the parameters ρ1 and ρ2 were taken

equal to values shown in Table 1. Calculations were

conducted for noise parameter values ξ0 equal to 0.001,

0.002, 0.003, 0.004, 0.005. Table 3 presents the pa-

rameters θ0, f 0, f 2 of the calculated diffraction patterns

for noise level ξ0 = 0.005 and corresponding calculation

results of parameters µ′

1 and µ′

2 using formulas (19) and

(20).

Discussion of Results

This paper presents a new algorithm for measuring

the width of the erythrocyte size distribution using laser

diffractometry of blood smears. The main result is expressed

in formulas (19) and (20). In these formulas, µ′ is

the width of the erythrocyte size distribution, f 0 and

f 2 are parameters of the diffraction pattern formed by laser

beam scattering on the blood smear. Both parameters

characterize the angular light intensity distribution near

the first minimum of intensity in the diffraction pattern.

This region corresponds to the dark ring surrounding the

central maximum. Parameter f 0 is the relative light

intensity at the first minimum, and f 2 represents the relative

curvature of the angular intensity distribution near the first

minimum in the diffraction pattern. Mathematically, µ′,

f 0 and f 2 are defined by formulas (1)−(5). Algorithms

(19) and (20) apply to analysis of weakly heterogeneous

blood samples with symmetric size distribution func-

tions.

Using numerical experiments, we evaluated the accuracy

of algorithms (19) and (20), with results shown in Table

2. The analysis demonstrated that with accurate input data,

algorithm errors do not exceed 10% in the region µ′ ≤ 17%.

We also studied algorithm robustness against diffraction

pattern noise, shown in Table 3. The data indicate that

for ensembles with erythrocyte size spread 7% ≤ µ′ ≤ 17%

and noise level ξ0 = 0.005 algorithm (20) error does not

exceed 9.8%, while algorithm (19) error reaches 39.4%.

Thus, algorithm (20) shows weaker sensitivity to diffraction

pattern noise than algorithm (19). Note also that algorithm

(20), unlike (19), does not require photometry of the

diffraction pattern over a wide angular range, simplifying

the measurement procedure.

Appendix

Derivation of Diffractometric Equations

We use the equation for the normalized angular distribu-

tion of light intensity in the diffraction pattern f (θ):

1

4
〈ρ4〉θ2 f = 〈ρ2J2

1〉.

where J1 = J1(ρθ) is the first-order Bessel function, ρ is the

erythrocyte size parameter (random variable), and angular

brackets denote averaging over the erythrocyte ensemble.

Differentiating the right and left sides of this equality with

respect to the scattering angle θ, we obtain the equations

1

8
〈ρ4〉(2 f + θ f ′)θ = 〈ρ3J1J

′

1〉,

1

8
〈ρ4〉(2 f + 4θ f ′ + θ2 f ′′) = 〈ρ4J1J

′′

1 〉 + 〈ρ4J′

1J
′

1〉.

Using formulas (11), we eliminate the derivatives of the

Bessel functions from the equations. We obtain

1

4
〈ρ4〉 f θ2 = 〈ρ2J1J1〉,

1

8
〈ρ4〉(2 f + θ f ′)θ = 〈ρ3J1J0〉 −

1

θ
〈ρ2J1J1〉,

1

8
〈ρ4〉(2 f + 4θ f ′ + θ2 f ′′) =

3

θ2
〈ρ2J1J1〉 − 〈ρ4J1J1〉

− 3

θ
〈ρ3J1J0〉 + 〈ρ4J0J0〉.

Consider the region of the diffraction pattern close to the

first minimum of light intensity. Using notation (1) and

assuming θ = θ0, we get

1

4
〈ρ4〉 f 0θ

2
0 = 〈ρ2J1J1〉,

1

4
〈ρ4〉 f 0θ0 = 〈ρ3J1J0〉 −

1

θ0
〈ρ2J1J1〉,

1

8
〈ρ4〉(2 f 0 + f 2) =

3

θ20
〈ρ2J1J1〉 − 〈ρ4J1J1〉

− 3

θ0
〈ρ3J1J0〉 + 〈ρ4J0J0〉

or
1

4
〈ρ4〉 f 0θ

2
0 = 〈ρ2J1J1〉,

Optics and Spectroscopy, 2025, Vol. 133, No. 7



762 S.Yu. Nikitin, E.G. Tsybrov, M.S. Lebedeva

1

2
〈ρ4〉 f 0θ0 = 〈ρ3J1J0〉,

〈ρ4〉 f 0 +
1

8
〈ρ4〉 f 2 = 〈ρ4J0J0〉 − 〈ρ4J1J1〉. A1

Here, the argument of the Bessel functions is the quantity

x = ρθ0.

We write approximate expressions for the Bessel func-

tions near the point x = x0, defined by condition (8).
Expanding the functions in a Taylor series, we obtain

J0(x) = −a3y
3 + a2y

2 − a1y + a0,

J1(x) = b3y3 − b2y2 + b1y − b0.

Here, the expansion coefficients are defined by the formulas

a3 =
β

6
x2
0, a2 =

β

6
6x2

0, a1 =
β

6
9x2

0, a0 =
β

6
2(2x2

0 − 3),

(A2)

b3 =
β

6
x0(x

2
0 − 3), b2 =

β

6
x03(x

2
0 − 4),

b1 =
β

6
x03(x

2
0 − 7), b0 =

β

6
x0(x

2
0 − 12)

and

y =
ρθ0

x0

. (A3)

In the same approximation, bilinear combinations of Bessel

functions are given by the formulas

J0J0 = c06y
6−c05y

5 + c04y
4−c03y

3 + c02y
2−c01y + c00,

J1J1 = c16y
6−c15y

5 + c14y
4−c13y

3 + c12y
2−c11y + c10,

J0J1 = −c26y
6+c25y

5−c24y
4+c23y

3−c22y
2+c21y−c20.

(A4)
Here,

c06 = a2
3, c05 = 2a3a2, c04 = 2a3a1 + a2

2,

c03 = 2(a3a0 + a2a1),

c02 = 2a2a0 + a2
1, c01 = 2a1a0, c00 = a2

0,

c16 = b2
3, c15 = 2b3b2, c14 = 2b3b1 + b2

2,

c13 = 2(b3b0 + b2b1),

c12 = 2b2b0 + b2
1, c11 = 2b1b0, c10 = b2

0,

c26 = a3b3, c25 = a3b2 + a2b3,

c24 = a3b1 + a2b2 + a1b3,

c23 = a3b0 + a2b1 + a1b2 + a0b3,

c22 = a2b0 + a1b1 + a0b2,

c21 = a1b0 + a0b1, c20 = a0b0. (A5)

Using notation (A3), rewrite equations (A1) in the form

1

4
〈y4〉 f 0x2

0 = 〈y2J1J1〉,

1

2
〈y4〉 f 0x0 = 〈y3J1J0〉,

〈y4〉 f 0 +
1

8
〈y4〉 f 2 = 〈y4J0J0〉 − 〈y4J1J1〉. (A6)

Here, angular brackets denote averaging over the random

variable y , proportional to the erythrocyte size parameter.

Using formula (2), we get

y =
ρ0θ0

x0

(1 + ε),

where ρ0 = kR0 is the average erythrocyte size parameter.

In the homogeneous ensemble approximation, the angle θ0
depends only on the erythrocyte size ρ0. If the ensemble is

heterogeneous, then the angle θ0 at which the minimum of

light intensity is seen in the diffraction pattern, depends on

the average erythrocyte size ρ0 as well as on the width of the

erythrocyte size distribution. For a weakly heterogeneous

ensemble, we represent this dependence as

ρ0θ0

x0

= 1 + α,

where α is a small parameter to be determined. Now

y = (1 + α)(1 + ε). (A7)

Here, α and ε are small parameters, i.e.

|α| ≪ 1, |ε| ≪ 1. (A8)

Note that only parameter ε is random. Its characteristic is

the variance 〈ε2〉 = µ. The other moments of parameter ε

in our adopted model are assumed zero:

〈εn〉 =

{

µ, n = 2,

0, n = 1, 3, . . .
.

Substituting expression (A7) into equations (A6), we obtain

1

4
(1 + α)2〈(1 + ε)4〉 f 0x2

0 = 〈(1 + ε)2J1J1〉,

1

2
(1 + α)〈(1 + ε)4〉 f 0x0 = 〈(1 + ε)3J1J0〉,

〈(1 + ε)4〉
(

f 0 +
1

8
f 2

)

= 〈(1 + ε)4J0J0〉 − 〈(1 + ε)4J1J1〉.
(A9)

Neglecting powers of parameter ε higher than second order,

we obtain

(1 + ε)n = 1 + nε +
1

2
n(n − 1)ε2.

In particular,

(1 + ε)2 = 1 + 2ε + ε2, (1 + ε)3 = 1 + 3ε + 3ε2,

(1 + ε)4 = 1 + 4ε + 6ε2.

From these,

〈(1 + ε)4〉 = 1 + 6µ.
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Equations (A9) take the form

1

4
(1 + α)2(1 + 6µ) f 0x

2
0 = 〈(1 + 2ε + ε2)J1J1〉,

1

2
(1 + α)(1 + 6µ) f 0x0 = 〈(1 + 3ε + 3ε2)J1J0〉,

(1 + 6µ)
(

f 0 +
1

8
f 2

)

= 〈(1 + 4ε + 6ε2)J0J0〉

− 〈(1 + 4ε + 6ε2)J1J1〉
or

1

4
(1 + α)2(1 + 6µ) f 0x2

0 = 〈J1J1〉 + 2〈εJ1J1〉 + 〈ε2J1J1〉,

1

2
(1 + α)(1 + 6µ) f 0x0 = 〈J1J0〉 + 3〈εJ1J0〉 + 3〈ε2J1J0〉,

(1 + 6µ)
(

f 0 +
1

8
f 2

)

= 〈J0J0〉 + 4〈εJ0J0〉 + 6〈ε2J0J0〉

− 〈J1J1〉 − 4〈εJ1J1〉 − 6〈ε2J1J1〉.
(A10)

To calculate the averages, we use approximate expressions

〈yn〉 = 1 + nα +
1

2
n(n − 1)µ, 〈εyn〉 = nµ, 〈ε2yn〉 = µ,

valid under conditions (A8).
Next, we use formulas for coefficients c0, c1, c2 derived

from (A2) and (A4):
Coefficients c0 (for brevity, multipliers are omitted (β/6)2):

c06 = x4
0, c05 = 12x4

0, c04 = 54x4
0, c03 = 4x2

0(29x2
0 − 3),

c02 = 3x2
0(43x2

0 − 24), c01 = 36x2
0(2x2

0 − 3),

c00 = 4(4x4
0 − 12x2

0 + 9);

Coefficients c1 (for brevity, multipliers are omitted

x2
0(β/6)

2):

c16 = x4
0 − 6x2

0 + 9, c15 = 6(x4
0 − 7x2

0 + 12),

c14 = 3(5x4
0 − 44x2

0 + 90),

c13 = 4(5x4
0 − 57x2

0 + 144), c12 = 3(5x4
0 − 74x2

0 + 243),

c11 = 6(x4
0 − 19x2

0 + 84), c10 = (x4
0 − 24x2

0 + 144);

Coefficients c2 (for brevity, multipliers are omitted (β/6)2):

c26 = x3
0(x

2
0 − 3), c25 = 3x3

0(3x2
0 − 10),

c24 = 30x3
0(x

2
0 − 4), c23 = 2x3

0(25x2
0 − 132) + 18x0,

c22 = 3x3
0(15x2

0 − 109) + 72x0,

c21 = 21x3
0(x

2
0 − 10) + 126x0,

c20 = 2x3
0(2x2

0 − 27) + 72x0.

Using these formulas, we find

〈J1J1〉 = x2
0β

2µ, 〈εJ1J1〉 = 0, 〈ε2J1J1〉 = 0,

〈J1J0〉 =
(

αx0 −
1

2
x0µ

)

β2,

〈εJ1J0〉 = β2x0µ, 〈ε2J1J0〉 = 0, 〈J0J0〉 = (1− x2
0µ)β2,

〈εJ0J0〉 = 0, 〈ε2J0J0〉 = β2µ. (A11)

Substituting expressions (A11) into equations (A10), we

obtain equations (14)−(16).
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